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ASTRONOMY. 

PART  I.  • 
Sect.  I. 

OF  THE  FIXED  STARS,  AND  THE  CIRCLES  OF  THE 

SPHERE. 

1.  When  we  look  at  the  heavens  in  a  clear 
night,  all  the  stars  appear  at  the  same  distance 
from  us,  and  therefore  seem  to  be  situated  in  the 
surface  of  a  sphere  having  the  eye  for  its  centre. 

2.  If  we  take  a  view  of  the  stars  again,  in  the 
course  of  the  same  night,  we  find  that  they 
retain  their  positions  relatively  to  one  another, 
but  have  changed  them  relatively  to  the  earth, 
having  all  made  a  progress  toward  the  west,, where 
some  have  set,  while  others  have  risen  in  the  east. 
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More  attentive  and  continued  observation  shews, 
that  they  all  describe  circles  having  the  same 
point  for  their  Pole,  or  that  from  which  the  parts 
of  the  same  circumference  are  all  at  an  equal  dis- 
tance. 

The  stars,  therefore,  move  exactly  as  if  they  were 
fixed  in  the  surface  of  a  sphere,  which  revolved  on 
its  axis  in  a  space  of  time  nearly  equal  to  24  houi^. 
This  motion,  which  is  common  to  all  the  heavenly 
bodies,  is  called  the  Diurnal  Motion. 

3.  If  we  observe  tlie  place  of  the  Moon  on 
two  successive  nights,  we  shall  find  that  she 
changes  her  position  among  the  stars,  and  ad- 
vances to  the  eastward  at  the  rate  nearly  of  13 

degrees  in  24  hours ;  so  that  she  completes  the 
circle  of  the  heavens  in  27  days  nearly. 

a.  Not  only  the  Moon,  but  the  Sun,  and  ten  other 
stars,  (five  of  them  visible  only  with  the  telescope"), 
besides  the  diurnal  motion,  have  motions  east- 
ward, relatively  to  the  other  stars. 

h.  The  stars  which  have  no  sensible  motion  relatively 
to  one  another,  are  called  Fixed  Stars ;  the  others 
are  called  Planets,  and  will  afterwards  be  more 
fully  considered.  Besides  the  planets,  there  are 
also  stars  which  do  not  remain  permanently  visible, 
and  which  have  motions  of  their  own.  'i'hese  are 
the  Comets ;  and  are  also  to  be  considered  hereaf- 
ter. 


4.  The 
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4.  The  Earth  is  a  body  bounded  by  a  surface 
nearly  spherical,  the  diameter  of  which  is  exceed- 
ingly small,  compared  with  the  distance  of  the  fix- 
ed stars. 

a.  The  round  or  globular  figure  of  the  earth  is  infer- 
red from  many  phenomena. 

1 .  From  the  appearance  of  ships  at  different  dis- 
tances from  one  another,  and  of  the  land  when 
approached  from  the  sea. 

2.  From  the  circumnavigation  of  the  globe. 

3.  From  the  conical  shadow  of  the  earth,  as  seen 
in  eclipses  of  the  moori. 

b.  The  circumference  of  the  earth  is  nearly  25020 
miles  ;  its  diameter  7910  miles,  and  a  degree  near- 
ly 69  +. 

These  measures  are  not  given  as  correct.  The 
method  of  ascertaining  them  with  precision 
will  be  afterwards  explained. 

c.  The  smallness  of  the  diameter  of  the  earth  compa- 
red with  the  distance  of  the  fixed  stars,  is  inferred 
from  this,  that  the  circles  which  those  stars  appear 
to  describe,  are  the  same  to  spectators  in  all  parts 
of  the  earth,- and  also  that  the  angles  subtended  by 
the  distance  of  any  two  stars  from  one  another,  is 
the  same  at  all  points  on  tlie  earth's  surface. 
Since  the  diameter  of  the  earth  is  very  small  in  re- 
spect of  the  distance  of  the  stars,  we  may  suppose 
the  centre  of  the  spliere  in  wiiich  these  stars  appear 
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to  be  placet!,  to  be  the  centre  of  the  earth,  and  not 
the  eye  of  the  observer. 

5.  The  straight  line  which  passes  through  the 
pole  of  the  Northern  Hemisphere,  and  through  the 
centre  of  the  earth,  is  called  the  y/^v's  of  ' the  Hea~ 
mns,  and  is  the  line  about  which  the  heavens  ap- 
pear to  revolve.  The  point  in  which  this  line 
seems  to  meet  the  superficies  of  the  Southern  He- 
misphere, is  called  the  South  Pole  of  the  Heavens, 
as  the  other  is  called  the  North  Pole. 

The  Poles  are  also  distinguished  by  the  names  of  Arc- 
tic and  Antarctic. 

6.  As  it  is  necessary,  in  order  to  ascertain  the 
position  of  any  point  on  the  surface  of  a  sphere,  to 
tefer  it  to  two  planes  given  ifi  position  ;  so,  in  or- 
der to  determine  the  places  of  the  stars  for  any 
moment,  and  thereby  to  ascertain  the  laws  of  ttleir 
motion,  it  is  necessary  to  suppose  certain  planes 
to  pass  through  the  centre  of  the  celestial  sphere, 
to  which  these  places  may  be  referred. 

This  gives  rise  to  what  is  called  the  Doctrjne  of  the 
Sphere,  and  the  application  of  spherical  trigonome- 
try to  astronomy. 

7.  A 
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7.  A  circle,  the  plane  of  which  passes  through 
the  centre  of  the  earth,  and  is  perpendicular  to  the 
axis  above  defined,  is  called  the  Equator.  The 
line  in  which  this  plane  cuts  the  surface  of  the 
earth  is  called  the  Equinoctial. 

a.  The  circles  described  by  the  stars  in  their  diurnal 
motion,  are  all  parallel  to  the  equatof. 

8.  If  any  plane  pass  through  the  poles  of  the  ce- 
lestial sphere,  the  circle  in  which  it  cuts  the  sur- 
face of  that  sphere  is  called  a  Meridian  Circle; 
and  the  section  of  the  same  plane  with  the  surface 
of  the  earth,  is  called  the  Meridian  of  any  of  the 
points  through  which  it  passes. 

a.  The  planes  of  all  the  Meridians  cut  the  plane  of 
the  Equator  at  right  angles. 

g.  If  at  any  place  on  the  earth's  surface,  the  di- 
rection of  gravity,  (that  is,  the  direction  in  which 
bodies  fall  to  the  ground,  or  the  line  in  which  the 
plummet  hangs),  be  produced  upward,  the  point 
in  which  it  cuts  the  celestial  sphere  is  called  the 
Zenith  of  the  place  ;  and  if  the  same  line  be  pro- 
duced downward,  the  point  in  which  it  cuts  the 
celestial  sphere  is  called  the  Nadir.  If  ^  plane 
perpendicular  to  this  line  pass  through  the  place 
itself,  the  circle  in  which  it  cuts  the  heavens  is 
called  the  Horizon. 

A3  «.  The 
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a.  The  direction  of  gravity  passes  nearly  tlirough  the 
centre  of  the  earth. 

b.  The  Zenith  and  the  Nadir  are  the  Poles  of  the 
horizon. 

c.  If  a  plane  parallel  to  the  plane  of  the  horizon  of 
any  place,  pass  through  the  centre  of  the  earth,  it 
will  cut  the  celestial  sphere  in  a  circle  hardly  di- 
stinguishable from  the  former.  It  is  called  the 
Rational,  and  the  other  the  Sensible  Horizon. 

d.  The  Horizon  of  any  place  divides  the  visible  from 
the  invisible  Hemisphere.  This  supposes  the  eye 
to  be  situated  on  the  surface  of  the  earth  :  if  it  is 
elevated  above  the  surface,  the  appai'ent  horizon  is 
a  circle  parallel  to  the  former,  but  lower,  being  the 
base  of  a  cone  which  has  the  eye  of  the  spectator 
for  its  vertex,  and  of  which  the  superficies  touches 
the  superficies  of  the  earth  all  round. 

10.  Circles,  the  planes  of  which  pass  through 
the  Zenith  and  Nadir  of  any  place,  are  called 
Vertical  Circks,  and  are  perpendicular  to  the  ho- 
rizon of  the  place. 

a.  The  Meridian  of  any  place,  is  one  of  the  vertical 
circles  of  that  place. 

b.  The  vertical  circle  that  is  at  right  angles  to  the 
plane  of  the  meridian,  is  called  the  Prime  Verti- 
cal. 


c.  If 
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c.  If  a  vertical  circle  pass  through  a  star,  (or  any 
point  in  the  heavens),  the  arch  of  that  circle  inter- 
cepted between  the  star  and  the  horizon  is  called 
the  Ahitudc  of  the  star ;  and  the  arch  of  the  hori- 
zon intercepted  between  the  said  vertical  and  the 
meridian  is  called  the  Azimulh  of  the  star. 

d.  Vertical  Circles  are  also  called  Circles  of  Azimuth. 

e.  The  altitude  of  a  star  above  the  horizon,  is  great- 
est when  it  is  on  the  meridian  ;  and  a  star  has  equal 
altitudes  when  it  is  at  equal  distances  from  the  me- 
ridian on  either  side,  or  when  its  eastern  and  west- 
ern azimuths  are  equal. 

11.  All  the  circles  hitherto  defined,  are  deter- 
mined in  their  position,  either  by  the  diurnal  mo- 
tion of  the  heavens,  or  by  the  direction  of  gra- 
vity. 

12.  If  a  meridian  circle  pass  through  any  star, 
the  arch  of  that  circle  intercepted  between  the  star 
and  the  Equator,  is  called  the  Declination  of  the 
star;  and  if  it  pass  through  the  zenith  of  any 
place,  the  arch  intercepted  betvi^een  that  zenith 
and  the  equator  is  called  the  Latitude  of  the 
place. 


13.  The  Latitude  of  any  place  is  equal  to  the 
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altitude  or  elevation  of  the  pole  above  the  horizon 
of  that  place. 

14.  The  elevation  of  the  pole  at  anyplace  is 
found,  by  observing  one  of  the  stars,  which  are  so 
near  it  as  not  to  ser,  when  it  passes  the  meridian 
above,  and  again  when  it  passes  the  meridian  un- 
4er  the  pole  \  that  is,  by  observing  its  greatest  and 
its  least  altitudes  above  the  horizon  :  half  the  sum 
of  the  two  altitudes  of  the  star,  is  the  elevation  of 
the  pole,  or  the  Latitude  of  the  place. 

For  the  star  is  always  at  the  same  distance  from 
the  pole  ;  so  that  on  the  meridian  it  was  as  much 
above  the  pole  in  the  one  observation,  ^s  it  was 
below  in  the  other. 

a.  Those  stars  never  set  at  anyplace  of  which  the 
polar  distance  is  equal  to  the  latitude  of  tlie 
place. 

h.  This  observation  requires  the  use  of  an  instrument 
which  can  be  placed  accurately  in  the  plane  of  the 
meridian,  such  as  the  Astronomical  Circle,  the  Qua- 
drant, &:c.  or  one  like  Hadley's  Sextant,  which  can 
determine  the  greatest  or  least  altitude  of  a  star 
above  the  horizon,  without  any  previous  inquiry 
into  the  position  of  the  meridian. 


15.  To 
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15.  To  find  the  Meridian  Line,  or  that  in  which 
the  plane  of  the  meridian  intersects  the  horizon  of 
any  place. 

Observe  the  altitude  of  a  star  when  it  is  on  the  east 
side  of  the  meridian,  and  mark  on  the  horizon, 
the  point  which  is  in  the  same  vertical  circle,  or 
-ivliich  has  the  same  azimuth  with  it.  Observe  the 
star  when  it  has  the  same  altitude  again  on  tiie 
west  side  of  the  meridian,  and  mark  in  like  man- 
ner the  point  on  the  horizon  which  is  in  the  same 
vertical  circle  with  it.  The  line  that  bisects  the 
angle  made  by  lines  drawn  from  the  place  of  ob- 
servation to  the  two  points  thus  marked  on  the 
horizon,  is  the  Meridian  Line. 

For  when  the  altitudes  of  a  star  on  opposite  sides  of 
the  meridian  are  equal,  its  azimuths,  or  tlie  angles 
which  its  verticals  make  with  the  meridian,  are 
equal  also. 

16.  The  meridian  and  the  latitude  being  thus 
found,  if  tlie  meridian  altitude  of  any  star  be  ob- 
served, its  distance  from  the  pole,  or  from  the 
equator,  is  determined. 

a.  For  the  altitude  of  the  equator,  or  of  the  point 
where  the  equator  cuts  the  meridian,  is  known,  being 
the  same  with  the  complement  of  the  latitude  ;  and 
the  difference  between  the  meridian  altitude  of  the 
star  and  of  the  equator  is  the  declination  of  the 
5tar. 


b.  If 
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h.  If  the  meridian  altitude  of  the  star  is  less  than  that 
of  the  equator,  its  declination  is  on  the  opposite 
side  of  the  equator  from  tlie  zenith  of  the  place, 
otherwise  on  the  same. 

Thus  the  places  of  the  stars,  as  north  or  south  of  a 
given  plane,  that  of  the  equator,  are  determined  ; 
but  those  places,  to  be  fully  known,  must  be  deter- 
mined in  the  direction  of  east  and  west,  in  respect 
of  a  given  circle  at  right  angles  to  the  equator. 
Now,  of  the  circles  at  right  angles  tc^^  the  equator, 
or  the  circles  of  declination,  no  one  is  fixed  in  its 
position,  but  all  of  them  revolve  unifoi'mly  with 
the  heavens ;  so  that  it  is  only  by  the  computation 
of  time  that  one  of  them  can  be  distinguished  from 
another. 

The  circle  of  declination  which  passes  through  tlie 
point  in  the  equator  which  the  sun  occupies  at  the 
vernal  equinox,  has  some  advantages  above  the 
rest,  as  a  line  to  which  the  stars  are  to  be  referred. 
It  is  called  the  Equinoctial  Colure,  and  its  position, 
with  respect  to  the  meridian  of  a  given  place,  for  a 
given  instant,  may  be  determined  by  means  of  a 
clock,  regulated  according  to  the  following  me- 
thod. 

J 7.  The  time  from  a  star  being  on  the  meri- 
dian, to  its  next  coming  to  the  meridian,  is  al- 
ways of  the  same  length  ;  it  is  called  a  Siderial 
Day. 

The 
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The  better  the  machines  for  measuring  time  are  con- 
structed, the  more  nearly  are  they  found  to  agree 
with  the  motion  of  the  heavens.  By  this  the  uni- 
formity of  both  motions  is  ascertained. 

The  siderial  day  is  divided  into  24  hours ;  and  as  the 
whole  circumference  of  the  equator  passes  in  that 
time  over  the  meridian  of  any  place,  an  arch  of  15° 
passes  in  an  hour ;  of  1  °,  in  four  minutes  ;  of  1'  in 
4  seconds  of  time  ;  and  so  in  proportion. 

IS,  To  compare  the  period  of  a  clock  with  the 
length  of  the  siderial  day. 

Observe  the  hour  at  which  a  star  comes  to  the  meri- 
dian on  any  two  successive  days  ;  the  interval  ought 
to  be  24  hours ;  if  it  is  more,  the  clock  goes 
too  fast,  if  less,  too  slow.  By  repeating  these  ob- 
servations day  after  day,  the  rate  of  the  clock,  or 
the  quantity  by  which  it  daily  advances  on  true 
time,  or  falls  short  of  it,  will  be  found.  By  short- 
ening the  pendulum,  if  the  clock  goes  too  slow,  or 
lengthening  it  if  the  clock  goes  too  fast,  the  mo- 
lion  of  the  clock  may  be  bi'ought  nearly  to  agree 
with  that  of  the  stars, 

IQ.  The  period  of  the  clock  being  thus  adjust- 
ed, it  is  required  to  find  what  hour  the  clock 
marks,  when  the  point  of  the  vernal  equinox  is  on 
the  meridian  of  a  given  place. 


Observe 
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Observe  the  hour  by  the  clock  when  the  sun's  centre 
is  on  the  meridian ;  and  observe  also  the  declina- 
tion of  the  sun  at  the  same  instant.  Let  the  angle 
at  vfhich  the  sun's  path  cuts  the  equator,  or  what 
is  called  the  Obliquity  of  the  Ecliptic,  =  23".2r.30/''; 

tan  Dec. 


find  an  arch  q>,  such  that  sin  <p  z=. 


tm  23°.27'.30" 


(p  has  two  values,  let  the  least  of  them,  turned  into 
time,  =  <p'.  When  the  sun's  declination  is  north, 
the  hour  which  the  clock  should  have  marked  at 
the  time  of  the  observation  is  <p',  if  it  be  before, 
and  12^  —  <p',  if  it  be  after  the  solstice.  When 
the  sun's  declination  is  south,  12  +  <p'  is  the  hour, 
if  it  be  before,  and  24  —  <p',  if  it  be  after  the  sol- 
stice. The  error  thus  found  may  either  be  correc- 
ted or  allowed  for.  The  clock  is  afterwards  to  be 
regularly  compared  with  the  southing  of  the 
stars. 


20.  If  a  meridian  circle  pass  through  any  star, 
the  arch  of  the  equator  intercepted  between  that 
circle  and  the  point  of  the  vernal  equinox,  is  call- 
ed the  Rio  ht  Ascension  of  the  star  :  and  if  a  clock 
be  regulated  as  above  described,  the  time  of  a 
star's  passage  over  the  meridian,  when  turned  in- 
to degrees,  will  be  equal  to  its  right  ascension. 


a.  Suppose 
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a.  Suppose  the  hour  according  to  siderial  time,  when  a 

star  passes  the  meridian,  to  be  4i».  24m.  50sec, 

4h.    =z  60° 

24™.  =    6° , 

50sec=  12'.  30" 

Ridit  Ascen.  =  6G°.  12'.  30''. 

b.  The  preceding  observations,  for  determining  the  pla- 

ces of  the  stars,  are  all  supposed  to  be  made  on  the 
meridian  ;  and  such,  when  they  can  be  obtained,  on 
account  of  their  simplicity,  are  preferable  to  all 
others.  It  often  happens,  however,  that  the  stars 
must  be  observed  when  they  are  not  on  the  meri- 
dian, and  their  positions,  with  respect  to  the  im- 
moveable circles  of  the  sphere,  must  then  be  deri- 
ved from  spherical  trigonometry. 

c.  'the  angle  which  the  meridian  of  a  star  makes  with 

the  meridian  of  the  place  of  observation,  is  called 
the  star"'s  Horary  Angle,  as  it  is  the  angle  w^hich 
measures  the  time  between  thd£nstant  of  observa- 
tion, and  the  star''s  passage  ov^  tlie  meridian. 

21.  Of  these  five  quantities,  the  Declination, 
the  Altitude,  the  Azimuth,  the  Horary  Angle 
of  a  star,  and  the  Latitude  of  the  place  of  obser- 
vation, if  any  three  be  given,  the  other  two  may 
be  found  from  the  resolution  of  the  spherical  tri- 

andc 
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angle  PZS,  fig.  I,  contained  by  the  arches  joining 
the  pole,  the  zenith,  and  the  star. 

This  general  problem  contains  twenty  cases,  of 
which  those  that  follow  are  the  most  useful  in 
astronomy. 

In  all  of  these,  we  suppose  d  to  be  the  declination, 
c  the  altitude,  h  the  horary  angle,  z  the  azimuth 
of  a  star ;  and  I  the  latitude  of  the  place  of  obser- 
vation. 

22.  Suppose  the  altitude  and  azimuth  of  a  star 
to  be  observed,  and  the  latitude  to  be  also  known  ; 
it  is  required  to  find  the  declination,  and  the  ho- 
rary angle  of  the  star. 

Here  a,  z,  I  are  given,  to  find  d  and  h,  or,  in  the  sphe- 
rical triangle  PZS,  the  sides  ZP,  ZS  are  given, 
(the  complements  of  /  and  a)  and  the  angle  PZS, 
between  them  to  find  the  side  PS,  and  the  angle 
P. 

Ey  letting  fall  a  perpendicular  from  S  on  the  meri- 
dian, we  may  obtain  a  solution  by  case  1st  and  2d, 
of  oblique-angled  spherical  triangles. 

The  solution  may  also  be  expressed  analytically 
thus  : 

Find 
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Find  an  angle  x,  so  that 


tan  X  IT  cos    X  cot  a,  then 


tan  h  = 


tan  -  X  sin  .v 


cos  {x  +  I)  ' 


and  sin  d  = 


sin  a  X  sin  (x  +  I) 

cos  X 


The  latter  formula  is  useful,  when  the  declination  of 
a  star  U  to  be  determined  by  observations  made  out 
of  the  meridian. 

The  former  is  useful,  when  the  time  is  to  be  found  by 
the  mere  observation  of  a  star.  It  is  more  usual, 
when  this  is  inquired  after,  to  have  the  declination 
of  the  star  given  as  in  the  following  problem. 

23.  The  declination  and  the  altitude  of  a  star 
being  given,  as  also  the  latitude,  to  find  the  hora- 
ry angle  and  the  azimuth. 

Here  the  three  sides  of  the  triangle  2PS  are  given,  te 
find  the  angles  at  P  and  Z. 


If  (V 


complement  of  Dec. 
complement  of  Alt. 


a' 


I' 


complement  of  Lat. 


sin 
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sm 


1/,=  / 

2  V 


/  .   a'  +  l'—d'      .   a'  —  l'  +  d' 
sm  X  sin  ^  


sin  I'  X  sin  d' 


and  sin 


1.=  / 

2  *J 


.   d'  +  a'  —  l'      .   d'  —  a'  +  l 

'  sin  X  sm  ^  

2  2 


sin  /'  X  sin  a' 


By  the  first  formula,  the  hour  can  always  be  deter- 
mined from  astronomical  observations,  if  the  time 
of  the  start's  passing  the  meridian  is  known. 

The  second  formula  serves  to  find  the  meridian,  from 
the  observation  of  the  altitude  of  a  known  star. 
The  meridian,  however,  is  better  found  by  obser- 
ving a  star  when  it  has  the  same  altitude  on  the 
east  and  west  sides  of  the  meridian,  and  bisecting 
the  difference  of  the  azimuths,  as  in  §  15. 


24.  Let  a,  h  and  /  be  given,  to  find  d ;  that  is, 
the  altitude,  the  horary  angle,  and  the  latitude,  to 
find  the  declination. 

a.  Here  two  sides  of  the  triangle  ZPS  are  given,  and 
the  angle  opposite  to  one  of  them,  to  find  the  third 
side.  This  falls  under  Case  7.  of  oblique-angled 
spherical  triangles. 


b.  Find 
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h.  Find  an  arc  x,  such  that  tan  x  =i  cos  h  x  cos 


Next  find  an  arcj/,  so  that  cosi/=. 


cos  X  X  sm  (p  ^ 


sin  I 


then  the  complement  of  Dec.  =:i/  +  x. 

This  solution  is  from  its  nature  ambiguous ;  the  sum 
of  J/  and  X  must  be  taken,  when  the  perpendicular 
from  the  zenith,  On  the  circle  of  declination,  falls 
within  the  triangle  ;  their  difference,  when  it  falls 
without. 

25.  Let  a,  d,  z  be  given  to  find  /,  or  to  find  the 
latitude  from  observing  the  altitude  and  azimuth 
of  a  star,  and  knowing  also  its  declination. 

Here,  again,  in  the  triangle  ZPS,  two  sides  are  gi- 
ven, and  the  angle  opposite  to  one  of  them,  to  find 
the  third  side,  the  complement  of  latitude.  The 
perpendicular  must  be  let  fall  from  the  star  on 
the  meridian  ;  and  the  distance  of  this  perpendicu- 
lar, first  from  the  zenith,  and  then  from  the  pole, 
is  found  as  in  the  last  case ;  the  sum  or  difference 
is  the  complement  of  the  latitude. 

£6.  Let  a,  d  and  fi,  be  given  to  find  / ;  that  is, 
the  altitude  and  horary  angle  being  observed  of  a 
star,  of  which  the  declination  is  known,  to  find 
the  latitude. 


\ou  II. 


The 
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The  perpendicular  is  to  be  let  fall,  as  in  the  last  case, 
from  the  star  on  the  meridian ;  and  there  being 
two  sides  of  the  spherical  triangle  given,  and  the 
angle  opposite  to  one  of  them,  the  calculation  is 
as  before. 

This  problem  is  useful  for  finding  the  latitude,  when 
two  equal  altitudes  of  a  star  are  observed;  and  the 
interval  of  time  between  the  observations.  The 
half  of  the  interval  gives  the  horary  angle,  and  so 
the  latitude  may  be  found  as  above. 

27.  In  the  above  formulas  it  may 'happen,  that 
«  —  0,  or  that  the  star  is  in  the  horizon,  or  90'^ 
from  the  zenith.  The  horary  angle  is  then  found, 
if  the  latitude  and  declination  are  given,  from  a 
right  angled  triangle,  of  which  one  of  the  sides, 
containing  the  right  angle,  is  the  elevation  of  the 
pole,  the  other,  the  arch  between  the  star,  when 
rising  or  setting,  and  the  meridian  and  the  hy- 
pothenuse  is  the  distance  of  the  star  from  the 
pole. 

In  this  case,  the  horary  angle,  (converted  into  time), 
is  the  time  of  half  the  stay  of  the  star  above  the 
horizon,  (or  under  it),  and  if  it  be  called  H, 

cos  H  zz  tan  /  x  tan  d . 

The  other  side  of  the  triangle,  or  the  azimuth  of  the 
rising  or  setting  star,  is  also  called  the  Amplitude, 
'  and 
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and  is  found  from  this  fonnulaj 

sin  d 

cos  ami)ht.   j . 

*  cos  I 

This  is  much  used  in  navigation,  for  ascertaining  the 
variation  of  the  compass. 

t28.  In  those  stars  which  are  less  distant  from 
the  pole  than  the  complement  of  latitude,  the  tri- 
angle formed  by  the  star,  the  zenith  and  the  pole, 
becomes  right  angled  at  the  star,  when  the 
circle  described  by  the  star,  '  in  its  diurnal  mo- 
tion, touches  the  vertical ;  the  azimuth  is  then  a 
maximum,  and  is  found  from  the  solution  of  a 
right-angled  triangle,  in  which  the  hypothenuse, 
the  complement  of  latitude,  and  one  side,  the  com- 
plement of  declination,  are  given,  to  find  the 
angles,  one  of  which  is  the  azimuth,  and  the 
other  the  horary  angle  of  the  star.--' 

cos  Dec. 


Hence  sin  2  = 


cos  Lat. 


,         ,       cot  Dec. 

and  cos  h  —   zz: 

cot  Lat. 

cot  Ded.  X  tan  Lat. 

The  first  of  these  gives  the  azimuth  when  it  is  great- 
est, the  second  the  hour  when  that  happens.  They 
are  much  used  for  finding  the  meridian  line. 

B  2  29.  Another 
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29'  Another  purpose  for  which  spherical  trigo- 
nometry is  employed,  is,  when  the  position  of  a 
star  relatively  to  one  circle  of  the  sphere  is  given, 
to  find  its  position  relatively  to  another  which  is 
given  in  position  with  respect  to  the  first. 

The  position  of  the  fixed  stars,  by  the  foregoing  ob- 
servations, are  found  relatively  to  the  equator ; 
that  is,  the  perpendicular  arc  from  the  star  to  the 
equator,  is  given,  and  also  the  distance  of  that 
perpendicular  from  a  given  point  in  the  circumfer- 
ence of  the  equator ;  but  there  is  another  circle, 

•  called  the  Ecliptic,  to  which  it  becomes  necessary 
to  refer  the  stars.  This  circle  cuts  the  equator  at 
the  points  of  the  vernal  and  autumnal  equinoxes, 
and  is  inclined  to  it  at  an  angle  known  from  obser- 
vations which  will  be  afterwards  explained,  to  be 
nearly  23°.  27'.  30". 

The  distance  of  a  star  from  this  circle  is  called  the 
Latitude  of  the  star,  and  is  reckoned  north  or  south 
according  as  the  star  is  on  the  same  side  of  the 
ecliptic  with  the  North  Pole,  or  the  South. 

The  arc  of  the  ecliptic  intercepted  between  the  per- 
pendicular from  the  star,  and  the  point  of  the 
vernal  equinox,  is  called  the  Longitude  of  the 
star. 

Let  the  angle  formed  by  the  equator  and  ecliptic,  or 
the  Obliquity  of  the  Ecliptic  be  =  <p. 


SO.  Suppose 
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30.  Suppose  that  the  right  ascension  and  de- 
lination  of  a  star  are  given,  to  find  its  longitude 
nd  latitude.    Find  an  arc  a;  such  that 

cot  .V  —  sin  2;  X  cot  Dec. 

The  declination,  if  north,  is  reckoned  positive,  if 
.south,  negative,  and  x  has  the  same  sign  with  it. 

Let  y  =  x  —  <p,  (p  being  reckoned  positive  for  that 
half  of  the  ecliptic  which  is  north  of  the  equa- 
tor, and  negative  for  the  opposite,  or  which 
comes  to  the  same,  positive  when  the  right  ascen- 
sion is  less  than  a  semicircle,  negative  when  it  is 
greater. 

Then  tan  Long.  =  ^os.y  x  tan  Right  Asc, 
°  cos  X 

and  tan  Lat.  =  sin  Long,  x  tan 

If  tan  Long,  come  out  negative,  the  longitude  is 
greater  than  a  semicircle ;  if  tan  Lat.  is  negative, 
the  latitude  is  south. 

This  rule,  which  is  Dr  Maskelvne's,  is  quite  free 
from  ambiguity,  and  as  simple  as  the  nature 
of  the  case  will  allow,  and  is  deduced  from 
fig.  2.,  in  which  A  is  the  intersection  of  the  equa- 
tor AQ,  and  the  ecliptic  AE  ;  S  the  place  of  a 
star,  SB  an  arc  of  a  meridian  equal  to  the  declina- 
tion ;  AB  the  right  ascension,  SD  the  latitude,  and 
AD  the  longitude  of  the  star.  See  Vince's  Ast. 
vol.  I.  p,  39.  La  Lande  computes  the  angle  BAS, 
B  3  and 
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and  the  arc  AS,  in  the  triangle  ABS.  Hence  the 
angle  SAD  being  known,  and  the  side  AS,  in  the 
triangle  ADS,  the  sides  AD  and  DS  are  found. 
This  is  somewhat  more  prolix.  Cagnoli,  §  144S, 
(2d  edit.)  considers  the  subject  differently,  but 
brings  out  the  same  solution  with  Dr  Maske- 

LYNE. 

De  Lambre  has  computed  tables,  for  facilitating  this 
computation,  as  it  occurs  very  often  in  astrono- 
my. 

If  the  star  is  in  the  ecliptic,  or  Lat.  =0,  x  =  <p, 
and  y  —  0,  therefore  cos?/  — 1,  and 

tan  Right  Asc. 


tan  Long.  = 


cos  <p 


The  changes  ai'e  obvious,  that  would  make  the  same 
formulas  apply  to  the  converse  of  the  problem, 
viz.  to  find  the  right  ascension  and  declination  from 
the  longitude  and  latitude  being  given. 


31.  By  the  methods  now  explained,  and  chief- 
ly by  the  observations  made  on  the  meridian,  ca- 
talogues of  the  stars  have  been  formed,  in  which 
their  places  are  all  set  down  in  respect  of  the  cir- 
cles of  the  sphere,  viz.  the  Ecliptic  or  the  Equator, 
but  most  commonly  the  former. 

a.  HiPPARCHUs  began  the  first  catalogue  of  the  fixed 
'  stars,  120  years  A.  C  "  Ausus,"  says  Plinv,  "  ran 

etiam 


ASTRONOMY. 


23 


fliam  Deo  improbam  annumerare  sttUas,  caelo  in  here- 
dilate  cunclis  rclicto    Lib.  ii.  cap.  26. 

This  catalogue  was  afterwards  published  by  Ptole- 
my, with  some  additions,  and  contained  1022 
stars. 

b.  The  use  of  the  telescope  increased  the  number  of 
the  visible  stars,  as  well  as  the  precision  with  which 
their  places  were  ascertained.  The  Britannic  Ca- 
talogue, published  by  Flamstead  in  16S9,  contain- 
ed nearly  3000  fixed  stars.  Great  additions  have 
been  made  to  this  catalogue,  particularly  by  La 
Caille,  who  determined  the  places  of  nearly 
10,000  in  the  southern  hemisphere. 

Mr  Wallaston,  in  1784-,  published  a  catalogue,  in 
which  the  stars  are  arranged  according  to  their 
right  ascension  and  declination. 

The  different  volumes  of  the  Connoissance  de  Tevips, 
contain  a  catalogue  of  more  than  12,000  fixed 
stars. 

La  Lande  and  his  nephew  observed,  in  the  space  of 
twelve  years,  50,000  fixed  stars,  and  determined 
their  places  exactly.  Afcm.  de  VAcademie  des  Scien- 
ces, Paris  1789,  1790.  See  Montucla,  vol.  iv. 
p.  28.,  &c. 

c.  Some  catalogues,  though  not  very  numerous,  are 
liighly  valued  for  their  accuracy,  such  as  that  of  La 
Caili-e,  containing  515  stars;  of  Bradley,  con- 
taining .389,  Naut.  Jlmanack,  1773;  of  Mayer, 

B  4  containing 
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containing  998 ;  of  Maskelyne,  containing  only 
36 ;  but  the  places  determined  with  such  exactness, 
as  to  render  it  extremely  valuable.  See  his  Astro- 
nomical Observations,  1770. 

Bode's  ^</as,  Berlin,  1797,  is  the  largest  catalogue, 
.  reduced  into  one  body,  that  has  appeared  ;  it  con- 
tains 17,000. 

d.  The  number  of  the  stars,  however,  visible  with 
the  telescope,  far  exceeds  whatever  can  be  reckon- 
ed. The  bright  tract  in  the  heavens,  called  the 
Milky  Way,  seems  to  owe  its  white  appearance  to 
an  incredible  multitude  of  stars,  which  the  eye  can- 
not distinguish.  Dr  Herschel  has  seen  116,000 
stars  pass  through  the  field  of  his  telescope  in  a 
quarter  of  an  hour ;  though  the  field  was  not  more 
than  15'  in  diameter. 

32.  The  most  obvious  distinction  among  the 
stars,  is  founded  on  their  different  magnitudes. 
Those  of  the  first  magnitude,  are  distinguished  by 
particular  names ;  there  are  only  ten  visible  in 
Europe,  which  all  astronomers  have  agreed  to 
belong  to  that  class. 

a.  The  stars  visible  to  the  naked  eye,  are  divided,  in 
all,  into  six  classes,  not  very  accurately  separated 
from  one  another.  The  ancients  counted  15  of  the 
first,  45  of  the  second,  208  of  the  third.  La 
Lande,  §  557. 
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Dr  Halle V,  Phil.  Trans.  N°  364.  Also  Vince, 
vol.  I.  p.  505. 

b.  If  c  be  the  class  reckoned  from  the  first,  13  x  is 
nearly  the  number  of  stars  in  that  class. 

33-  The  fixed  stars  are  not  scattered  over  the 
heavens  indiscriminately,  but  are  disposed  in 
groups ;  to  vv^hich,  from  tlie  most  remote  antiqui- 
ty, names  have  been  given  from  certain  figures  of 
animals,  conceived  to  be  connected  with  them, 
which  are  called  Constellations. 

a.  In  the  beginning  of  astronomical  science,  it  was 
only  by  such  a  device  as  this  that  men  could  speak 
of  the  stars,  or  describe  them  to  one  another.  It 
is  a  remain  of  the  ancient  picture  writing,  that  pre- 
ceded alphabetical  language. 

h.  The  number  of  the  ancient  constellations  was  48  ; 
24  have  been  added  by  the  moderns,  14  in  the 
southern  hemisphere,  and  10  composed  out  of 
groups,  not  included  in  the  ancient  arrangement. 
The  stars  of  each  constellation  are  distinguished 
by  the  Greek  letters,  disposed  in  reference  to  their 
magnitude  and  position. 

For  the  method  of  distinguishing  the  coi^stellations, 
see  La  Lande,  tom.  i.  §  735.,  &c. 

34.  Many  of  the  stars,  which,  to  the  naked  eye,  or 
^hr.ough  telescopes  of  small  power,  appear  single, 

are 
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are  found,  with  higher  magnifiers,  to  consist  of 
two,  sometimes  three  or  more  stars,  extremely- 
near  to  one  another. 

a.  Dr  Herschel  has  observed  no  less  than  700  of 
these  mviltiple  stars,  of  which  only  42  were  known 
before.  In  some  of  them,  the  small  stars  are  dif- 
ferent in  brightness,  and  in  the  colour  of  their 
light.  Thus  y,  Andromeda,  is  double,  the  stars 
very  unequal ;  the  largest  a  reddish-white,  the 
smallest  a  sky-blue,  inclining  to  green.  See  Vince, 
§  669. 

35.  The  fixed  stars  are  not  entirely  exempt  from 
change  ;  several  stars  which  are  mentioned  by  the 
ancient  astronomers  having  now  ceased  to  be  vi- 
sible, and  some  being  now  visible  to  the  naked 
eye,  which  are  not  in  the  ancient  catalogues. 

a.  It  was  the  appearance  of  a  new  star  that  induced 
HiPPARCHUs  to  begin  his  catalogue.  A  new  star 
which  appeared  in  Cassiopeia's  Chair,  in  J  572,  ex- 
ceeded Sirius  in  brightness,  and  was  seen  at  noon- 
day. It  did  not  change  its  place,  but  gradually 
decayed,  and  in  about  sixteen  months  disappeared 
entirely.  It  is  supposed  to  have  appeared  before  in 
945,  and  in  1264.    Vince,  §  704. 

h.  A  star  of  the  same  kind  was  seen  by  Kepler  in 
1604;  and  several  similar  facts  are  recorded. 


c.  Algol, 
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c.  Algol,  or  /3  Persel,  has  been  observed  to  have  pe- 
riodical changes  of  brightness,  that  return  at  the 
distance  of  about  2  days  and  21  hours.  At  its 
greatest  brightness,  it  is  of  the  second,  at  its  least, 
of  the  fourth  magnitude  ;  the  change  from  the  first 
state  to  the  second  is  made  in  about  three  hours 
and  a  half,  and  the  change  back  again  in  the  same 
time;  during  all  the  rest  of  the  period  it  pre-i 
serves  its  greatest  brightness,  Phil.  Trans.  1773. 
Also  ViNCE,  §  713. 

Some  other  stars  are  subject  to  similar  variations. 

36.  Though  the  fixed  stars  are  without  sensible 
motion  relatively  to  one  another,  yet  many  of 
them,  when  observed  very  accurately,  are  found 
to  change  their  places  slowly. 

This  was  suspected  by  Mayer,  but  was  first  proved 
by  Dr  Maskelyne. 

Thus  the  right  ascension  of  Sirius  diminishes  annual- 
ly by  two-thirds  of  a  second,  and  his  declination, 
(which  is  south),  increases  by  I". 2.  Something  of 
the  same  kind  is  observed  of  several  others.  Vince, 
§  724.  Whether  this  motion  is  always  in  the  same 
direction,  or  always  at  the  same  rate,  is  not  yet 
known. 

37.  In  many  places  of  the  heavens,  spaces  faint- 
ly luminous,  or  shining  with  a  pale  white  light, 

and 
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and  of  an  irregular  shape,  are  discovered  ;  and  on 
applying  to  them  telescopes  of  great  power,  they 
are  resolved  into  a  multitude  of  small  stars,  dis- 
tinctly separate,  but  extremely  near  to  one  ano- 
ther.   These  are  called  Nebula. 

a.  The  Milky  Way  is  a  space  of  this  kind,  visible  to 
the  naked  eye,  and  encompassing  the  whole  hea- 
vens. Dr  Herschel's  telescope  discovers  it  to  con- 
sist of  a  vast  multitude  of  stars,  (§  31.  d). 

Other  two  nebulee  near  the  South  Pole,  distinguish- 
able by  the  naked  eye,  are  called  by  sailors  the 
Magellanic  Clouds.  The  telescope  shews  them  also 
to  be  composed  of  stars, 

b.  The  other  nebula  are  not  visible  but  with  tele- 
scopes. HuYGENs  discovered  one  in  Orion's  Sword, 
that  appeared  a  bright  spot  on  a  dark  ground,  and 
seemed  like  an  opening  into  some  brighter  re- 
gion. 

c.  Several  more  nebulee  had  been  observed  before  Dr 
Herschel,  by  Hallev,  Cassini,  La  Caille,  &c. 
and  a  catalogue  of  103  was  published  by  the  French 
astronomers,  in  the  Connoissance  des  Terns  for 
1783.  Dr  Herschel  has  given  a  catalogue  of 
more  than  2000  discovered  by  himself.  Phil, 
Trans.  1786,  1789,  &c. 

38.  Dr  Herschel  has  also  discovered  nebulous 
stars,  that  is,  single  stars,  surrounded  by  a  faint 

luminous 
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luminous  light.  This  light  has  not  been  resolved 
into  small  stars,  and  Dr  Herschel  believes  it  to 
be  the  effect  of  a  luminous  fluid.  Phil.  Trans. 
1791. 

39.  As  the  apparent  motion  of  a  body,  in  any 
direction,  may  arise  either  from  the  real  motion  of 
the  body  in  that  direction,  or  from  the  motion  of 
the  spectator  in  the  opposite  ;  so  the  appearance  of 
the  diurnal  motion  of  the  heavenly  bodies,  round 
the  earth,  may  either  be  produced  by  the  real  re- 
volution of  the  heavens  from  east  to  west,  or  by 
the  rotation  of  the  earth,  on  its  axis,  from  west  to 
cast. 

This  principle  is  conformable  to  the  experience  of 
every  day,  and  as  there  are,  therefore,  two  ways  of 
accounting  for  the  phenomena  of  the  diurnal  mo- 
tion, we  must  choose  that  which  is  least  liable  to 
objection  from  other  quarters. 

40.  It  is  no  objection  to  the  supposition,  that 
the  diurnal  motion  of  the  heavens  arises  from  the 
motion  of  the  spectator,  that  he  himself  is  not 
sensible  of  his  motion.  The  motion  which  any 
body  has  in  common  M'ith  other  bodies,  does  not 
affect  its  state  with  respect  to  those  bodies,  and  all 
the  relative  motions  take  place  just  as  if  the  mo- 
tion common  to  them  all  had  no  existence. 


This 
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This  has  been  explained  under  the  heads  of  the  first 
law  of  motion,  and  of  the  distinction  between  ab- 
solute and  relative  motion. 


41.  The  reality  of  the  diurnal  revohition  of  the 
heavens,  is  liable  to  a  great  objection,  as  supposing 
that  a  circular  motion,  in  the  same  direction,  is 
common  to  an  immense  number  of  bodies,  far  dis- 
tant, and  entirely  detached  from  one  another ;  and 
that  this  motion  is  so  regulated,  that  their  revolu- 
tions are  all  performed  in  the  same  time,  and  in 
planes  parallel  to  one  another. 

The  revolution  of  a  detached  body  about  a  centre,  or 
about  an  axis,  cannot  take  place  without  a  force 
constantly  acting,  to  draw  it  out  of  the  straight 
line  in  which  it  has  at  every  instant  a  tendency  to 
continue  its  motion.  The  revolution  of  a  solid 
body,  like  the  earth,  on  its  axis,  may  arise  from 
one  original  impulse  ;  its  continuance  requires  no 
new  action,  but  is  a  consequence  of  the  inertia  of 
matter. 

It  was  to  obviate  the  difficulty  arising  from  the  de- 
tached and  distant  situation  of  the  bodies,  to  which 
motions  were  ascribed  so  closely  connected  with 
one  anotlier,  that  the  liypothesis  of  crystalline 
orbs  was  invented.  To  those  who  do  not  believe 
in  these  orbs,  the  diurnal  revolution  of  the  heavens 
can  have  no  probability. 


42.  The 
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42.  The  physical  and  mechanical  objections  to 
the  rotation  of  the  earth  being  entirely  obviated, 
while  they  press  so  hard  upon  the  opposite  hypo- 
thesis ;  the  simplicity  of  the  explanations  afforded 
by  the  former,  justifies  us  in  admitting  it  as  the 
cause  of  the  apparent  diurnal  revolution  of  the 
heavens,  at  least  till  some  fact,  or  some  principle 
inconsistent  with  it  is  discovered. 


Sect.  II. 

OF  THE  ATMOSPHERICAL  REFRACTION. 

43.  A  RAY  of  light,  in  passing  through  the  at- 
mosphere, is  bent  into  a  curve,  in  the  same  verti- 
cal plane  with  the  original  ray,  and  concave  to- 
ward the  surface  of  the  earth.  But  the  object 
from  which  the  ray  comes,  is  seen  in  the  direction 
which  the  ray  has  when  it  enters  the  eye,  and 
therefore  it  appears  elevated  above  its  true  place. 
This  is  called  the  Atmospherical,  and  sometimes 
the  Astronomical  Refraction. 

n.  The  effect  of  the  atmospheric  refraction  alters  the 
place  of  an  object  only  in  a  vertical  plane;  it  in- 
creases 
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Creases  the  altitude,  but  does  not  affect  the  azi- 
muth. 

b.  Hence  all  the  altitudes,  measured  as  in  the  prece- 
ding sections,  require  corrections  to  be  applied  to' 
them  before  the  true  altitudes  are  obtained. 

The  method  of  making  these  corrections  is  now  to  be 
explained. 

44.  From  the  principles  of  optics,  it  is  known, 
that  the  rays  which  pass  through  the  strata  of  the 
atmosphere  at  right  angles,  or  which  come  from 
stars  in  the  zenith,  suffer  no  refraction,  and  that, 
at  all  other  elevations,  the  quantity  of  the  refrac- 
tion is  nearly  as  the  tangent  of  the  zenith  dis- 
tance. 

a.  If  X  be  the  true  distance  of  a  star  from  the  zenith, 
and  1/  the  refraction,  so  that  the  apparent  distance 
is  X  —  1/,  then,  by  the  nature  of  refraction,  sin  x  is 
to  sin  (x  — J/)  in  a  constant  ratio,  suppose  that  of 
m  to  n ;  and  since  sin  (^x  —  5')  =  sin  x  .  cos  j/ 
n  .  . 

—  cos  x .  sin  y,  —  sin  «  =r  sm  « .  co»  y  —  cos  x .  smv, 
m 

ft  COS  •  • 

or  —  =  cos  V  s — .  sin  y.     Now  if  y  be  very 

m  sm  x       ^  J 

small,  cosj^=l  nearly;   and  therefore  siny  = 

n\  sin  X  n\  ^  *  • 

a—  —  )  =  (1  —  -1  tanx.     As  sini/=y 

V'      mJ  cosa     ^  m/ 

nearly. 
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nearly,    =     —  — )  tan  x  ;  where  the  constant  cd- 

efticient  1  is  to  be  determined  by  observa- 

tion. 

b.  It  is  evident  that  this  approximation  is  imperfect, 
because  it  gives  j/  infinite  when  x  —  90°,  or  when 
the  star  is  In  the  horizon  ;  and  in  all  cases  when 
the  altitude  is  small,  it  gives  the  refraction  too 
great.  Dr  Bradley  found  that  the  refraction  was 
more  nearly  as  the  tangent  of  the  zenith  distance, 
diminished  by  a  certain  multiple  of  the  refraction, 
or  that  y  —  A.  tan  (x — hi/).  He  also  found  A— 57" 
and  b  =  3  nearly,  so  that  i/  —  57"  tan     —  3  ?/). 

To  use  this  formula,  we  may  suppose,  for  a  first  ap- 
proximation, 1/  =  57''''  tan  x,  when  x  is  not  very 
great. 

If  X  r=  90°,  we  must  assume 3/,  and  correct  the  value 
by  trials. 

The  manner  in  which  the  constant  quantities  A  and  b 
have  been  determined,  remains  to  be  explained. 


4.5.  As  the  determination  of  the  latitude  of  a 
place,  and  of  the  declination  of  a  star,  in- 
volve the  effect  of  refraction,  they  are  not  to 
be  employed  for  finding  the  refraction,  except 
When  a  considerdfble  error  in  them  will  not  pfo- 

Vol.  II.  C  duce 
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duce  any  sensible  error  in  the  refraction  to  be 
found. 

In  conformity  with  this  rule,  the  following  method 
of  finding  the  horizontal  refraction  may  be  em- 
ployed. 

46.  A  star  which  rises  and  sets  due  east  and  west, 
would  be  a:s  long  under  the  horizon,  as  it  is  above 
it,  if  there  were  no  refraction.  It  will  be  found, 
however,  by  observation,  to  be  longer  above  than 
below  the  horizon  :  take  half  the  difference,  and 
reduce  it  to  degrees,  or  parts  of  a  degree  ;  then 
multiply  this  last  by  the  cosine  of  the  latitude  of 
the  place  ;  the  product  is  the  horizontal  refrac- 
tion. 

a.  In  this  way,  the  mean  horizontal  refraction  will 
be  found  to  be  33' ;  and  here  it  would  require  a 
great  error  in  the  latitude  to  produce  an  error  at 
all  sensible  in  the  refraction. 

h.  This  method  requires  a  situation,  where  the  stars 
to  be  observed  rise  and  set  in  the  sea.  It  may, 
however,  be  extended,  though  with  less  simplicity, 
to  all  the  stars,  and  to  their  descending,  not  below 
the  horizon,  but  below  a  given  altitude,  or  a  given 
parallel  to  the  horizon. 

47.  Observe  the  altitude  and  azimuth  of  a  star 
of  a  known  declination  at  the  same  instant ;  from 

the 
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the  alimuth,  the  pojar  distance,  and  the  comple- 
ment of  latitude,  compute  the  altitude  ;  the  diffe- 
rence between  this  and  the  observed  altitude  is 
the  refraction. 

a.  This  may  be  easily  done  with  the  Astronomical 
Circle,  which  measures  altitudes  and  azimuths  at 
the  same  time.  The  circurapolar  stars  are  well 
suited  to  this  observation. 

The  triangle  may  be  resolved  by  Napier's  rules, 
Mauduit,  p.  76.  anot.  2.  See  other  methods, 
ViNCE,  §  176.,  &c.  WooDHousE,  §  85.,  &e.  La 
Lande,  2170.,  &c. 

h.  If  the  time  from  the  altitude  of  a  known  star,  on 
the  one  side  of  the  meridian,  to  the  same  altitude 
on  the  other  side,  be  observed,  the  apparent  alti- 
tude may  be  calculated  from  thence  ;  and  if  a  cir- 
cumpolar  star  is  used,  great  accuracy  may  be  obtained 
in  this  way,  as  a  small  change  in  the  altitude  pro- 
duces a  great  one  in  the  horary  angle;  so  that  td 
observe  this  latter  angle,  is  the  most  exact  way  of 
coming  to  the  knowledge  of  the  apparent  alti- 
tude. 


48.  The  refraction  varies  with  the  state  of  the 
barometer  and  thermometer,  and,  for  the  same 
altitude,  is  nearly  proportional  to  the  density  of 
the  air  at  the  eai'th's  surface.  rkifsn-j^ 


a.  Dr 
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a.  Dr  Bradley  has  given  a  formula,  expressing  thi» 
variation  of  the  refraction. 

Let  b  z=  height  of  the  mercury  in  the  barometer  in 
inches,  h  —  height  of  Fahrenheit's  thermometery 
z  =  the  zenith  distance,  r  =:  the  mean  refraction 
computed  by  the  rule,  (§  44.  b.),  the  correct  refrac- 

br  400 
tion  r  =  X 


29.6     350  + A" 

This  formula  would  be  improved,  by  introducing  the 
expression  for  the  density  or  specific  gravity  of  the 
air  from  vol.  i.  §  344.  r'  =  r,  when  b  —  29.6, 
and  h  =  50'.  In  that  case,  there  is  no  correc- 
tion. 


49.  Not  only  are  the  stars  elevated  by  refrac- 
tion, but  all  terrestrial  objects  are  elevated  from 
the  same  cause,  by  an  angle  equal  to  that  which 
the  straight  line  drawn  from  the  eye  to  the  object 
makes  with  the  tangent  to  the  path  of  the  ray  at 
the  point  where  it  enters  the  eye. 

The  refraction  of  the  heavenly  and  terrestrial  bodies 
is  differently  estimated.  That  of  the  celestial  body 
is  the  angle  contained  between  the  tangent  to  the 
curvilineal  path  of  the  ray  where  it  is  first  acted  on 
by  the  atmosphere,  and  the  tangent  to  the  samfe 
curve  when  it  enters  the  eye.  The  refraction  of  a 
terrestrial  body  is  the  angle  contained  between  the 

tangent 
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tangent  at  the  eye  and  the  chord  of  the  arch  inter- 
cepted between  the  object  and  the  eye. 

Near  the  earth's  surface,  the  curvilineal  path  of  the 
ray  of  light  may  be  supposed  nearly  to  coincide 
with  the  circle  of  equal  curvature, 

50.  If  the  elevation  of  the  top  of  a  mountain 
from  a  point  in  the  plane  below,  and  the  depres- 
sion of  that  point  from  the  top  of  the  mountain,  be 
both  observed  at  the  same  time,  the  angle  subtend- 
ed at  the  earth's  centre,  by  the  distance  between 
them,  added  to  the  observed  elevationj^  and  the 
sum  diminished  by  the  depression,  is  double  of 
the  refraction. 

This  supposes  the  path  of  a  ray  of  light,  for  a  small 
part,  to  coincide  with  a  circle.  If,  in  fig.  4.,  the 
arch  from  B  to  A  be  the  path  of  a  ray,  and  if  AH 
and  BF  be  perpendicular  to  AC,  BC,  in  A  and  B  ; 
the  tangent  EA,  EB  being  drawn  to  the  path  of  the 
ray,  HAE  is  the  apparent  elevation  of  B  from  A, 
and  FBE  the  apparent  depression  of  A  from  B  ; 
the  true  elevation  being  HAB,  and  the  true  de- 
pression FBA.  It  is  evident,  that  FBA  = 
BAH  +  ACB,  that  is,  true  Elev.  =  true  Dep.  + 
Hor.  ang.  But  true  Elev.  —  app,  Elev.  —  Ref, ; 
and  true  Dep.  =  app.  Dep.  +  Ref. ;  therefore  2  Ref, 
—  Hor.  ang.  +  app.  Elev.  —  app.  Dep. 


51.  The 
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51.  The  terrestrial  refraction  found  by  means 
of  the  preceding  theorem,  when  the  elevation  is 

not  very  great,  varies  from  ^  In  ^  of  the  angle 

subtended  by  the  horizontal  distance  of  the  ob- 
jects ;  and  the  radius  of  curvature  of  the  ray, 
therefore,  varies  from  twice  to  twelve  times  the 
radius  of  the  earth. 

In  the  mean  state  of  the  atmosphere,  the  refraction  is 

about      of  the  horizontal  angle,  and  the  radius  of 

curvature  of  the  ray  seven  times  the  radius  of  the 
earth. 

The  terrestrial  refraction  must  vary  with  the  density 
of  the  air,  that  is,  with  the  barometer  and  thermo- 
meter. The  great  differences,  however,  remarked 
in  this  proposition,  must  be  owing  to  some  other 
-cause. 

In  the  measurement  of  heights,  the  angle  of  elevation 
should  be  diminished  by  one-fourteenth  of  the  angle 
corresponding  to  the  horizontal  distance,  suppo- 
sing the  refraction  to  be  of  the  mean  quantity. 

52.  The  effect  of  refraction  may  also  be  allowed 
for,  by  computing  the  correction  of  curvature,  as 
in  §  t48  vol.  I.,  and  taking  one-seventh  of  it,  for 
the  number  of  feet,  by  which  the  object  is  ren- 
dered 
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dered  by  the  refraction  higher  than  it  ought  to 
be. 

If  L  is  the  length  of  the  horizontal  line  in  English 

2L* 

miles,  the  correction  for  curvature  in  feet  is  -g— » 

and  for  refraction  — 

In  the  measurement  of  heights,  it  must  be  observed, 
that  the  one  of  these  corrections  is  opposed  to  the 
other. 

In  the  next  section,  the  method  of  estimating  the 
angle  subtended  by  the  horizontal  distance  will  be 
explained.  The  subject  of  terrestrial  refraction 
requires  to  be  farther  investigated  by  observations 
of  elevations  and  depressions  made  at  the  same 
time,  and  with  a  reference  to  the  states  of  the 
barometer  and  thermometer. 


Sect.  III. 

FIGURE  OF  THE  EARTH. 


53,  The  figure  of  the  earth  is  understood  to  be 
determined  by  a  surface  at  every  point  perpendi- 

C  4  cular 
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cular  to  the  direction  of  gravity,  or  to  the  direc- 
tion of  the  plumb-line,  (§  24.  b). 

This  surface  is  the  same  that  the  sea  would  have  if  it 
were  continued  all  round  the  earth  ;  or,  if  we  were 
to  trace  curve  lines,  by  levelling  from  a  given  point 
round  the  earth,  in  every  direction,  till  they  re- 
turned into  themselves,  the  superficies  in  which  all 
these  lines  would  lie,  is  that  which  we  consider  as 
the  superficies  of  the  earth.  The  given  point  may 
be  supposed  any  one,  on  the  level  of  the  sea. 

The  figure  bounded  by  this  superficies,  is  that  which 
is  really  measured  by  the  combined  methods  of 
iastronemy  and  ])ractical  geometry,  and  is  to  be 
carefully  distinguislied  from  the  actual  figure  of  the 
earth,  including  all  its  inequalities  ;  or  from  an  ave- 
rage figure  that  sliould  leave  out  as  much  of  solid 
matter  above  it,  as  is  included  of  empty  space  un- 
der it. 

54.  The  length  of  an  arch  of  the  ip€ridian,  tra- 
ced on  the  superficies  above  defined,  may  be  mea- 
sured by  observing  the  latitude  of  the  two  extre- 
mities of  the  arc,  and  then  measuring  the  distance 
between  th€;se  points  in  fathoms,  toises,  or  any 
other  known  measure. 

The  distance,  as  measured  on  the  surface,  divided  by 
the  degrees,  and  parts  of  a  degree  contained  in  the 

difference 
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difference  of  the  latitudes,  will  give  the  length  of  a 
degree. 

Eratosthenes  was  the  first  who  applied  this  method 
to  the  estimation  of  the  earth's  circumference.  By- 
measuring,  or  rather  estimating,  the  difference  of 
latitude  between  Alexandi'ia  and  Syene,  and  also 
their  distance,  he  concluded  the  circumference  of 
the  earth  to  be  250000  stadia.  Moktucla,  Histoire 
des  Math.  torn.  i.  p.  242  2de  edit. 

The  length  of  a  degree,  or  of  any  arch  of  the  meri- 
dian, is  determined  by  taking  two  points  nearly  at 
the  distance  of  the  arch  required,  and  nearly  north 
and  south  of  one  aAother.  A  series  of  triangies  is 
then  to  be  carried  from  the  one  point  to  the  other 
by  means  of  stations  taken  on  the  tops  of  hills  or 

^  other  elevated  grounds.  The  angles  of  these  tri- 
angles are  to  be  measured,  as  also  the  azimuths 
of  the 'sides,  at  the  points  where  the  series  of 
triangles  begins  and  ends.  Thus,  there  is  a  series 
of  triangles  all  given  in  species  whicli  connects  the 
two  extreme  points,  and  the  bearings  of  the  sides 
of  these  triangles,  in  respect  of  the  meridian  of  the 
first  station,  are  also  given. 

The  lengths  of  the  sides  of  the  triangles  in  known, 
measures,  toises  or  fathoms,  is  next  found  by  mea- 
suring a  base  on  a  level  ground,  and  connecting  it 
by  angles  with  the  sides  of  one  of  the  triangles. 
In  all  this  we  proceed  as  if  the  triangles  were  plane, 
yvhereas  they  are  in  fact  spherical,  and  the  three 

angles, 
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angles  of  each  exceed  two  right  angles,  by  a  quan- 
tity  called  the  Spherical  Excess  ;  which  is  to  four 
right  angles,  as  the  area  of  the  triangle  to  half  the 
superficies  of  the  globe.  By  knowing  the  spherical 
excess,  the  errors  in  the  measures  of  the  angles  are 
discovered ;  and  it  is  also  known,  that  if  from  each 
of  the  angles  of  any  of  the  triangles,  be  subtracted 
one- third  of  the  spherical  excess,  the  sines  of  the 
angles  so  corrected  are  proportional  to  the  lengths 
of  the  sides  ;  so  that  all  the  triangles,  though  strict- 
ly speaking  spherical,  may  be  resolved  by  tlie  rules 
of  plane  trigonometry. 

In  this  way,  the  distance  of  the  two  points  at  first  as- 
sumed is  computed,  as  also  their  distance  reduced 
to  the  meridian  of  either  of  them. 


55.  When,  by  such  accurate  observations,  the 
lengths  of  degrees  were  determined  in  different  la- 
titudes, they  were  found  to  increase  gradually  from 
the  Equator  to  the  Pole. 

The  radius. of  curvature  of  the  meridian,  therefore, 
increases  as  we  go  toward  the  Pole,  and  the  curva- 
ture itself  diminishes.  The  earth,  therefore,  is  not 
a  sphere,  but  is  flattened  at  the  Poles,  so  that  the 
axis  from  Pole  to  Pole  is  less  than  the  diameter  of 
the  Equator,  Though  it  is  only  by  experiment 
that  the  true  figure  of  the  meridian  can  be  disco- 
vered, it  has  been  found  necessary  to  assume  hypo- 
thetically,  for  its  figure,  the  curve  which  is  next  in 

simplicity 
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simplicity  to  the  circle,  viz.  the  Ellipsis,  and  also 
to  suppose  the  superficies  of  the  earth  to  be  that  of 
a  spheroid  generated  by  the  revolution  of  this  ellip- 
sis, about  its  shorter  axis. 

In  many  complex  cases,  this  mode  of  approximating 
to  the  truth,  by  probable  assumptions,  is  the  sim- 
plest that  can  be  pursued.  The  hypothesis  thus 
assumed,  must  be  rigorously  submitted  to  the  test 
of  experience. 

56.  The  solid  contained  by  the  radius  of  curva- 
ture, at  any  point  in  an  ellipsis,  and  the  square  of 
the  semiparameter  of  the  greater  axis,  is  equal  to 
the  cube  of  the  normal  at  the  same  point. 

That  is,  if  a  and  b  are  the  semiaxes,  r  the  radius  of 
curvature,  n  the  normal  at  any  pomt,  n'  —  ^  ^' 

See  Frisius  de  Analyst  Sect.  Con.  Opera,  torn.  i. 
p.  96.  prob.  32.  Newton's  Conic  Sections,  prop. 
78.  cor.  2. 


57-  Hence  the  radius  of  curvature,  at  any  point 
of  the  meridian,  and  consequently  the  length  of  a 
degree  at  that  point,  may  be  expressed  in  terms  of 
the  latitude:  if  r  be  the  radius  of  curvature  at 
a  point,  of  which  the  latitude  is  A,  a  and  b  de- 
noting as  before, 

r  =  , 

[a  cos  a'  +  6^  sin  a  '^^  * 

Let 
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Let  ADB  be  one  half  of  the  meridian,  A  and  B 
points  in  the  Equator,  C  the  centre  of  the  earth,  D 
the  Pole,  EA  a  perpendicular  to  the  meridian  at 
E,  a  point  of  which  the  latitude  is  a  =  EGA,  H 
the  centre  of  curvature,  F  a  perpendicular  on  the 
axis  ;  tlien  EG  is  the  normal,  or  H,  GF  the  sub- 
normal  =:S;   let  CF  =  A-,  and  FE=y;  then 

1/'^  zz  —  (a''  —  x^)  .    But,  by  the  property  of  the 

subtangents    of   the    ellipses,    a;      ~  s ;  also, 

8  =  71  cos  A,  and  _y  =r  sin  a  ;  therefore,  by  substl-, 
tution, 

(6^  sin  a*  +     cos  a^)  =  b*, 

,     _   b' 

and  n     ,  . 

(a^  cos  A^  +  6^  sin  A^ja 
Now,  by  §  56.  r  =r  —  n'  ;  therefoi;e, 

r  =   J  . 

(a^  cos  A*  +  b^  sin  a^)^ 

J-f  B  be  the  length  of  a  degree  in  lat.  a,  and 
m  —  57°.2957795,  the  number  of  degrees  in  an 
^rc  equal  to  the  radius,  then  r  =  mD, 


and  D  — 


m 


(a*  cos  A^  +  6*  sin  a^)t 

58.  Ir^ 
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58.  In  an  ellipse  where  the  eccentricity  is 
small,  or  where  a  and  b  differ  but  by  a  small 
quantity  c,  this  general  formula  may  be  reduced 
to  more  simplicity,  by  extracting  the  root  of  the 
denominator,  and  rejecting  the  powers  of  b  great- 
er than  the  first ;  we  h-ave  then 

mD  =  a  (1  —  —  +  —  sin  a^)  . 
a  a 

a.  This  value  of  m  D  may  be  changed  into  another,  more 
convenient  in  calculation,  by  substituting  for  sin  a^ 

1  —  tos  2  A 

its  value   ^  ,   from  which  is  obtained 

m  D  =  a  ( J  —   ^  cos  2  a)  . 

•        2  a     2  a 

i.  At  the  Equator,  A=rO,  and  cos2a=1;  so  that 

m  D  =  a  (1  —  — ^  ==  a  —  2c, 
a  J 

c.  At  the  Pole,  a  =  90°,  2a  =  180°  ;  and  since 
cos  180°  —  —  1,  TO  D  r=  a  +  c. 

The  degree  of  the  meridian  at  the  equator,  is  there- 
fore to  the  degree  at  the  pole  as  a  —  2  c  to 
a  +  c. 

i.  In  the  parallel  of  45°,  2  a  =  90°,  and  cos2a  =  0; 

therefore  to  D  =  a  . 

2 
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The  radius  of  curvature  at  the  parallel  of  45°,  or 
m  D,  is  nearly  an  arithmetical  mean  between  the 
radius  of  the  equator  and  half  the  earth's  axis. 

The  degree  in  the  parallel  of  45  is  also  an  arithmeti- 
cal mean  between  any  two  degrees  equally  distant 
from  it  on  the  north  and  on  the  south. 

e.  The  degree  in  any  latitude  is  understood  to  be  that 
of  which  the  middle  point  is  in  that  latitude. 

f.  If,  therefore,  D  be  found  by  actual  measurement  in 
any  two  known  latitudes,  we  shall  have  two  equa- 
tions, in  which  a  and  c  are  the  only  unknown 
quantities,  and  from  which,  therefore,  they  may  be 
determined. 

59.  The  lengths  of  two  degrees,  of  which  the 
middle  points  are  in  given  latitudes,  being  known  ; 
it  is  required  from  thence  to  determine  the  diame- 
ter of  the  equator,  and  the  axis  of  the  earth,  that 
is,  the  longer  and  the  shorter  axis  of  the  elliptic 
meridian. 

a.  Let  D  and  D'  be  the  given  degrees,  (the  least,  or  that 
nearest  the  equator,  being  D),  a  and  a'  the  lati- 
tudes of  their  middle  points,  a  the  semitransverse 
axis  of  the  meridian,  c  the  difference  of  the  semf- 
axis  ;  we  liave  the  equations, 
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m  D      a  —  3   cos  2  and 

3 


mT>'  =z  a  —  ^  —  ^  cos  2  a'  . 

Hence  c  —       ~  m  (D  — 

3  (cos  2  A  —  cos  2  A')  ' 

c  _         2(D'  — D) 

a  ~  3  D  (cos  2  A  —  cos  2  a') 


Also,  if  -  =r  n. 
a 


a  —  — 


,  n  3n  o , 
1  —  cos  2  A 


2 

i.  These  formulas  will  be  reduced  to  others,  more  con- 
venient for  logarithmieal  calculation,  by  substitu- 
ting for  cos  2  a  — •  cos  2  a',  its  value,  viz. 

2  sin  (a  -I-  a')  X  dn  (a'  —  a)  ; 

^^^^  ^  _  m  (D^  — D)  

~  3  sin  (a'  +  a)  X  sin  (a'  —  a)  ' 

c  _   D  — D  

a  ~  3  D  sin  (a'  +  x)  x.sin  (a'  —  a)  * 

When  A  is  nothing,  or  when  one  of  the  degrees  is  at 
the  equator,  a  +  a'  and  >/  —  a,  are  each  equal  to 

A,  SO  c  ~ — o  ••  2        ■>  tliereiore  the  excess  oi  the 

'  3  snr  A 

(h'greo, 
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degree,  in  any  latitude,  above  the  degree  at  the 
equator,  when  divided  by  the  square  of  the  sine  of 
the  latitude,  should  always  give  the  same  quotient ; 
or  the  excess  of  the  degrees  of  the  meridian  above 
the  degree  at  the  equator,  should  be  as  the  squares 
of  the  sines  of  the  latitudes. 

Since  c  =  tt—' — 7—r-~^  


3  sin  (a'  +  a)  X  sin  (a'  a)' 


D'  —  D  =  —  sin  (A'  +  a)  X  sin  (a'  ~  a) 


c.  If,  then,  D'  and  D  are  two  contiguous  degrees,  so 
that  A'-  A  +  l°,  D'— D  =  — sin  (2  a  +  1°)  x  sin  1°; 


and  since  sin  1°  =  .01745,  D'  — D  = 

3c  X. 01745  .  , 
 sm  (2  A  +  1°) . 


The  contiguous  degrees,  therefore,  differ  by  a  quan- 
tity proportional  to  the  sine  ,of  twice  the  middle 
latitude.  The  difference  is  a  maximum,  when 
2  A  +  1  —  90°,  or  when  the  middle  latitude  is 
45°. 


The 
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*rhe  quantity  -  is  called  the  Compression,  and  deter- 
mines the  species  of  the  ellipsis. 

W.  We  shall  now  take  for  the  determination  of  the  fi- 
gure and  magnitude  of  the  earth,  the  five  arches 
subjoined,  as  those  that  have  been  measured  with 
the  o-reatest  care,  and  the  best  instruments;  as 
being  the  largest  also,  and  the  most  distant  from 
one  another. 


Lat. 

Deg.  in 
toises. 

Deg.  in 
fathoms. 

Country, 

I. 
II. 
III. 
iv. 

V. 

0°  .0.0" 
11  .0.0 
45  .0.0 
52  .2.2 
66  .20.10 

50749' 
56755 
57011 
57074 
57192 

604S0.2 
60480.6 
60759.4 
60820.6 
60952.4 

Peru. 

India. 

France. 

England. 

Lapland. 

As  five  quantities  may  be  combined,  two  and  two,  in 
ten  different  ways,  ten  results  may  be  deduced  from 
the  comparison  of  these  degrees ;  and  if  the  meridian 
were  truly  elliptical,  and  if  there  were  no  error  in 
the  observations,  all  these  results  would  coincide. 
As  the  latter  supposition  cannot  be  expected  to  hold, 
we  must  look  for  some  difference  in  the  results, 
and  must  choose  only  those  combinations,  in  which 
the  degrees  are  considerably  distant  from  one  ano- 
ther, because  in  that  way  the  errors  of  observation 
will  least  affect  the  conclusions.  Such  are  the  1st 
and  3d,  1st  and  4th,  1st  and  5th;  2d  and  3d,  2d 
and  4-th,  2d  and  5th  ;  3d  and  5th. 

Vol..  IT.  D  f.  The 
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The  3d  degree,  or  that  which  is  bisected  by  the  pa- 
rallel of  45°,  is  to  be  reckoned  the  most  accurate  of 
all,  as  being  deduced  I'rom  the  actual  measurement 
of  an  arch  of  more  than  12  degrees.    This  arch 
belongs  to  the  meridian  of  Paris,  which  has  been 
continued  by  the  French  mathematicians  north 
to  Dunkirk,   lat.  51°  2'  9'^  N.,  and  south  to 
Formentera,  the  southernmost  of  the  Balearic  isles, 
in  lat.  38°  38' 56",  the  distance  being  705188.77 
toises,  (Base  Metrique,  torn.  iii.  p.  298.)  The 
arch  of  the  same  meridian  from  Dunkirk,  till  it  is 
intersected  by  the  parallel  of  Greenwich  Observa- 
tory, lat.  51°  28' 39'^,  was  also  measured  by  Ge- 
neral Roy,  and  found  to  be  25238.5,  or,  more 
exactly,  by  De  Lambue,  on  applying  certain  cor- 
rections, 25241.9   toises-     Thus  the  amplitude 
of  the  arch  between  the  parallels  of  Greenwich  and 
Formentera,  is  12°  48'  43".5,  and  the  distance 
730430.67.   This  arch,  however,  is  not  exactly  bi- 
sected by  the  parallel  of  45",  Greenwich  being 
6°  28'39".5  distant  from  that  parallel,  and  Formen- 
tera only  6°  20' 3"  99.     To  have  the  length  of 
an  arch  beginning  at  Formentera,  and  terminating 
just  as  far  to  the  north,  as  Formentera  is  to  the 
south  of  45°,  we  must  subtract  from  the  distance 
of  Greenwich  the  number  of  toises  corresponding 
to8'35".51,  which,  as  may  be  inferred  from  the 
measurement  itself,  is  8165.88  toises  ;  and  thus  we 
have  722264.79  for  the  length  of  an  arch  extend- 
ing 6  20'  3".  99  on  each  side  of  the  parallel  of 
45°. 

Now, 
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Now,  it  was  observed  (§  58.  cl.)  that  the  degree  in 
lat.  45°  is  an  arithmetical  mean  between  any  two  de- 
grees equally  distant  from  it  on  the  north  and  south; 
and  therefore  if  an  arch  of  any  number  of  degrees, 
for  example  6,  be  measured  on  the  south  of  45°, 
and  an  arch  of  as  many  degrees  on  the  north,  the 
two  together  will  be  12  times  the  degree  in  the  pa- 
rallel of  45°.  If,  therefore,  the  above  extent, 
722264.79,  be  divided  by  12.6689,  the  amplitude 
of  the  arch,  the  quotient  5701  It  is  the  degree  of 
the  mei-idian  bisected  by  the  parallel  of  45^. 

y.  The  degree  at  the  Equator  is  deduced  from  an  arch  of 
3°  T  measured  in  Peru  by  the  French  and  Spa- 
nish academicians.  It  is  stated  by  BoudUEk  at 
56753' ;  by  Condamine,  at  56749 ;  and  we  prefer 
the  latter  number,  as  there  is  reason  to  think,  from 
comparing  that  degree  with  others,  that  it  is  too 
great.  Figure  de  la  Terre,  par  M.  Bcjoulr, 
Sect.  V.  p.  272. 

g.  The  degree  lat.  11  ,  is  a  mean  of  6  degrees,  mea- 

sured by  Major  Lambton  in  Indostan.  Aniatic  Re- 
searches, vol.  XII,  p.  94. 

h.  The  degree  in  lat.  52°  2'  20"  is  from  an  arch  of  the 

meridian  measured  by  Colonel  Mudge  in  the  south 
of  England.  The  mean  is  given  here  from  a  pa- 
per, Pliil.  Tram,  for  1812,  p.  332. 

I.  The  degree  at  the  Polar  Circle,  or  in  lat.  66°  20'  10", 
is  from  an  arch  of  the  meridian  lately  measured  by 
SwAXBERG  and  other  Swedish  academicians.  Ex- 
D  2  position 
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position  (Us  Operations  faites  en  Lapponie,  ^e.  par 
SwANBERG.    Stockholm,  1805. 

Ar.  Of  all  these  degrees,  it  may  be  said,  that  an  error 
of  30  toises  in  the  length,  or  2"  in  the  amplitude  of 
the  arch,  is  more  than,  can  be  reasonably  supposed. 
If  the  hypothesis  of  an  elliptic  meridian  agree  with 
them  nearer  than  this  quantity,  it  must  be  consi- 
dered as  having  the  support  of  observation.  But 
if  it  is  found  that  these  arches  cannot  be  reconciled 
with  the  elliptic  hypothesis,  without  supposing 
greater  errors  than  those  just  mentioned,  that  hy- 
pothesis must  be  either  rejected,  or  regarded  as 
doubtful. 

60.  The  five  degrees  in  the  last  article,  agree 
in  giving  very  nearly  the  same  compression  to  the 
earth  at  the  poles,  and  may  all  be  represented  by 
the  same  equation,  to  an  exactness  much  within 
the  limits  that  have  been  assigned  (§  59.  k.) 

a.  By  combining  the  degrees  in  the  seven  ways  men- 

tioned,  it  will  be  found,  that  -  is  between  .00315 
'  a 

and  .00325. 

b.  The  mean  between  these,  or  .0032,  is  that  which,  on 

the  whole,  seems  the  nearest  to  the  truth.  It  makes 
the  sum  of  all  the  errors  in  the  five  degrees  amount 
only  to  21  toises,  taking  them  with  the  same  sign. 
Taking  them  with  their  proper  signs,  they  nearly 

destroy; 
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destroy  one  another.  The  compression  may  therefore 
be  stated  at  .0032  =  ;  and  the  equation 

wliich  does  most  nearly  represent  the  degrees  of 
the  meridian,  will  from  thence  come  out 

D  =  57011'  —  272^.65  cos  2  a  . 
In  fathoms, 

D  =  60759.472  —  290.576  cos  2a. 

In  miles,  D  =  69.044  —  .3299  cos  2  k 

c.  Hence,  by  the  formulas,  (§  59.  b.) 

Toises.  fathoms.  Miles. 

c  =  10469.58  =  11158.8  =:  12.680 
a  =  3271743.00  =  3486858.8  =  3962.349 
h  =  3361273.42  =  3475700.    =  3949.669 

Radius  of  curvature  for  the  parallel  of 

45°  =  c  —  I  =  3266508t.21    3481279^.4  =  3956.009 
2 

miles.    The  miles  meant  here  are  English  miles. 

■ 

d.  The  circumference  of  the  Elliptic  Meridian  may  be 
found  nearly  by  multiplying  the  mean  degree,  or 
that  in  the  parallel  of  45°.  by  360.  The  result  is 
24855.84  miles. 

D  3  The 
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-  The  circumference  of  tlie  Equator  is  24696.16  mileS, 
a  little  more  than  40  rniles  greater  than  the  prece- 
ding. 

The  circumference  of  the  Meridian  may  be  found 
more  accurately  by  the  theorem  for  the  rectifica- 
tion of  the  ellipsis.  See  La  Caille,  Lemons  Ele- 
mentaires  de  Math.  §  954.  Also  Base  Metriqucy 
torn.  II.  p.  676. 

The  French,  from  their  late  measurement,  compared 
with  that  in  Peru,  make  the  compression  .003^4, 
and  the  quadrant  of  the  meridian  5131111  toises  ; 
which  gives  for  the  entire  circumference  5468481. 54 
fathoms,  or  24856.72  miles;  about  1  mile  greater 
than  the  result  obtained  above. 

c.  The  Geographical  Mile,  or  that  of  which  there  are 
60  in  the  length  of  thq  mean  degree,  is  1012.6  fa- 
thoms, =  6075.6  feet. 

61.  The  semidiameter  belonging  to  any  lati- 
tude X,  is  nearly  equal  to  a  (1  —  n  sin  a),  where 
c 

n  denotes  —  or  the  compression,  as  before,  (§  58. 
ct 

a.) 

a.  This  is  found,  by  expressing  the  semidiameter  of 
the  elliptic  meridian,  in  terms  of  the  latitude,  in  a 

manner 
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manner  similar  to  that  employed  §  57,  58.,  then 
extracting  the  square  root,  and  rejecting  the 
powers  of  the  compression  greater  than  the  first. 

See  Cagnoli  Trigonoinetrie,  §  1558. 

h.  The  tangent  of  the  angle  ACE  (fig.  3.),  which  the 
diameter  answering  to  the  latitude  a,  makes  with 
the  greater  axis  of  the  meridian,  or  with  the  plane 

of  the  equator,  is  —  x  tan  a.    Cagnoli,  §  1339. 

c.  The  angle  at  the  centre  being  thus  found,  the  angle 
which  the  semidiameter  CE  makes  with  the  verti- 
cal EG  is  also  found,  being  the  difference  betAveen 
the  former  angle  and  the  latitude  of  the  place. 
The  angle  W'hich  the  diameter  makes  with  the  ver- 
tical is  greatest  at  45'^,  where  it  amounts  to  11'  9" 
•when  the  compression  is  .00324.  Base  Metrique^ 
tom.  m.  p.  292.  If  the  compression  is  greater, 
this  angle  also  becomes  greater. 

d.  The  figure  of  the  earth  may  not  only  be  determi- 
ned by  comparing  two  degrees  of  the  meridian 
with  one  another,  but  it  may  also  be  found  by  com- 
paring a  degree  of  the  meridian,  with  the  degree  of 
a  great  circle  perpendicular  to  the  meridian,  in  the 
same  latitude. 


62.  If  we  suppose  the  earth  to  be  cut  at  any 
point. by  a  plane  perpendicular  to  the  meridian  in 

D  4  that 
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that  point,  the  centre  of  curvature  of  this  section, 
at  the  point  where  it  cuts  the  meridian,  is  the 
point  in  which  the  direction  of  gravity,  or  of  the 
plumb-line,  intersects  the  axis  of  the  earth. 

a.  The  direction  of  gravity,  if  the  earth  be  a  solid  of 
revolution,  passes  always  through  the  axis  of  the 
earth.  If,  therefore,  we  conceive  the  plumb-line 
to  be  carried  over  an  indefinitely  small  arch  of  the 
perpendicular  to  the  meridian,  either  to  the  east  or 
west,  its  direction  will  intersect  the  axis  at  the 
same  point  where  it  intersected  it  before,  which 
point,  therefore,  is  the  centre  of  cui'vature  of  the 
arch,  or  the  same  with  K  (fig.  3.)  EK  is  greater 
than  EH,  and  the  degree  of  the  perpendicular  arch 
is  greater  than  the  degree  of  the  meridian  in  the 
same  ratio. 

b.  The  radius  of  curvature  of  the  arch  perpendicular 
to  the  meridian,  is  therefore  the  normal  of  the  me- 
ridian, relatively  to   its   shorter  axis,  or  it  is 

—  '  .     Edin.    Trans,   vol.  v. 

\J  a-  cos^  A  -f      sin^  a 

p.  14. 

63.  If  D  be  the  degree  of  the  meridian,  at  a 
point  of  which  the  latitude  is  x,  and  A  the  degree 
of  the  curve  perpendicuhu*  to  the  meridian  at  the 
sape  point, 
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,         (A-D)  x-^; 

7H 

a  =r  ?n  A  —     (A  —  D)  tan^  ; 

c        A  —  D  1 

_  —  nearly. 

a      2  A  cos 

Thus  the  figure  of  the  earth  is  determined  by  the  de- 
gree of  the  meridian  in  any  latitude,  compared  with 
the  degree  perpendicular  to  it. 

The  degree  of  the  section  perpendicular  to  the  meri- 
dian, is  to  the  degree  of  the  circle  parallel  to  the 
equator,  that  is,  to  the  length  of  the  degree  of 
longitude,  as  1  to  cos  a. 

The  degree  of  longitude  is  therefore  A  cos  a  .  Edin. 
Trans,  vol.  v.  p.  26. 

The  manner  in  which  the  amplitude  of  the  celestial 
arch  is  measured  in  the  case  of  a  perpendicular  to 
the  meridian,  is  not  so  direct  as  that  which  is  fol- 
lowed in  the  case  of  an  arch  of  the  meridian  itself. 
It  is  best  done  by  determining  the  convergence  of 
the  meridians.  If  P  be  the  pole,  (fig.  5.),  AP  an 
arch  of  the  meridian,  AD  an  arch  at  right  angles 
to  it,  or  nearly  so :  Let  the  latitude  of  A,  and  also 
the  angle  PAD  be  found,  and  again  at  D  the  angle 
PDA ;  then  in  the  spherical  triangle  PAD,  the 
angles  at  A  and  D  are  given,  and  also  the  side  AP, 
from  which  the  arch  AD  may  be  computed  in  de- 
grees and  minutes ;  and  its  length  also  having  been, 

measured, 
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measured,  the  length  of  a  degree  becomes  known. 
It  is  not  necessary  that  AD  should  be  accurately 
at  right  angles  to  either  of  the  meridians  AP,  DP  : 
If  it  is  nearly  so,  its  length  can  easily  be  reduced 
to  that  of  the  perpendicular. 

This  method  of  finding  the  amplitude  of  an  arch  per- 
pendicular to  the  meridian,  is  only  applicable  in 
high  latitudes,  where  the  convergency  of  the  meri- 
dians is  considerable.  Near  the  equator,  where  the 
meridians  become  almost  parallel,  a  small  error  in 
determining  the  azimuths  will  produce  a  very  great 
one  in  the  amplitude  of  the  arch,  so  that  this  me- 
thod cannot  be  safely  employed.  The  manner  of 
finding  the  amplitude  of  the  perpendicular  arch  ac- 
curately in  such  cases,  depends  on  the  methods 
of  finding  the  diflference  of  longitude,  which  are  to 
be  explained  in  the  next  section. 

It  appears  from  the  preceding  investigations,  that  the 
earth  is  an  oblate  spheroid,  generated  by  the  revo- 
lution of  an  ellipsis  about  its  shorter  axis,  that 
axis  being  to  the  longer  axis  as  .9968  to  1.  All 
the  arches,  however,  that  have  been  measured,  do 
not  agree  equally  in  bringing  out  this  result.  In 
general,  though  the  conclusions  from  arches,  which 
are  large,  and  at  a  considerable  distance,  are  con- 
sistent with  one  another,  the  contrary  holds  where 
arches  very  near  to  one  another,  and  more  especi- 
ally contiguous  portions  of  the  same  arch,  are  com- 
pared together.  It  has  been  shewn,  that,  according 
to  the  elliptic  hypothesis,  the  differences  of  the 
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contiguous  degrees  ought  to  be  proportional  to  the 
sines  of  twice  the  middle  latitude,  (§  59.  c),  and 
therefore  ought  to  follow  a  very  regular  progression. 
This,  however,  has  not  been  found  to  take  place  in 
any  instance  of  actual  measurement.  In  the  great 
arch  measured  in  France,  in  those  of  the  Peninsula 
of  India,  and  in  the  south  of  England,  the  contigu- 
ous degrees  have  differed  very  irregiilarly,  and  by 
such  considerable  quantities,  as  could  not  be  ex- 
plained by  any  probable  error  of  observation.  Local 
irregularities  in  the  figure  of  the  earth,  manifesting 
themselves  by  the  deflection  of  the  plumb-line,  seem 
to  give  rise  to  these  anomalies.  The  deflections 
are  but  small,  and  disappear  altogether  when  arches 
of  great  extent,  and  differing  by  large  quantities, 
are  compared  with  one  another. 

This  subject  will  be  more  fully  considered  under  the 
head  of  Physical  Astronomy. 


Sect.  IV. 


GEOGRAPHICAL  PROBLEMS. 


The  situation  of  a  point  in  a  given  superfi- 
is  determined,  when  its  distances  are  known 

from 
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from  two  planes,  which  are  given  in  position  with 
respect  to  that  superficies, 

a.  That  the  determinations  thus  atforded  may  be  the 
simplest  possible,  the  two  planes  ought  to  be  at 
right  angles  to  one  another ;  and  if  the  superficies 
is  one  having  a  centre,  the  planes  should  pass 
through  that  centre. 

b.  In  the  case  of  the  earth,  the  plane  of  the  Equator 
having  its  position  fixed  by  the  diurnal  motion,  is 
naturally  pointed  out  as  one  of  the  fixed  planes,  to 
which  the  positions  of  places  in  the  earth's  surface 
are  to  be  referred. 

The  position  of  every  place,  relatively  to  the  equa- 
tor, is  determined  by  finding  its  latitude  as  above 
defined. 

c.  The  other  circle  to  which  the  position  of  places  on 
the  earth's  surface  is  to  be  referred,  must  necessa- 
rily be  a  Meridian  (a)  ;  but  as  none  of  the  meri- 
dians is  distinguished  from  another,  by  any  circum- 
stance in  the  diurnal  motion,  of  which  they  all 
partake  alike,  the  particular  meridian  that  is  to  be 
fixed  on  for  the  determination  of  geographical  po- 
sitions, is  a  mattej:  of  arbitrary  arrangejnent. 

d.  When  a  meridian  is  chosen  for  a  first  meridian,  or 
that  to  which  all  positions  are  to  be  referred,  it  is 
pot  by  directly  measuring  the  distance  from  it  that 
such  a  reference  is  made,  but  by  measuring  the 
angle  which  the  plane  of  the  meridian  passing 

tli^ough 


ASTRONOMY. 


61 


through  any  given  place,  makes  with  the  plane  of 
the  first  meridian.  This  angle  is  called  the  Ion- 
^tude  of  the  place,  and  the  diurnal  motion  fur- 
nishes us  with  the  means  of  determining  it.  It 
is  measured  by  the  arch  of  the  equator,  inter- 
cepted between  the  first  meridian  and  the  me- 
ridian of  the  place,  and  is  reckoned  east  or  west, 
according  as  the  place  is  east  or  west  of  the  first 
meridian. 

The  ancients  took  for  their  first  meridian,  or  that 
from  which  their  longitude  was  counted,  the  meri- 
dian of  the  Fortunate  Isles,  a  line  passing,  as  they 
conceived,  through  the  western  extremity  of  the  ha- 
bitable earth.  Many  of  the  moderns  have  employed 
the  same  meridian,  or  rather  that  of  the  Island  of 
Ferro,  one  of  the  most  westerly  of  the  Canaries.  In 
general,  however,  nations  employ  the  meridian  of 
their  own  metropolis,  or  of  their  principal  observa- 
tory ;  as  we  do  that  of  Greenwich,  the  French  that 
of  Paris,  &c.  It  has  been  proposed  to  take  the 
meridian  of  Mont  Blanc  as  the  first  meridian,  being 
that  of  a  point  very  remarkable  in  the  natural  histo- 
ry of  the  globe.  It  would  be  inconvenient  to  take 
for  a  first  meridian  any  point  where  astronomical 
observations  are  not  constantly  made. 

65.  The  hour,  as  reckoned  under  any  two  me- 
ridians, is  different,  and  the  difference  is  propor- 
tional to  the  difference  of  longitude,  or  the  angle 

which 
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which  the  planes  of  these  meridians  make  with 
one  another. 

The  hour  at  any  place,  as  we  have  already  seen,  is 
determined  by  the  passage  of  a  certain  star,  or  a 
certain  point  in  the  heavens,  over  the  meridian  of 
that  place.  But  the  star  comes  to  any  meridian 
sooner  than  to  another  farther  to  the  west,  by  a 
space  of  time  which  is  to  24  hours  as  the  angle 
made  by  the  two  meridians  to  360  degrees.  For 
every  15°,  therefore,  contained  in  the  angle  which 
the  meridians  make,  or  in  the  difference  of  longi- 
tude, one  hour  is  to  be  reckoned,  by  which  the  ac- 
count of  time  at  the  more  westerly  place  is  later, 
or  the  clock  slower  than  at  the  other.  For  all 
other  angles,  the  proportion  is  the  same ;  for  one 
degree,  four  minutes  of  time ;  for  one  minute  of  a 
degree,  four  seconds  of  time,  &c. 

66.  If,  therefore,  we  could  find  under  one  me- 
ridian the  time  which  they  reckon  at  the  same  in- 
stant under  another,  we  should  have  the  difference 
of  longitude,  by  converting  the  difference  of  time 
into  degrees  at  the  rate  just  mentioned. 

a.  An  obvious  way,  therefore,  of  discovering  the  dif- 
ference of  lorigitude  of  any  two  places,  is  to  have  a 
watch,  or  portable  chronometer,  well  regulated,  ac- 
cording to  the  time  at  one  of  the  places,  and  then 
to  carry  it  to  the  other ;  where,  on  being  compared 

with 
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with  the  time,  as  reckoned  there,  it  will  give  the 
difference  of  longitude. 

b.  Suppose  at  the  first  place,  by  repeated  observations, 
the  star  Sirius  was  found  to  pass  the  meridian  at 
IQh  24m  35sec  )jv  the  watch,  and  at  the  other  at 
gh  1  Qm  22see  by  the  same  watch  ;  the  difference, 
2^  8°™  ISseCj  converted  into  degrees,  gives  32°  S 
15"  for  the  difference  of  longitude,  by  which  the 
first  of  the  two  places  is  east  of  the  second. 

67'  In  like  manner,  any  phenomenon,  the  be- 
ginning or  end  of  which  is  seen  at  the  same  in- 
stant by  observers  under  different  meridians,  af- 
fords the  means  of  determining  the  difference  of 
longitude. 

For,  by  this  medns,  the  difference  of  the  reckoning 
at  the  two  places  is  ascertained  just  as  by  the  chro- 
nometer. 

Many  of  the  phenomena  of  the  heavens,  as  will  be 
afterwards  explained,  serve  as  signals  of  this 
kind. 

Such  signals  niay  also  be  given  on  the  earth,  by  the 
sudden  kindling  or  extinguishing  of  lights  on  some 
elevated  station,  from  which  they  may  be  seen  at 
considerable  distances. 

The  observation  of  the  convergertcy  of  the  meridians, 
is  also  another  way  of  determining  the  longitude, 
as  already  observed.  To  it,  and  the  two  now  men- 
tioned. 
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tioned,  all  the  methods  of  finding  the  longitude  may 
be  reduced. 

68.  If  the  latitudes  of  any  two  places  are  given, 
^h,d  also  their  difference  of  longitude,  their  dis- 
tance may  be  found  by  spherical  trigonometry. 

a.  If  the  earth  is  considered  as  a  sphere,  then,  in  the 
spherical  triangle  contained  by  the  arches  joining 
the  two  places  with  one  another,  and  with  the  pole, 
two  sides  are  given,  viz.  the  distances  from  the  pole, 
or  the  complements  of  latitude,  and  the  angle  at  the 
pole,  or  the  difference  of  longitude ;  and  there- 
fore the  3d  side  may  be  found  by  the  2d  pase  of 
oblique-angled  spherical  triangles.  This  side  is  the 
distance  of  the  places  expressed  in  degrees,  &c. ; 
and  may  be  turned  into  miles,  by  multiplying  by 
69.044,  the  mean  length  of  a  degree,  (§  60.  b.) 

If  the  angles  at  the  base  or  the  azimuths  are  also  re- 
quired, it  will  be  best  to  resolve  the  triangle  by 
Napier's  Formula.  See  Elem.  of  Geomet.  Edin. 
1810,  p.  378.  See  also  Woodhouse's  Trigonome- 
try, p.  126. 

b.  But  if  the  spheroidal  figure  is  to  be  taken  into  ac- 
count, the  calculation  becomes  more  com])lex.  For 
as,  on  this  supposition,  the  directions  of  the  plum- 
mets AD,  BF,  (fig.  6.)  at  the  two  places,  if  their 
latitudes  are  different,  do  not  meet  the  axis  in  the 
same  point,  these  three  lines  do  not  contain  a  solid 
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hhgle,  and  therefore  the  rules  of  trigonometry  can- 
hot  be  directly  applied  to  them.  If,  however,  C 
be  the  centre  of  the  spheroid,  and  if  AC  and  BC 
be  joined,  the  angles  PC  A,  PCB,  are  deduced  from 
the  latitudes,  §  61.  b.  Then,  in  the  solid  angle  at 
C,  are  given  the  two  plane  angles  PCA,  PCB,  and 
the  inclination  of  their  planes,  viz.  the  difference 
of  longitude,  or  the  angle  at  P;  therefore  the  angle 
ACB  may  be  found  by  the  same  case  of  spherical 
triangles  as  before.  Hence  the  straight  line* 
AB  is  also  found,  the  radii  CA,  CB  being  giverij 
§61. 

c.  in  this  way  also,  are  found  the  angles  at  the  base 
of  the  triangle  PAB,  or  thosi3  which  the  plan^ 
ACB  makes  with  the  planes  ACP,  BCP.  These, 
however,  are  not  the  true  azimuths,  which  are  th0 
angles  that  the  plane  ADB  makes  with  ADP,  and 
that  ABE  makes  with  PEB. 

To  find  these  last ;  if  DB  be  drawn,  then  in  the  tri- 
angle BCD,  BC,  CD,  and  the  angle  BCD  are  gi- 
ven, whence  DB  is  found.  Then  in  the  triangle 
ADB,  all  the  three  sides  are  given  ;  wherefore  the 
angle  ADB  may  be  found.  Next,  in  the  triangle 
BED,  the  sides  BE,  ED,  JDB  are  given;  thereiore 
the  angle  EDB,  and  its  supplement  PDB  are 
found.  Therefore  the  three  plane  angles  ADP, 
ADB,  PDB,  which  contain  the  solid  angle  at  D, 
are  given  ;  whence  the  inclination  of  the  planes 
may  be  found,  and  therefore  the  angle  which  the 
plane  PAD  makes  with  the  plane  ADB,  that  is. 
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the  angle  PAB,  such  as  it  would  be  measured  at 
A.  In  the  same  way  the  azimuth  at  B  may  be 
found. 

d.  When  these  calculations  are  applied  in  small  tri- 
angles, they  naturally  become  much  more  simple. 
The  pi'ocess  now  described,  contains  a  general  so- 
lution of  spheroidal  triangles,  which  have  one  angle 
at  the  pole,  whatever  be  the  oblateness  of  the  sphe- 
roid, and  whatever  be  the  magnitude  of  the  tri- 
angles. 

69.  The  Artificial  Globe  is  a  delineation  of  the 
surface  of  the  earth,  and  the  circles  belonging  to 
it,  on  the  surface  of  a  sphere,  moveable  about  an 
axis ;  it  serves  to  give  a  correct  notion  of  the  fi- 
gure and  proportion  of  the  parts  into  which  the 
earth's  surface  is  either  naturally  or  artificially 
divided,  as  well  as  to  resolve  many  of  the  pro- 
blems of  geography,  when  great  accuracy  is  not 
required. 

A  contrivance  of  the  same  kind  is  applied  to  the  hea- 
vens. The  uses  of  the  celestial  and  terrestrial  globes 
are  fully  explained  in  most  of  the  treatises  on 
Astronomy  and  Geography. 

70.  A  Map  is  a  representation  of  the  whole,  or 
of  a  part  of  the  earth's  surface  on  a  plane  ;  and 
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though  less  correct,  by  being  less  expensive,  and 
more  portable  than  the  preceding,  it  is  of  much 
more  general  use. 

It  is  impossible  to  delineate  on  a  plane  any  figure 
that  can  accurately  resemble  one  which  is  extend- 
ed in  three  dimensions.  A  certain  degree  oi'  re- 
semblance may,  however,  be  obtained,  and,  in  the 
construction  of  maps,  this  has  been  sought  for  in 
two  ways  ;  by  the  projection  of  the  spherical  sur- 
face on  a  plane,  such  as  it  would  be  seen  to  the  eye 
situated  in  a  particular  point ;  or  by  the  develope- 
mtnt,  that  is,  the  spreading  out  of  a  spherical  on  a 
plane  surface. 

71.  The  Siereograpkic  Pnjection,  is  a  represen- 
tation of  the  surface  of  a  sphere  on  the  plane  of  a 
great  circle,  such  as  it  would  appear  to  an  eye  si- 
tuated in  the  pole  of  that  circle,  or  in  a  point  90*^ 
distant  from  every  part  of  its  circumference. 

G.  It  is  usual  to  suppose  the  eye  placed  in  the  equa- 
tor, 90^  distant  from  the  equinoctial  points,  so  that 
the  plane  of  projection  is  the  equinoctial  colure. 
If  the  eye  is  placed  in  either  of  the  equinoctial 
points,  the  plane  of  projection  is  a  circle  at  right 
angles  to  the  former,  called  (for  a  reason  that  will 
afterwards  appear)  the  Solslilial  Colure. 


The  hemisphere  concave  to  the  eye,  or  on  the  side  of 
the  plane  opposite  to  the  eye,  is  first  delineated. 

E  2  The 
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The  eye  is  then  supposed  placed  in  the  opposite 
pole,  and  the  other  hemisphere  is  in  like  manner 
represented.  It  is  in  this  way  that  the  Maps  of  the 
World  are  usually  constructed. 

b.  The  stereographic  projection  has  these  two  Very 
remarkable  properties. 

1.  All  the  circles  of  the  sphere,  both  great  and 
small,  are  represented  by  circles  in  this  pro- 
jection. 

3.  Any  Hvo  circles  cut  ane  another  in  the  projec- 
tion, at  the  same  angle  in  which  they  cut  one 
another  on  the  surface  of  the  sphere.  Ac- 
cordingly, the  parallels  of  latitude  in  this  pro- 
jection cut  the  meridians  at  right  angles. 

These  properties  contribute  much  to  the  simplicity 
and  beauty  of  the  construction,  which,  however, 
has  this  disadvantage,  that  the  same  area  on  the 
earth's  surface,  is  represented  by  a  much"  larger 
area  near  the  equator,  and  especially  towards  th6 
edges  of  the  projection,  than  at  a  greater  distance. 
Notwithstanding  of  this,  the  stereographic  projec- 
tion is  well  adapted  to  Majjs  of  the  World,  or  of 
large  portions  of  the  globe. 

72.  The  construction  called  Flamsteed's  Pro- 
jection, (though  it  is  rather  a  Developement  than 
a  Projection),  is  very  well  contrived  for  the  repre- 
sentation 
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sentation  of  smaller  portions  of  the  earth's  sur- 
face. 

ft.  In  this  construction,  a  straight  line  is  drawn  for 
the  meridian  of  the  middle  of  the  map,  on  which 
are  marked  off  equal  distances,  to  denote  degrees 
of  latitude.  From  a  point  in  this  line,  as  a  centre, 
.and  with  a  radius  that  is  to  the  length  of  the  de- 
gree of  latitude  as  the  cotangent  of  the  middle  lati- 
tude to<an  arch  of  1  degree,  an  arch  of  a  circle  is 
described,  to  represent  the  middle  parallel  of  lati- 
tude. From  the  same  centre  are  described  other 
arches,  through  the  different  points  marked  off  on 
the  meridian  of  the  middle  of  the  map,  which  re- 
present the  different  parallels  of  latitude.  On  any 
pne  of  these  parallels,  equal  distances  are  set  off  on 
each  side  of  the  middle  point,  which  are  to  the  as- 
sumed degree  of  latitude,  as  the  cosine  of  the  lati- 
tude of  that  parallel  to  the  radius.  The  degrees 
of  longitude  are  thus  marked  on  each  parallel,  and 
the  curves  which  pass  through  the  corresponding 
points  in  the  different  parallels  are  meridians. 
These  are  curved  uiore  and  more  on  retiring 
from  the  middle  of  the  map ;  but  unless  the  extent 
is  very  great,  they  afford  a  very  good  representa-t 
tion  of  the  convex  surface. 

This  construction  has  a  very  remarkable  property, 
viz.  that  the  quadrilaterals  in  the  map,  included  be- 
tween the  meridians  and  parallels  of  latitude,  have 
the  same  ratio  to  one  another  nearly,  with  the  qua- 
drilaterals which  they  represent  on  the  surface  of 

E3  thf) 
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the  globe.  See  Manoire  sur  la  Projcclioyi  de^ 
Cartes  Geographiques,  par  M.  Henry,  4to,  Paris, 
1810,  chap.        p.  55.,  &c. 

73.  The  construction  which  is  called  Merca- 
tor's  Projection,  is  chiefly  used  for  nautical 
charts.  In  it  the  meridians  are  parallel  lines  the 
degrees  of  longitude  are  all  equal ;  the  parallels  of 
latitude  are  also  parallel  lines  ;  and  the  degrees  of 
latitude  increase  on  the  chart  in  the  same  ratio  that 
the  degrees  of  longitude  diminish  in  the  sphere, 
or  in  the  spheroid. 

a.  The  consequence  of  making  the  degrees  of  latitude 
increase  in  this  chart,  in  the  manner  described,  is, 
that  the  degrees  of  latitude  and  longitude  bear  to 
one  another  the  same  ratio  that  they  actually  do  on 
the  surface  of  the  earth  ;  and  as  the  meridians  are 
all  parallel,  the  I'humb-lines,  or  the  lines  of  azi- 
muth, are  straight  lines.  Hence  the  great  use  of 
this  construction  in  navigation. 

b.  This  very  ingenious  contrivance  is  alluded  to, 
though  obscurely,  by  Ptolemy.  It  was  first  used 
among  the  moderns  by  Mercatob,  w'hose  name  it 
bears  ;  but  the  principle  of  it  was  first  explained  by 
Ed.  Wright  in  1590,  who  shewed  that  the  parfe*"^,- 
into  which  the  meridian  is  divided,  must  be  in- 
versely as  the  cosines,  or  directly  as  the  secants  of 
the  latitude  ;  and  he  taught  how  it  niiglit  be  con- 
structed 


ASTRONOMY. 


71 


structed  by  the  addition  of  the  secants  of  a  series 
of  arches  taken  in  arithmetical  progression. 

It  was  afterwards  observed,  that  the  meridian  line 
thus  divided,  was  analogous  to  a  scale  of  loga- 
rithmic tangents  of  the  half- complements  of  the 
latitudes ;  this  was  at  first  only  known  as  a  fact, 
but  was  afterwards  demonstrated  by  James  Gre- 
gory, in  his  Exercitationes  Geometricee,  1668.  Dr 
Halle Y  proved  the  same  in  a  more  concise  man- 
ner, Phil.  Trans.  N°  219.,  and  greatly  improved 
the  construction  of  the  chart. 

For  other  methods  of  constructing  maps  and  charts, 
see  Vareniu's,  Sect.  iv.  chap.  32.  Encyclopedie 
Melhodiqtie,  art.  Cartes.  Lorgna,  Principii  di 
Gengrafia,  4to,  Verona,  1789.  Traite  de  Topo. 
graphic,  &c.  par  L.  Puissant,  Liv.  ii.  La  Grange, 
Mhn.  de  Berlin,  1779. 
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Sect.  V, 

Of  PARALLAXES. 


Having  obtained  an  accurate  notion  of  the  figure 
of  the  earth,  we  are  enabled  to  measure  the  lines 
either  on  its  surface  or  in  its  interior,  which  must 
serve  as  the  bases  from  which,  by  the  rules  of  tri- 
gonometry, we  are  to  deduce  the  distances  of  ob- 
jects observed  in  the  heavens.  Though  the  fixed 
stars  are  too  far  off,  to  have  their  distances  thus 
ascertained,  there  may  be  others,  of  which  the  dis- 
tances admit  of  being  compared  with  the  diameter 
of  the  eai'th.  All  distances  that  are  not  ascertained 
by  the  direct  application  of  a  measuring  line,  are 
determined  on  the  same  general  principle;  that 
is,  from  the  change  in  their  angular  position,  which 
is  made  by  a  known  change  in  the  position  of  the 
observer.  This  leads  us  to  consider  what  is  called 
the  Parallax  of  an  Object, 

74.  The  parallax  of  any  object  in  the  heaA'^ens, 
is  the  difference  of  its  angular  positiop,  as  it  would 

be 
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be  seen  from  the  centre  of  the  earth,  and  as  it  is 
seen  from  a  point  on  the  surface. 

The  parallax  of  an  object,  is  therefore  the  same 
with  the  angle  which  the  distance  between  the 
centre  and  a  given  point  on  the  surface  subtends 
at  the  object. 

Though  an  object  to  have  no  parallax,  ought,  strict- 
ly speaking,  to  be  at  an  infinite  distance,  yet  it  v/ill 
have  no  sensible  parallax,  if  its  distance  is  very 
great  compared  with  the  diameter  of  the  earth.  An 
angle  of  one-fourth  of  a  second  may  be  considered 
as  insensible  ;  so  that  if  the  radius  of  the  earth 
subtend  an  angle,  at  the  distance  of  any  object,  less 
than  one-fourth  of  a  second,  that  object  will  be  seen, 
from  all  points  of  the  earth's  sui'face,  in  the  same 
position. 

Now,  an  arch  of  1"  is  .000004848  of  the  radius ;  and 
the  fourth  of  a  second  is  therefore 

.000001212  =  3^-4-^; 

and  therefore,  if  a  body  is  distant  from  the  earth 
by  825082  of  its  semidiameters,  it  can  have  no  sen- 
sible parallax. 

Though  the  centre  of  the  earth  is  a  point  from  which 
no  observations  can  be  made,  yet  as  it  is  equally 
related  to  all  the  points  on  the  surface,  the  posi- 
tions of  the  heavenly  bodies  may  be  most  conveni- 
ently 
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ently  referred  to  it.  When  a  star  is  seen  in  the 
zenith  of  any  place,  it  is  seen  in  tlie  same  position 
as  if  it  were  viewed  from  the  centre. 

75.  The  parallax  of  a  body  at  a  given  distance 
from  the  centre  of  the  earth,  is  greatest  when  the 
body  is  seen  in  the  horizon.  This  is  called  the 
Horizimtal  Parallax  ;  and  the  parallax  at  any  gi- 
ven altitude,  or  the  quantity  by  which  the  true 
altitude  is  diminished,  is  to  the  horizontal  paral- 
lax as  the  cosine  of  the  altitude  to  the  radius. 

If  P  be  the  horizontal  parallax,  p  the  parallax  at  the 
altitude  c,  p  —  P  x  cos  a. 

If  r  be  the  radius  of  the  earth,  supposing  it  spherical, 

and  d  the  distance  of  the  body,  -  =  sin  P. 

T 

When  P  is  very  small,  V —      P  being  expressed, 
not  in  degrees,  but  in  parts  of  the  radius  ;  to  have  it 

T 

in  degrees,  -  must  be  multiplied  by  m,  the  num- 
ber of  degrees  in  an  arch  equal  to  the  radius. 
If  the  horizontal  parallax  is  known,  the  distance  d 
is  known ;  fof  d  —  ^-^  ^  • 
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The  distances  of  bodies  having  different  horizontal 
parallaxes,  are  therefore  inversely  as  the  sines  of 
those  parallaxes,  or,  when  the  parallaxes  are  small, 
inversely  as  the  parallaxes  themselves. 

76-  If  two  observers,  under  the  same  meridian, 
but  at  a  great  distance  from  one  another,  observe 
the  zenith  distances  of  the  same  star,  when  it 
passes  the  meridian  on  the  same  day,  they  can 
from  thence  determine  the  horizontal  parallax. 

If  the  amplitude  of  the  arch  of  the  meridian  inter- 
cepted between  the  zeniths  of  the  observers,  be 
called  a,  and  if  ip  and  <p'  be  the  zenith  distances  ob- 
served, making  one  of  them  negative  in  respect  of 
the  other,  if  the  star  be  between  the  two  zeniths^ 

then  ^-<p'-a^^ 

sm  ip  —  sm  <p 

a.  If  A  and  B  (fig.  7.")  be  the  places  of  the  observers, 
Z,  Z'  their  zeniths,  and  C  the  centre  of  the  earth ; 
S  the  star,  of  which  the  parallax  is  to  be  found ; 
if  SA,  SB,  SC  be  drawn, 

ang.  Z  AS  =  ang.  ACS  +  ang.  ASC  ; 
ang.  Z'BS  =  ang.  BCS  +  ang.  BSC  ; 
subtracting  the  lower  efjuation  from  that  above  it, 
ang.  Z  AS  —  ang.  Z'  BS  =  ang.  AC5  +  ang.  ASB ; 
or  ang.  Z  AS  —  ang.  Z'  BS  —  ang.  ACB  -  ang.  ASB ; 
or  <p  —  <p'  —  a  =  ang.  ASB. 

If 
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If  P  be  the  horizontal  parallax, 

ang.  ASC  =  T  x  sin  ZAS,  and 
ang.  BSC  =  P  x  sin  Z'BS  ;  whence 
ang.  ASB  =  P  (sin  ZAS  — sin  Z'BS) 
=  P  (sin  <p  —  sin  <p').    But  ang.  ASB  =; 
<p  —  <P' — a;  therefore  P  = 

-  ;t.  ^  ^ — • — /  ■  Hence,  also, 
sin  (p  —  sm  f '  '  *■ 

p  (p  —  (p'—.(f 

2  cos     ^    X  cos  1- 

2  2 

^1  must  be  supposed  negative,  if  the  stpr  is  between 
the  zeniths. 

}).  If  the  star  does  not  change  its  declination,  this 
formula  will  give  the  horizontal  parallax,  though, 
the  observer  be  not  on  the  same  meridian,  because 
the  meridian  altitude  of  such  a  star,  is  the  same  at 
all  places  in  the  same  latitude. 

c.  If  there  is  a  change  of  declination,  and  if  the  ob- 
servers are  not  under  the  same  meridian,  then,  by 
I'epeated  observations  of  the  zenith  distance  at  any 
of  the  places,  the  star"'s  change  of  declination  for  a 
given  interval  of  time,  may  be  found  ;  and  so,  from 
the  observed  altitude  at  that  place,  the  altitude  at 
any  other  place,  under  the  same  parallel,  may  be 
found,  if  the  difference  of  longitude  is  known. 
Hence  the  altitvide  is  known  at  the  place  where  the 

meridian 
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meridian  of  the  second  observer  intersects  the  pa- 
rallel of  the  first,  and  thus  the  parallax  is  compu- 
ted as  above. 

This  method  of  finding  the  parallax,  was  applied  to 
that  of  the  moonj  by  La  Caille,  who  obsei'ved  at 
the  Cape  of  Good  Hope,  and  La  Lande,  who  ob- 
served at  Berlin,  in  1751.  La  Lande,  Astronomies 
torn.  II.  §  1650. 

*7f.  Two  observers  being  supposed,  as  in  the 
last  article,  the  parallax  of  a  star  may  be  found, 
by  comparing  it  with  a  fixed  star,  (which  has  no 
parallax"),  at  the  time  of  its  passage  over  the  meri-i 
dian. 

For  if  S  be  the  object  of  which  the  parallax  is  to  bei 
found,  as  before ;  T  a  fixed  star,  that  passes  the 
meridian  at  the  same  time,  or  nearly  at  the  same? 
time  with  S ;  the  angles  TAS,  TBS,  may  be  both, 
measured,  and  they  are  together  equal  to  the  angle 
ASB  ;  because  AT  and  BT  are  parallel. 

The  angle  ASB  being  thus  found,  the  rest  of  the  cal- 
culation is  as  above. 

La  Caille  and  Waugentew,  the  former  at  the  Cape,, 
the  latter  at  Stockholm,  employed  this  method  for 
finding  the  parallax  of  IMars.  La  Laitde,  torn.  ix-. 
§  1652;  ViNCE,  vol.  i.  §  158. 
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78.  If  these  computations  are  to  be  made  with 
accuracy,  the  spheroidal  figure  must  be  taken  into 
account,  as  affecting  the  observations  in  two  diffe- 
rent ways,  vix,  by  making  the  semidiameters  of 
the  earth  unequal,  under  different  parallels,  and 
by  making  the  zenith  different  from  the  point  in 
which  the  semidiameter  of  the  earth,  if  produced, 
WQuld  meet  the  heavens. 

If  the  radius  of  the  equator  be  called  o,  as  in  the  last 
section,  and  if  r  and  r'  be  radii  of  the  earth,  com- 
puted for  A  and  B,  and  if  the  horizontal  parallax 
at  the  equator  =  n,  at  A  the  horizontal  parallax 

T  7"' 

will  be  n  X  - ,  and  at  B,  n  x  -  ;  and  therefore, 
a  a 

supposing  the  zenith  distances  <p  and  (p'  to  be  found 
as  before,  but  to  be  corrected  for  the  angles  be- 
tween the  vertical  and  the  semidiameter  at  each 

a  (tp  —  ip'  —  a) 

station,  then  n  =:  — ;i  . 

'  r  sm  (p  —  r  sin  <p 


,  79  The  parallax  affects  the  position  of  a  body, 
only  by  depressing  it  in  the  direction  of  a  vertical 
plane,  and  therefore  does  not  change  its  place  in 
azimuth,  or  in  the  direction  of  any  plane  parallel 
to  the  horizon  ;  but  it  changes  the  place  in  respect 
to  circles,  which  cut  the  vertical  obliquely,  such 
as  the  circles  of  declination  and  of  right  ascensionc 

These 
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These  changes  are  called  the  parallaxes  in  right 
ascension  and  declination. 

a.  In  fig.  8.  if  PZO  be  the  meridian,  P  the  pole,  Z  the 
zenith,  S  the  true  place  of  the  star,  depressed  by  its 
parallax  to  S',  in  the  direction  of  the  vertical  circle 
ZSS' ;  let  PS  be  a  circle  of  declination  passing 
through  the  true  place  of  the  star,  and  PS'  another 
such  circle,  passing  through  the  apparent  place. 
If  S M  be  drawn  perpendiclar  to  PS',  MS'  is  the  pa- 
rallax in  declination,  and  the  angle  SPM,  the  pa- 
rallax in  right  ascension.  The  triangle  SS'M  may 
be  considered  as  rectilineal^;  and  if  we  make  the 
angle  at  S,  or  what  is  called  the  angle  of  position^ 
— y,  the  parallax  in  altitude,  or  SS',  being 
we  have  MS' =:p  x  cos  7/ =s  parallax  in  declina- 
tion; also  SMzZjjXsin^';  and  hence  the  angle 

cos  11 

SPM  —  p  —  ~  the  parallax  in  right  ascen- 

COS  xJCC* 

sion. 

b.  Hence  it  may  be  shewn,  that  when  the  horizontal 
parallax  is  given,  the  parallax  in  right  ascension  is 
proportional  to  the  hour  angle,  or  ZPS. 

As  the  parallax  in  right  ascension  is  nothing,  when 
any  body  is  on  the  meridian,  and  increases  on 
either  side,  by  comparing  5'' the  difference  be- 
tween the  time  when  the  body,  and  a  star  near 
to  it,  come  to  the  meridian,'v  with  the  difference 
between  the  times  when  they  come  to  the  same 
hour  circle,  near  the  horizon,  the  ])arallax  in  right 

ascension 
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ascension  may  be  found  ;  and  thence  the  horizon- 
tal parallax  may  be  concluded.  Vince's  Astrono-^ 
?ny,  vol.  I.  §  160.,  &c.  See  also  La  Caille,  Aslro- 
notnte,  §  651.,  See. ;  and  La  Lande,  Liv.  ix.  torn.  3< 
§  1628.,  &c.  From  the  difference  between  the  al- 
titudes of  the  body  and  of  the  star,  as  they  appear' 
ttn  the  meridian,  and  as  they  appear  near  the  hori- 
zon, the  parallax  in  altitude  may  be  still  more  di-* 
rectly  concluded. 


Sect.  VL 
motion  of  the  sdn. 


80.  The  great  orb  which  is  the  source  of  light 
and  heat,  and  in  whose  presence  all  other  lumina* 
ries  disappear,  partakes,  with  the  stars,  in  the  diur- 
nal motion ;  but  the  time  between  his  passing  the 
meridian  one  day,  and  his  passing  it  the  next,  is 
greater  than  a  syderial  day,  and,  at  a  medmm,  ex- 
ceeds it  by  3  minutes  56  seconds  and  a  half 
nearly. 

The  sun,  therefore,  appears  to  go  eastward  among 
the  fixed  stars  every  day,  by  an  arch  correspond- 
ing to  3m  564s  or  by  59'  8".3.  This  is  the  mean 
rate ;  the  real  motion  of  the  sun  is  sometimes  fas- 
ter, and  sometimes  slower,  than  this  quantity. 

The 
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*rhe  mean  interval  of  time  between  the  sun's  passing 
the  meiidiim  one  day,  and  his  passing  it  the  next, 
is  called  a  mean  solar  day. 

The  solar  exceeds  the  siderial  day  by  3™  56^  33t  of 
siderial  time  ;  or  by  3"^  50*  25'  of  solar  time ;  and 
the  lengths  are  in  the  ratio  of  1.0027399  to  1^. 

81.  The  sun  does  not  move  eastward  in  the 
plane  of  the  equator,  but  in  the  plane  of  a  circle 
cutting  it  obliquely  in  the  two  opposite  points,  al- 
ready referred  to,  of  the  Vernal  and  Autumnal 
Equinoxes,  and  making,  with  it,  an  angle  of  S3* 
27'  30"  nearly. 

a.  That  the  sun's  motion  is  all  in  one  plane,  may  be 
shewn  by  observing  his  right  ascension  and  decli- 
nation, every  day  at  noon,  ,  and  marking  it  off  upon 
a  globe,  on  which  a  great  circle,  representing  the 
equator,  has  already  been  described  ;  or,  which  is 
better,  by  remarking,  that  the  sine  of  the  right  as- 
cension has  always  the  same  ratio  to  the  tangent 
of  the  declination.  This  could  not  be,  unless  the 
plane  passing  through  the  sun  and  the  vernal  equi-^ 
nox,  made  a  constant  angle  with  the  equator,  such 
that  the  radius  had  to  its  tangent  a  ratio  the 
same  with  the  preceding. 

The  circle  which  the  sun  thus  appears  to  describe  in 
the  heavens,  is  called  the  Ecliptic,  and  the  angle 
which  it  makes  with  the  equator,  is  called  the  Obli- 

Vol.  II.  F  quity 
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quily  of  the  Ecliptic.  A  Year  is  the  tirtie  which  the 
sun  takes  to  describe  this  circle. 

82.  During  the  apparent  diurnal  revolution  of 
the  heavens,  "the  plane  of  the  ecliptic  does  not  re- 
main fixed  in  its  place,  like  the  equator,  so  as  to 
be  always  vertical  to  the  same  point  on  the  earth's 
surface.  The  places,  however,  over  which  it 
passes,  and  through  the  zeniths  of  which  the  sun 
must  pass  in  his  annual  course,  are  all  contained 
within  a  zone,  extending  about  23°  28'  on  each 
side  of  the  equator. 

a.  This  tract, .  which  is  called  the  Torrid  Zone,  is 
bounded  by  two  parallels  to  the  equator,  called  the 
Northern  and  Southern  Tropics  ;  the  latitude  of 
each  of  which  is  equal  to  the  sun's  greatest  declina. 
lion,  or  to  the  obliquity  of  the  ecliptic.  From 
them  the  sun  appears  to  return  back,  and  hence 
their  name. 

88.  Each  pole  of  the  ecliptic  is  distant  from  the 
corresponding  pole  of  the  equator,  by  an  arch 
equal  to  the  obliquity  of  the  ecliptic  ;  and  in  the 
diurnal  revolution,  they  describe  the  circles  called 
the  Polar  Circles. 

These  circles  are  also  called  the  Arctic  and  Antarctic 
Circles^  and  the  spaces  within  them  are  the  Frigid 
Zones. 
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The  Temperate  Zones,  are  those  contained  between 
the  Torrid  and  Frigid  Zones. 

84.  If  a  straight  line  be  drawn  from  the  centre 
of  the  sun  to  the  centre  of  the  earth,  a  great  circle 
on  the  earth's  surface^  perpendicular  to  this  line, 
will  separate  the  enlightened  hemisphere  from  the 
dark  one ;  all  the  places  within  certain  limits, 
will,  by  the  revolution  of  the  earth  on  its  axis,  be 
made  to  cross  this  circle  twice  in  the  course  ^f  a 
solar  day  ;  at  the  one  of  which  points,  the  sun  will 
appear  to  rise,  and  at  the  other,  to  set ;  the  circle, 
also,  which  separates  the  light  from  the  darkness, 
will  have  a  vibration  corresponding  to  the  sun's 
annual  motion,  by  which  it  will  incline  alternate- 
ly toward  the  north  and  toward  the  south. 

The  circle  separating  Day  from  Night,  of  the  light 
from  the  dark  hemisphere  of  the  earth,  is  called  the 
Circle  of  Illumination. 

a.  When  the  sun  is  in  the  equator,  the  circle  of  illu- 
mination passes  through  both  the  poles,  and  every 
parallel  of  latitude  is  one-half  in  the  light  and  one- 
half  in  the  dark  ;  so  that  day  and  night  are  equal. 
This  is  the  season  of  the  Equinox,  and  the  sun's 
meridian  distance  from  the  zenith  of  every  place  is 
then  equal  to  the  latitude. 


h.  As 
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A.  As  the  sun  passes  to  the  north,  the  circle  of  illu- 
mination inclines  also  to  the  north  ;  the  sun  ap- 
proaches nearer  to  the  zeniths  of  all  the  places  in 
the  northern  hemisphere,  and  retires  by  the  same 
quantity  from  the  zeniths  of  all  the  places  in  the 
southern.  The  days  lengthen  in  the  former  hemi- 
sphei^e,  and  shorten  in  the  latter. 

c.  In  the  Northern  Frigid  Zone,  over  a  space  equal 
to  the  sun's  declination,  the  sun  does  not  set ;  and 
over  an  equal  space  in  the  Southern,  he  does  not 

rise. 

"•> 

d.  When  the  sun  arrives  at  the  Northern  Tropic,  he 
has  approached  as  near  as  he  can  to  the  zenith  of 
every  place  between  the  Northern  Tropic  and  the 
Pole,  and  has  receded  the  farthest  from  the  zenith 
of  every  place  in  the  southern  hemisphere.  The 
days  are  the  longest  in  all  the  former  of  these ;  the 
shortest  in  the  latter.  Within  the  whole  of  the 
arctic  circle,  the  sun  does  not  set  on  the  solstitial 
day  ;  and  within  the  whole  of  the  antarctic,  he  does 
not  rise.  It  is  the  Summer  Solstice  in  the  one  he- 
misphere ;  the  Winter  Solstice  in  the  other. 

e.  The  same  vicissitudes  take  place  in  a  contrary  di- 
rection, as  the  sun  passes  to  the  Southern  Tro- 
pic. 

f.  The  four  points,  the  two  Equinoxes  and  the  two 
Solstices,  divide  the  year  into  the  four  Seasons, 
The  positiojis  of  the  circle  of  illumination  at  these 
four  times  are  represented,  figs.  9,  10,  11. 

,        '  ^.  The 


ASTRONOMY. 


85 


g.  The  length  of  the  day  for  any  latitude,  and  any 
declination  of  the  sun,  may  be  calculated,  like  the 
continuance  of  a  star  above  the  horizon,  §  27. 

h.  The  determination  of  the  length  of  the  year,  re- 
quires the  time  of  the  sun''s  crossing  the  equator  to 
be  accurately  defined. 

85.  The  time  of  the  sun's  crossing  the  equator, 
is  found  by  observing  his  declination  at  mid-day, 
for  several  days  before  and  after  the  equinox  ;  so 
that  an  equation  can  be  found,  expressing  the  re- 
lation between  the  time  and  the  declination  suffi- 
ciently exact  for  a  few  days.  If,  in  this  equation, 
the  declination  be  supposed  equal  to  nothing,  the 
value  of  the  time  corresponding  will  give  the  mo- 
ment of  the  equinox. 

The  manner  of  finding  an  equation  between  the  time 
and  any  quantity  determined  by  observations,  made 
at  given  intervals  of  time,  is  called  the  Method  of 
Interpolation.  It  is  much  used  in  astronomy,  and 
■tvill  be  afterwards  explained.  See  Newton's  Prin- 
cipia,  lib.  iii.  lemma  5.  La.  Lande,  Astronomie, 
torn.  III.  §  4113.  La  C.iiLLE.  Le<^ons  Elcvicntaires 
(TAstrotwmie,  §  13.5,  &c. 

Nearly  in  the  same  way,  the  moment  is  found,  when 
the  sun's  declination  is  greatest  either  on  the  north 
or  the  south  side  of  the  equator.  The  only  diffe- 
rence is,  that  when  the  equation  is  obtained  be- 

F  3  tweea 
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tween  the  time  and  the  declination,  the  latter  must 
be  supposed  a  maximum,  or  its  fluxion  must  be 
made  equal  to  nothing.  Thence  the  time  of  the 
solstice,  and  also  the  declination  itself,  when  a  ma- 
ximum, may  both  be  found. 

86.  The  length  of  the  year  is  determined,  by  com- 
paring together  the  time  of  the  sun's  being  in  either 
equinox,  or  in  either  tropic,  for  one  year,  (found 
as  above),  with  the  time  of  his  being  in  the  same 
point  for  another  year,  distant  from  the  former  by 
a  considerable  number  of  years.  The  interval 
reckoned  in  days,  and  parts  of  a  day,  divided  by 
the  number  of  years,  gives  the  true  length  of  the 
year. 

a.  It  was  soon  found,  that  the  year  was  nearly  equal 
to  365  days.  But  when  two  equinoxes,  at  the  dis- 
tance of  60  years  were  observed,  the  interval  was 
found  to  be  nearly  21900  days ;  this,  divided  by 
60,  gives  365^  ;  which  is  nearly  the  length  of  the 
year. 

b.  This,  however,  is  too  great ;  and  more  accurate 
observation  has  found  it  to  be  365d,242264,  or 
365d  5h  48'  5l''.6.  Biot,  Astron.  vol.  ii.  §  40, 
2d  edit. 
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87.  If,  at  any  place,  the  sun's  greatest  altitude 
in  summer,  and  his  least  altitude  in  winter,  be  de- 
termined, half  the  sum  of  these  altitudes  is  the 
complement  of  the  latitude,  and  half  their  differ- 
ence is  the  obliquity  of  the  ecliptic. 

The  observations  from  which  these  conclusions  are 
deduced,  must  be  corrected  for  refraction,  accord- 
ing to  the  rules  in  Sect.  ii.  They  ought  also  to  be 
corrected  for  the  sun's  parallax,  which,  however, 
cannot  be  exactly  found  by  any  of  the  methods  yet 
explained. 

88.  The  Ecliptic  is  divided  into  twelve  equal 
parts,  which  are  called  Sig77s  •  it  also  passes 
through  twelve  constellations,  which  are  called 
the  Twelve  Signs  ;  and  the  zone  of  the  starry  hea- 
vens, in  which  they  are  contained,  is  named  the 
Zodiac. 

The  names  of  the  twelve  Signs,  and  the  characters  by. 
wliich  Ihey  are  usually  denoted,  are. 


Aries, 

r 

Libra, 

Taurus, 

Scorpio, 

Gemini, 

n 

Sagittarius, 

Cancer, 

52 

•  Capricornus, 

Leo, 

a 

Aquarius, 

Virgo, 

Pisces, 

F  4  The 
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The  manner  of  referring  any  point  to  the  eclii)tic,  of 
which  the  position  is  known  with  respect  to  the 
equator,  or  of  finding  its  longitude  and  latitude 
from  its  right  ascension  and  declination,  has  been 
already  explained,  §  30. 

If  the  point  is  in  the  ecliptic ;  if,  for  example,  it  is 
the  sun  itself  of  which  the  longitude  is  required, 
from  knowing  the  right  ascension  or  declination  ; 
we  have 

■    ,  tan.  Me 

tan.  long.  ©  r:r  — oETe^:'  0  = 


sin  Dec.  O 
snrOblTE^'  55 

the  Right  Ascensiqn. 


The  character  JR  denotes 


89'  The  point  in  which  the  equatoi-  and  eclipr 
tic  intersect,  is  not  immoveable,  but  appears,  in 
respect  of  the  fixed  stars,  to  recede  towards  the 
west,  at  the  rate  of  50''^  nearly  per  an?un??,  or  about 
1°  in  72  years. 

This  mo'tion  is  called  the  Precession  of  the  Equinoxes ; 
and  by  means  of  it,  the  equinoctial  points  describe 
an  entire  circle  in  258G7  years,  which  is  the  annus 
'  mag-nns  of  the  ancients.  In  consequence  of  this, 
the  longitude  of  the  stars  continually  increases,  at 
the  rale  of  a  degree  in  72  years  nearly.  When  the 
zodiac  was  first  delineated  by  the  ancient  astrono- 
mers, the  middle  of  the  constellation  Aries  was  at 
the  vernal  equinox,  from  which  it  is  now  distant 

more 
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more  than  58°  towards  the  east.  Hippabchus 
discovered  the  precession  of  the  equinoxes,  by  a 
comparison  of  his  own  with  more  ancient  observa- 
tions. 

90.  On  account  of  the  precession  of  the  equi- 
noxes, the  tropical  year,  or  the  time  in  which  the 
sun  moves  from  the  vernal  equinox  to  the  vernal 
equinox  again,  is  less  than  the  time  in  which  he 
moves  from  one  star  to  the  same  star  again  ;  the 
vernal  equinox  having  gone  westward  so  as  to 
meet  the  sun. 

The  time  in  which  the  sun  goes  from  one  fixed  star 
to  the  same  fixed  star  again,  is  called  a  Siderial 
Year,  and  is  longer  than  the  tropical  year,  by  the 
time  that  the  sun  takes  to  move  over  60"^  of  his 
orbit.  This  amounts  to  .014119  of  a  day,  or 
20'  19'''.9  ;  so  that  the  siderial  year  is  365^  9m 

91.  The  Obliquity  of  the  Ecliptic  is  also  subject 
to  change,  and  appears  to  have  been  constantly  di- 
minishing from  the  remotest  date  of  astronomical 
observation  :  its  present  rate  of  diminution. is  near- 
ly 50"  in  a  century. 

A  Chinese  observation  of  the  sun's  altitude  at  the 
Bobtices,  as  ancient  as  the  year  1100  befoi'e  Christ, 

has 
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has  been  preserved  ;  and  from  it  La  Place  deduces- 
the  obliquity  at  that  time,  -  23°  54'  2."  Connois- 
sa7ice  des  Terns,  1811,  p.  432. 

A  series  of  observations,  from  the  age  of  Pytheas, 
down  to  the  present  time,  confirms  the  same  gene- 
ral result.  liA  Place,  ibid.  La  Lande,  Aslron. 
§  2738.;  ViNCE,  Astron.  i.  §  151. 

The  mean  obliquity  for  1750,  was  determined  very 
exactly  by  La  Caille  and  Bradley,  to  be  23°  28' 
19". 

The  obliquity,  beside  this  progressive  diminution,  is 
subject  to  slight  periodic  irregularities,  which  are 
not  here  considered.  The  diminution  itself, 
though  apparently  progressive,  will  be  found  after- 
wards to  be  really  j)eiiodical,  and  a  j)art  of  a  slow 
vibration,  by  which  the  obliquity  of  the  ecliptic 
alternately  increases  and  diminishes  within  very 
narrow  limits. 


Apparent 
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Apparent  Orbit  of  the  Sun. 

92.  If  the  sun's  motion  in  the  ecliptic  be  deter- 
mined by  observation  from  day  to  day,  (§  81.  a.), 
it  will  be  found,  that  it  is  not  uniform,  but  is 
swiftest  about  the  beginning  of  January,  and 
slowest  about  the  beginning  of  July  ;  being  conti- 
nually retarded  from  January  to  July,  and  accele- 
rated from  July  to  January. 

93.  If  the  apparent  diameter  of  the  sun  be  also 
observed  every  day  by  a  micrometer,  or  any  in- 
strument that  measures  small  angles  with  great 
exactness,  it  is  found  to  vary,  so  as  to  be  greatest 
when  the  angular  motion  is  greatest,  and  least, 
when  it  is  least.  The  angular  velocity,  and  the 
diameter  of  the  sun,  do  not,  however,  vary  in  the 
same  ratio  ;  but  the  angular  velocities,  at  any  two 
points  of  time,  are  as  the  squares  of  the  apparent 
diameters. 

Thus,  if  V  and  v  are  the  angular  velocities  of  the  sun, 
or  his  diurnal  advances  in  the  ecliptic,  at  any  two 

seasons 
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seasons  of  the  year,  d  and  d'  his  apparent  diameters 

V  d^ 

at  the  same  times,  v:  v' :  :  d^ :  d'\  or  ~  =:  -;r: . 

V  d 

94.  As  the  apparent  diameters  of  the  sun  must 
be  inversely  as  his  rectilineal  distances  from  the 
earth  j  therefore  the  apparent  velocities  of  the  sqn 
are  inversely  as  the  squares  of  his  distances  from 
the  earth. 

If  D  and  D'  be  the  real  distances  of  the  sun  from  the 
earth,  at  the  two  instants,  when  the  angular  velo- 
cities are  v  and  v',  v.v'::  W  :  ;  so  that  v 
is  a  constant  quantity  ;  that  is,  the  product  of  the 
diurnal  motion  into  the  sun's  distance  from  the 
earth  remains  always  the  same. 

93.  As  it  is  easy  to  prove  that  -yD*  is  double  of. 
the  sector  which  the  line  drawn  from  the  sun  to 
the  earth  describes,  while  it  moves  through  the 
angle  v  ;  therefore  the  areas  described  by  the  line 
drawn  from  the  sun  to  the  earth,  in  equal  in- 
crements of  time,  are  equal,  and,  in  any  times 
whatever,  are  proportional  to  the  times. 

This  is  the  First  Law  of  Kepler,  in  as  far  as  relates 
to  the  motion  of  the  sun. 


56.  On 
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96.  On  comparing  the  sun's  diameter,  measured 
from  time  to  time,  with  his  place  observed  in  the 
ecliptic,  it  is  found,  that  if  the  sun's  mean  appa- 
rent diameter  be  m,  his  least  diameter  m  —  w,  and 
z,  his  angular  distance  at  any  time  from  the  point 
in  the  ecliptic  where  his  diameter  is  least,  his  ap- 
parent diameter  at  that  time  is  m  —  n  cos  z. 

m  -  32°  06'  2",  and  m  —  n  =  31°  32'  8",  so  that 
n  =  32".4,  and  m  :  n  ::  19262  :  324,  or  as  5945 
to  1. 


97.  •  Because  the  distance  of  the  sun  and  earth 
must  be  inversely  as  the  apparent  diameter  of  the 
sun,  therefore,  if  the  distance  be  called     y  — 

B 

 ,  where  B  is  a  constant  quantity,  to  be 

m  —  n  cos  z  . 

determined  by  observation.  Hence  it  can  be  shewn, 
that  the  orbit  of  the  sun  is  an  ellipsis,  having  the 
earth  in  its  focus. 


B 

From  the  equation  ii  —  ,  it  is  evirlpnf 

^  m  —  71  cos  2'  tiviueni, 

that  y  is  greatest,  when  z  =  0,  and  least  when 
2-180".  If  therefore,  FA  be  taken  (fig.  12.)  equal  to 

B  B 

 and  FP  —   ,  they  will  represent  the 

greatest 
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greatest  and  least  distances  of  the  sun  from  the 
earth,  and  B  =  AF  (m  —  n).  Let  the  curve  AGP 
be  the  orbit  of  the  sun ;  the  earth  being  supposed 
at  F,  the  place  of  the  sun  at  any  time  being  G,  and 
the  angle  AFG  being  —  z  ;  draw  GH  perpendicular 
to  AP  ;  then  mi/  — * ni/  cos  2;  —  B  =  FA  (m  —  n). 
Now,  1/  =z  FG,  and  ycosz  =  FH  ;  therefore 
m  .  FG  =  w .  FH  +  (7tt  —  n)  FA.  Produce  FP  to 
K,  so  that  n  .  FK  =  (m  —  n)  FA ;  then  m  .  FG  = 
n  .  FH  +  n  .  FK  -  n .  HK.  Draw  KL  perpendi- 
cular to  AK,  and  GL  parallel  to  AK ;  then 
VI .  FG  =.  n  .  GL,  or  m::n::  GL  :  GF.  The 
line  GF,  then  drawn  to  the  given  point  F,  has  a 
given  ratio  (of  a  less  to  a  greater)  to  GL,  the  per- 
pendicular drawn  to  a  line  given  in  position ; 
therefore  G  is  in  an  ellipsis,  of  which  F  is  the  fo- 
cus, KL  the  directrix,  and  -  the  ratio  of  the  semi-* 

n 

transverse  axis  to  the  eccentricity. 

For  the  property  of  the  ellipsis,  here  referred  to, 
see  Hamilton's  Conic  Sections,  Book  11.  Prop.  IL 
SiMSON,  Section.  Con.  lib.  v.  prop.  32. 

98.  The  position  of  the  transvetse  axis,  or  of 
what  is  called  in  astronomy,  the  Line  of  the  Ap- 
sides is  found,  by  taking  the  middle  point  between 
two  positions  of  the  sun,  in  which  his  diurnal  mo- 
tion is  the  same. 


The 
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The  place  of  the  apsides  thus  found,  may  be  correct- 
ed, on  the  principle,  that  the  axis  is  the  only  line 
drawn  through  the  focus  of  an  ellipse,  which  bisects 
its  area.  The  time,  therefore,  from  the  sun's  being 
in  one  apsis,  to  his  being  180°  farther  advanced,  is 
precisely  half  a  year.  When,  therefore,  two  points 
are  found  in  the  sun''s  orbit,  180°  or  6  signs  distant 
from  one  another,  and  such,  that  the  sun  takes 
precisely  half  a  year  to  pass  from  the  one  to  the 
other ;  they  are  the  Higher  and  the  Lower  Apsis-^ 
La  CAiLtK,  Mem.  de  VAcad.  des  Sciences,  1742. 
Also  his  Astroiiomie,  p.  78.  Wgodhouse,  Astron. 
p.  210. 

Thus  the  longitude  of  the  aphelion,  for  the  year  1780, 
was  determined  by  De  Lambre,  from  Dr  Maske- 
lyne's  observations,  to  be  99"  8'  19".9,  or  9°  S' 
19".9  advanced  into  the  sign  Cancer.  The  sun 
passed  through  this  point  4ni  past  noon  on  the  3Ist 
of  June,  according  to  the  time  at  Greenwich-  Biot, 
Astron.  vol.  i.  p.  220. 

The  eccentricity  of  the  sun's  orbit  is  found,  in 

terms  of  the  mean  distance,  (8  97.)  =  — x  mean 

dist.  O  ,  A  method  of  finding  it  more  accurately, 
will  be  immediately  explained.  It  has  been  deter- 
nied  to  be  .016814,  the  mean  distance  being  1.  In 
the  following  propositions,  the  mean  distance  =  a, 
and  the  eccentricity  =  e. 


99.  The 
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99.  The  position  and  the  species  of  the  sun's  or- 
bit, being  thus  determined,  the  calculation  of  his 
place  for  any  given  time,  is  reduced  to  the  geo- 
metric problem,  of  drawing  a  line  through  the  fo- 
cus of  an  ellipsis,  so  as  to  cut  off  a  sector  between 
it  and  the  transverse  axis,  having  a  given  ratio  to 
the  whole  elliptic  area. 

If  AGPH  (fig.  13.)  be  the  orbit  of  the  sun ;  F  the  fo- 
cus in  which  the  earth  is  placed ;  and  G  the  place  of 
the  sun  at  a  given  time  ;  then  the  time  of  the  sun's 
describing  the  arch  PG,  or  of  the  radius  vector  de- 
scribing the  sector  PFG,  is  given  ;  and  the  time  of 
an  entire  revolution,  or  of  the  radius  vector  de- 
scribing the  whole  elliptic  area,  being  also  given, 
the  ratio  of  the  sector  PFG,  to  the  whole  ellipsis 
AGPH,  is  given.  'If,  from  this,  the  position  of 
the  straight  line  FG  can  be  determined,  it  is  evi- 
dent, that  the  angle  PFG,  and  the  position  of  G, 
are  found. 

This  is  known  by  the  name  of  Kepler's  Problem  ;  it 
can  only  be  resolved  by  approximation. 

a.  The  angle  PFG,  which  measures  the  angular  dis- 
tance of  the  sun  from  the  Perigee,  or  lower  apsis 
is  called  the  true  anomaly. 

b.  If  a  circle  be  described  from  the  centre  F,  with  a 

radius  —hj a  {a'-  —  e^)5  ,  its  radius  will  be  equal  to 

that 
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that  of  the  ellipsis  ;  and  if  a  sector  a  FG'  be  taken 
in  the  circle,  equal  to  AFG  in  the  ellipsis,  the 
ant^le  AFG'  is  called  the  mean  anomaly. 

This  angle  is  proportional  to  the  time,  and  in- 
creases at  the  rate  of  59'  8".3  daily. 

c.  The  angle  GFG',  or  the  difference  between  the 
mean  and  the  true  anomaly,  is  called  the  Equation 
of  the  SuiCs  Centre. 

d.  If  the  true  sun  G,  and  the  imaginary  sun  G',  set 
out  together  from  A  and  a,  the  sectors  AFG  and 
a  FG',  increasing  at  the  same  rate,  the  angles 
AFG,  and  a  FG',  must  increase  unequally,  and  the 
point  G'  must  get  before  G,  or  the  mean  anomaly 
must  exceed  the  true.   But  when  FG  becomes  less 
than  FG',  the  angle  AFG  will  come  to  increase 
faster  than  a  FG'.     At  the  Perigee  they  will 
coincide ;  and  at  a  certain  point,  between  A  and  P, 
their  difference,  or  the  equation  of  the  centre,  will 
be  the  greatest  possible.    This  will  happen,  when 
the  increments  of  the  true  and  of  the  mean  anoma- 
ly are  equal  to  one  another,  or  when  the  sun's  real 
angular  velocity  is  equal  to  his  mean,  ot  to  59' 
8".3. 

Among  the  great  number  of  solutions  whicli  have 
been  given  of  this  celebrated  problem,  one  dis- 
tinguished for  the  simplicity  of  the  result,  pro- 
ceeds on  the  supposition,  that  the  angles  at 
the  superior  focus  are  proportional  to  the  time, 
or  are  the  same  with  the  mean  anomaly  ;  which  is 
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not  far  from  the  truth,  in  elliptical  orbits  of  small 
eccentricity.  This  solution  was  first  proposed  by 
13  ULLi ALDUS,  a  French  astronomer,  and  was  after- 
wards adopted  and  improved  by  Dr  Setu  Ward, 
and  is  known  in  this  country  by  the  name  of 
Ward''s  Hypothesis.  Another  solution  is  distinguish- 
ed, for  the  simplicity  of  the  principles,  and  the  ele- 
mentary nature  of  the  I'easoning  employed,  viz.  that 
given  by  the  late  Dr  Mathew  Stewart,  in  the  Edin- 
burgh Physical  and  Literary  Essays,  vol.  n.  (1755) 
p.  105. ;  and  again  republished  in  his  Physical  and 
Mathematical  Tracts,  p.  404.  Among  the  other  so- 
lutions, those  of  Newton,  Pn"«.  Math.  lib.  i. 
prop.  30.  Schol.  ;  of  Simpson,  Essays,  4to,  (1740) 
p.  47.;  of  EuLER,  Comment.  Petrop.  tom.  vii.  ;  and  of 
Ivory,  Edinburgh  Transactions,  vol.  v.,  (the  latter 
extending  to  the  most  difficult  case  of  the  pro- 
blem, when  the  eccentricity  is  great),  are  particu- 
larly commendable. 

Of  all  these,  however,  it  may  be  said,  that  though 
excellent  when  a  numerical  calculation  only  is  re- 
quired, yet  when  the  solution  is  to  be  a  step  in  the 
investigation  of  other  properties  of  the  elliptic  mo- 
tion, they  cease  to  be  of  use,  so  that  recourse  must 
be  had  to  such  general  theorems,  as  express  the 
true  anomaly  in  terms  of  the  eccentricity,  and  of 
the  mean  anomaly.  The  first  solution  of  this  kind 
was  given  by  Clairault,  Theorie  de  la  Lunc, 
§  31.  lemma  3d,  &c.  It  was  afterwards  improved 
and  extended  by  other  mathematicians,  particular- 
ly 


ASTRONOMY. 


99 


ly  BossuT  and  Jeaurat.  See  also  La  Lande, 
Astronomie,  torn.  nr.  §  3481.;  and  Cagnoli,  Tri- 
gonometrie,  §  1488.  The  series  was  continued  by 
Jeau^iaTj  as  far  as,  the  9th  power  of  the  eccentri- 
city. 

100.  It  is  proved  in  that  solution  of  Kepler's 
Problem,  that  if  1  be  the  semitransverse,  and  e 
the  eccentricity  of  an  elliptic  orbit,  ^  the  mean 
anomaly,  reckoned  from  the  Perigee,  and  i/  the 
equation  of  the  centre  ; 

1  5 

1/  =  +  (2  c  —  -  e5  +      eO  sin  x 

,  /103  ^      451       .  . 
^  1097  ^  .  .  •     1223  ,  . 

This  value  of  ^,  applied  to  the  mean  anomaly  accord- 
ing to  its  sign,  will  give  the  true  anomaly. 

a.  When  the  equation  of  the  centre  is  found  from  this 
formula,  the  constant  coefficients  must  be  reduced 
into  degrees  and  minutes,  by  multij)Iying  each  of 

G  2  them 
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them  by  S?^'. 29578,  &c.  the  number  of  degrees  in 
an  arch  equal  to  the  radius. 

h.  Because,  in  the  case  of  the  sun,  e  is  small,  (viz. 
=  .016814),  its  powers  above  the  third  may  be  re- 
jected ;  and  so  the  equation  reduced  is, 

1/  =  (1°  65'  26".35)  sin  a:  +  (1'  12".68)  sin  2  * . 

+  (1".05)  sin  3  * . 

101.  The  Radius  Vectot^  r,  or  the  line  drawn 
from  the  sun  to  the  earth,  may  also  be  expressed 
in  terms  of  the  mean  anomaly,  supposing  the  mean 
distance  =  1. 

r  =  l+|e^  — (e^|e'  +  A^s)cosa? 

+  (  — ^e*)cos2» 

I  ^  C  —  )  cos  3  « 

\8        128  ^ 

1  2 

+  (— 3«*  -f- g  e<^)  cos  4  a: 

—  /— ■  eM  cos  5  X 
V384 

27 

+  (  —  SK  e'f )  cos  6  X. 
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The  series  is  here,  and  in  the  preceding  case,  adapted 
to  the  computation  of  x  from  the  perigee. 
When  X  is  computed  from  the  apogee,  the  signs 
of  the  terms  involving  the  odd  multiples  of  x,  must 
be  changed.  A  small  part  of  this  series  will  give 
the  radius  vector  in  the  case  of  the  sun,  with  suffi- 
cient accuracy ;  we  may  suppose 

r  =  l  +  i         c  cos  a;  —  ^    cos  2x  . 


102.  Though  the  eccentricity  is  suppposed  to 
be  found,  from  §  97.,  it  must  be  corrected  by 
means  of  the  greatest  equation  of  the  centre, 
determined  by  observation  j  this  equation  being 
called  g,  if 

57:29578  =  ^'  then  e=^h-~h*  -993040^ 
As  A  is  very  small  in  th,e  sun's  orbit,  being  =  .033629, 
e  —  ^  A  nearly  ;  that  is,  e  =  ,01 6814. 

Syst.  du  Monde,  p.  116.;  Biot,  Astron.  Phys. 
torn.  II.  p.  228.  2de  edit. 

0.  The  greatest  equation  itself  is  found  by  observing 
the  sun's  place  in  the  ecliptic,  day  after  day,  and 
comparing  it  with  his  mean  place,  calculated  as 
in  §  99.  h. 


103.  Astronomical 
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J  03.  Astronomical  tables,  constructed  from  the 
data,  and  on  the  principles  now  explained,  serve 
to  determine  the  sun's  place  yin  the  ecliptic,  for 
any  instant  of  time,  either  past  or  future. 

a.  From  the  time  of  the  sun's  passing  through  the  pe- 
rigee, when  his  true  and  mean  place  coincide,  his 
mean  place  for  any  other  time  may  be  computed, 
by  allowing  for  the  interval  an  increase  of  longi- 
tude, at  the  rate  of  59'  8" .3  per  diem,  and  thus  the 
mean  anomaly  is  computed.  Fi'om  tlie  mean  ano- 
maly, is  found  the  equation  of  the  centre,  con- 
tained in  a  table,  which  gives  the  quantity  of  that 
equation  for  every  degree  of  mean  anomaly  ;  thence 
is  given  the  true  anomaly,  and  of  course  the  true 
longitude.  The  tables  are  so  constructed,  as  to  give 
the  mean  place  of  the  sun  for  the  beginning  of  every 
year ;  'hence  the  mean  place  for  any  time  of  any  year 
is  easily  found.  When  equations  are  thus  ranged  in 
tables,  the  quantity  by  which  they  are  found  out 
in  the  table,  and  on  which  their  magnitude  depends, 
are  called  the  Arguments  of  the  Equaiions. 

The  tables  of  the  sun''s  motion,  are  in  reality  nothing 
else  than  the  expansion  of  the  genei'al  formula 
contained  in  §  100. 

h.  Thus,  from  the  fact  of  the  variation  of  the  sun's  ap- 
parent diameter,  compared  with  the  variation  of 
his  angular  velocity,  we  have  demonstrated,  that, 
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whctliov  it  is  the  earth  or  the  sun  which  really 
move?,  the  one  describes  an  e]lij[)sis  round  the 
other,  placed  in  the  focus  ;  and  that  the  line  drawn 
from  the  moveable  to  the  immoveable  body,  (the 
radius  vector),  describes  circles  round  the  latter 
proportional  to  the  time.  From  these  two  general 
laws,  we  have  been  able  to  determine  the  propor- 
tional distances  of  the  sun  and  earth,  and  their  re- 
lative positions,  at  all  seasons  of  the  year. 

f.  The  use  of  facts,  in  scientific  investigation,  could  not 
be  better  illustrated  than  by  this  example.  The 
simple  fact,  that  the  sun  on  a  particular  day  had  a 
certain  apparent  diameter,  and  a  certain  rate  of 
angular  motion,  is  nothing  in  itsel£,  and  cannot,  ta- 
ken alone,  lead  to  any  conclusion  :  But  a  multitude 
of  such  facts,  compared  together,  by  the  assistance 
of  geometry,  leads  to  the  knowledge  of  the  general 
law  to  whicli  tliey  are  all  subject ;  this  law  leads, 
conversely,  to  a  more  precise  and  comprehensive 
knowledge  of  facts,  embracing  at  once  the  past, 
the  present  and  the  future,  and  reducing  them  all 
into  one  theorem. 

We  are  left,  however,  in  the  dark  as  to  one  question, 
v/hether  it  is  the  sun  or  the  earth  which  describes 
the  elliptic  orbit.  The  appearance  of  rest  in  the 
earth,  and  of  motion  in  the  sun,  is  no  argument 
against  the  fact  being  entirely  the  reverse,  as  has 
already  been  made  evident  in  the  case  of  the  earth's 
G  4  rotation. 
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rotation.  The  decisive  facts  have  not  yet  occur- 
red, which  are  to  determine,  whether  a  motion  of 
translation  does  not  also  belong  to  the  earth. 

In  order  that  the  theory  of  the  elliptical  motion  may 
have  its  conclusions  extended  either  to  the  future  or 
the  past,  a  very  accurate  measure  and  reckoning  of 
time  are  necessary,  and  we  are  now  in  possession 
of  the  data  by  which  these  may  with  certainty  he 
determined. 


Of  the  Equation  of'  (ime,  and  of'  the  Kalendar. 

The  arrival  of  the  Sun  in  the  meridian,  being  a  more 
conspicuous  phenomenon  than  that  of  a  Star,  has 
been  taken  to  mark  the  beginning  and  end  of  the 
day,  used  for  the  purposes  of  civil  life.  Solar  time, 
consists  of  days  measured  in  this  manner,  and  is 
used  by  astronomers,  as  well  as  by  the  people  at 
large.  Astronomers  begin  the  day  at  noon,  and 
reckon  24  hours  round  to  noon  again  :  in  the  com- 
mon reckoning,  the  day  begins  at  midnight,  and  is 
divided  into  24  hours,  which  are  counted  by  12  and 
12.  La  Place  has  proposed,  that  in  this  the  astro- 
nomers should  follow  the  people,  as,  by  beginning 
the  day  at  midnight,  the  whole  of  the  sun's  stay 
above  the  horizon  falls  in  the  same  day. 
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104.  The  difference  between  the  solar  and  side- 
jrial  day,  has  already  been  shewn  to  consist  of  3"* 
56"  33*  of  siderial,  or  3"^  55^  49'  of  solar  time  ;  but 
the  solar  day  thus  defined,  is  only  the  average, 
or  the  mean  ;  for,  the  time  actually  employed 
by  the  sun  to  return  from  the  meridian  to  the 
meridian  again,  is  different  at  different  seasons  of 
the  year,  §  Q2. 

105.  If  the  sun  moved  regularly  forward  in  the 
equator,  at  the  rate  of  59'  8'^3,  every  day,  the  so- 
lar days  would  be  all  equal,  and  their  lengths  as 
above  determined  ;  but  as  the  sun  neither  moves 
in  the  equator,  nor  moves  in  the  ecliptic,  at  a 
uniform  rate,  there  are  tvvo  causes  that  affect  the 
length  of  the  solar  day. 

The  time,  therefore,  which  is  reckoned  by  the  arrival 
at  the  meridian  of  an  imaginary/  sun,  or  one  which 
is  supposed  to  move  in  the  equator,  is  called  mean 
solar  time.  When  it  is  reckoned  by  the  arrival  of 
the  real  sun  on  the  meridian,  it  is  called  apparent 
time. 

106.  The  difference  between  the  right  ascension 
of  the  sun,  and  his  mean  longitude,  converted 
into  mean  solar  time,  is  the  difference  between  the 

mean 
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mean  and  the  apparent  time,  and  is  called  the 
Equation  of  Time. 

a.  The  conversion  of  degrees  and  minutes,  into 
mean  solar  time,  is  performed  by  a  different 
rule  from  their  conversion  into  siderial  time.  For 
an  hour  of  mean  solar  time,  there  must  be  reckon- 
ed 15°  2'  27^''.847  of  the  equator ;  and  so  on,  in  the 
same  proportion. 

h.  There  are  four  times  in  the  year,  when  the  mean  lon- 
gitude of  the  sun,  and  his  true  right  ascension,  are 
equal  to  one  another  ;  and,  at  these  times,  the  ap- 
parent and  the  mean  time  coincide.  These  times 
happen,  at  present,  about  the  15th  of  April,  the 
15th  of  Juna,  the  1st  of  September,  and  the  24th 
of  December,  From  the  first  of  the  above  perio<ls 
to  the  second,  the  apparent  time  is  before  the 
mean,  and  the  equation  of  time  is  subtractive,  or 
must  be  taken  from  the  apparent  time,  to  give  the 
mean.  It  is  greatest  at  the  15th  of  May,  when  it 
amounts  to  3'  58"  to  be  subtracted.  From  the  se- 
cond to  the  third  interval,  the  equation  is  additive, 
the  mean  time  being  before  the  apparent ;  and  it  be- 
comes a  maximum  about  the  25th  of  July,  when  it 
amounts  to  C  6".  It  becomes  negative  between 
the  third  and  fourth  interval,  and  reaches  its  ma- 
ximum on  the  2d  or  3d  of  November,  when  it 
amounts  to  16'  15"  subtractive.  Dr  Hallev  has 
given  a  geometrical  construction,  for  determining 
the  time  when  the  apparent  days  are  longest  or 
shortest,  and  also  when  they  are  equal  to  the 

mean. 
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mean.  See  Keil's  Astrommi/,  Sect.  25.  p.  322., 
&c. 

c.  When  the  equation  of  time  is  a  maximum,  the  length 

of  the  mean  and  apparent  day  is  the  same.  When 
the  equation  of  time  is  nothing,  the  lengths  of  the 
apparent  and  the  mean  day  differ  most  from  one 
another.  On  the  16th  of  June,  for  example,  when 
the  equation  of  time  vanishes,  the  day  is  12".5 
shorter  than  the  mean  solar  day.  The  difference 
becomes  less  and  less  till  the  ^Gth  or  27th  of  July, 
Avhen  the  equation  of  time  is  stationary  or  a  maxi- 
mum, being  then  Cm  5^  nearly ;  and  the  apparent 
day  is  then  in  length  equal  to  the  mean.  The  dif- 
ference of  the  days  increases  from  thence  ;  and  on 
the  beginning  of  September,  the  apparent  day  is 
ISs  longer  than  the  mean,  &c. 

d.  Clocks  ought  to  be  regulated  by  the  mean  solar  time; 

and  when  they  are  adjusted  by  tlie  sun''s  passing 
the  meridian,  the  equation  of  time  must  be  ap- 
plied. 

e.  The  mean  length  of  the  day  is  thus  accurately  determi- 

ned. But  in  the  reckoning  of  time  for  the  purposes 
of  astronomy,  and  of  civil  life,  we  must  not  count 
by  days  only,  but  by  that  assemblage  of  days  which 
constitutes  a  year,  and  which  is  naturally  pointed 
out  as  a  division  of  time  by  the  return  of  the  seasons. 
The  sort  of  incommensurability  that  exists  between 
the  lengths  of  the  day  and  of  the  sun's  revolution, 
renders  it  somewhat  difficult  to  adjust  the  reckon- 
ing 
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ing  of  both,  when  it  is  to  be  done  in  whole  num- 
bers. 

10/.  If  the  revolution  of  the  sun  consisted  of 
inn  entire  number  of  days,  for  instance  365,  the 
^ear  would  naturally  be  made  to  do  the  same,  and 
there  would  be  no  difficulty  in  the  formation  of 
the  Kalendar,  or  in  adjusting  the  reckoning  in 
years  and  in  days  to  one  another. 

All  the  years  would  then  be  precisely  of  the  same 
number  of  days,  and  would  all  begin  and  end  with 
the  sun  in  the  same  point  of  the  ecliptic.  If  the 
time  of  the  sun's  revolution  includes  a  fraction  of  a 
day,  the  case  is  different ;  a  year,  and  a  revolution 
of  the  sun,  cannot  then  be  precisely  of  the  same 
duration. 

103.  As  it  would  be  inconvenient  to  begin  the 
year  at  any  point  of  time,  but  the  beginning  of  ^ 
day,  a  year  must  consist  of  an  entire  number  of 
days.  If,  therefore,  the  revolution  of  the  sun  in- 
clude a  fraction  of  a  day,  for  example  one-fourth, 
then  one  year  cannot  be  made  equal  to  one  revolu- 
tion of  the  sun  ;  but  four  years  may  be  made  equal 
Xo  four  revolutions  of  the  sun. 
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Suppose,  for  example,  that  365^  +  -  =  R,  a  re- 
volution of  the  sun  ;  then 

4  X  365  +  1  =:  4  R  =  3  X  365  +  366 ;  so  that  if  we 

count  three  years,  each  of  365  days,  and  a  fourth 
of  366,  we  shall  have  exactly  four  revolutions  of 
the  sun  ;  and  at  the  beginning  of  the  fifth  year,  the 
sun  will  be  in  the  same  point  of  the  ecliptic  which 
he  was  in  at  the  beginning  of  the  first.  This  is  the 
arrangement  of  what  is  called  the  Julian  Kalendar ; 
and  if  the  revolution  of  the  sun  were  exactly  365<i 
6^,  it  would  be  altogether  perfect.  It  is  called  the 
Julian  Kalendar,  and  the  Year  thus  computed,  the 
Julian  Year,  from  Julius  Cjssar,  by  whom,  with 
the  advice  of  the  astronomer  Sosigenes,  it  was  in- 
troduced at  Rome. 

The  addition  of  a  day,  or  a  number  of  days,  to  any 
fixed  period,  at  stated  intervals,  is  called  Intercala- 
tion. The  year  on  which  the  intercalation  fell  was 
called  Bissextilis,  because  the  6th  of  the  Kalends  of 
March  was  twice  counted.  With  us,  it  is  called 
Leap  year. 

109.  As  the  true  length  of  the  sun's  revolution 
is  not  what  has  now  been  supposed,  but  instead  of 
363*^.25,  is  only  365^.242264,  the  Julian  year  is 
longer  than  the  revolution  of  the  sun  by 
Od.007736,  (nearly  ll"");  and,  therefore,  before  a 
new  year  begins,  the  sun  has  passed  the  point  in 

the 
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the  ecliptic  where  the  last  year  began,  by  a  small 
fraction,  viz.  .007736  x  59'  8". 

"The  Julian  reckoning,  therefore,  falls  continually 
behind  the  sun,  and  the  course  of  the  seasons, 
by  a  quantity  which,  however,  is  so  small,  that  it 
was  long  before  it  was  observed. 

a.  At  the  time  of  the  Council  of  Nice,  in  the  year  325  of 
the  Christian  era,  the  Julian  kalendar  was  intro- 
duced into  the  Church  ;  and  at  that  time  the  vernal 
equinox  fell  on  the  21st  of  March.  On  account  of 
the  imperfection  in  the  mode  of  reckoning  just  no- 
ticed, the  reckoning  fell  constantly  behind  the  true 
time;  so  that  in  the  year  1582,  the  Julian  year 
had  fallen  nearly  10  days,  (9.72415)  behind  the 
sun;  and  the  equinox,  instead  of  falling  on  the 
21st,  fell  on  the  11th  of  March;  so  that  the  differ- 
ence was  nearly  a  day  in  132  years.  The  conti- 
nuance of  this  erroneous  reckoning,  would  have 
made  the  seasons  change  their  places  altogether ; 
and  it  was  therefore  resolved  to  reform  the  kalen- 
dar^  which  was  done  by  Pope  Gregory  XIII.,  and 
the  first  step  was  to  correct  the  loss  of  the  ten 
days,  by  counting  the  day  after  the  4th  of  October, 
1582,  not  the  5th,  but  the  15th  of  the  month. 

110.  As  the  loss  in  the  Julian  kalendar  amount- 
ed to  one  day  in  132  years,  it  would  amount  to 
three  in  396  years,  or  in  the  space  nearly  of  four 
centuries.    It  would  be  necessary,  therefore,  sup- 
posing 
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posing  the  Julian  intercalation  to  continue,  to 
suppress  three  intercalary  days  in  the  course  of 
four  centuries  \  and  it  was  agreed,  that  this  should 
be  done  on  the  three  successive  secular  years,  re- 
taining the  intercalary  day  on  the  fourth,  by 
which  means  the  sun,  at  the  beginning  of  the  fifth 
century,  would  occupy  the  same.point  in  the  eclip- 
tic, within  a  few  minutes,  that  he  did  at  the  be- 
ginning of  the  first. 

a.  The  amount  of  the  accuracy  thus  attained  may  be 
more  exactly  estimated.  The  annual  error  amounts 
to  .007736,  which,  in  one  century,  is  .7736  of  a 
day,  aild  in  four  centuries,  3^.0944.  Of  this  er- 
ror, the  fractional  part  0^.0944,  or  nearly  2^  15m, 
is  all  that  remains  uncorrected  by  the  Gregorian 
reformation,  and  in  this  time  the  sun  describes  an 
arch  of  5'.^  in  the  ecliptic.  The  sun,  at  the  begin- 
ning of  the  fifth  century,  will  therefore  be  only  5'.5 
advanced  beyond  the  point  he  was  in  at  the  begin- 
ning of  the  first. 

//.  The  reformation  of  the  kalendar  did  not  take  place 
in  England  till  the  year  1752.  The  secular  years  on 
which  the  intercalary  days  are  omittted,  are  1700, 
ISOO,  and  1900. 

«.  Though  this  degree  of  accuracy  is  sufficient  for  the 
purposes  of  history,  and  even  of  astronomy,  and 
may  easily  be  carried  farther,  by  similar  means 
adopted  in  future  ages,  yet  the  problem  of  interca- 
lating, so  that  the  difffrcncc  between  the  computa- 
tions 
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tions  in  the  kalendar,  and  the  real  motions  of  the 
sun,  should  always  be  the  least  possible,  is  not 
thereby  completely  resolved.  The  modes  of  inter- 
calation best  suited  to  that  object,  require  all  the 
integer  nrmbers  to  be  found  which  most  nearly  ex- 
press the  ratio  of  the  fractiort  .242264  to  1.  See 
EuLER,  Elemens  cTAlgebre,  torn.  n. ;  Additions  by 
La  Grange,  §  20. 


Secular  Variations  ifi  the  apparent  Motion  of  the 

Sun. 

The  variations  in  the  sun's  motion  which  have  now 
been  described,  are  confined  within  short  periods, 
during  which  they  alternately  increase  and  dimi- 
nish. There  are  others,  which  go  on  from  one  age 
to  another,  and  are  either  continually  progressive, 
or  circumscribed  by  periods  of  very  long  duration. 
These  are  so  slow,  that  they  are  only  perceived  by 
comparing  together  observations  made  at  a  great 
distance  of  time.  They  are  called  Secular  inequa 
lilies. 

111.  By  comparing  very  distant  observations,  it 
is  found  that  the  line  of  the  apsides,  or  the  longer 
axis  of  the  sun's  orbit,  has  a  progressive  motion, 
or  a  motion  eastward  ;  so  that  the  apsis  recedes- 
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Jfrdm  the  vernal  equinox  62",  or  by  De  Lambre's 
Tables  6l".9  annually. 

a.  This  motion  includes  the  precession  of  the  equi- 
noctial points,  which  is  in  the  opposite  direction, 
and  amounts  to  50^'.25 ;  so  that  the  real  motion  of 
the  apsides  eastward,  in  respect  of  the  fixed  stars, 
is  11  ".65  a-year,  or  19'  4".|-  in  a  century. 

I.  Hence  there  is  a  difference  between  the  Tropical 
Year,  or  the  time  of  the  sun's  revolution  from  equi- 
nox to  equinox,  and  what  is  called  the  Anomalis- 
tic Year,  or  the  time  of  the  sun's  revolution  from 
either  apsis  to  the  same  apsis  again.  As  the  apsis 
has  gone  in  the  same  direction  with  the  sun  over* 
62''  in  a  year,  the  sun  must  come  to  the  place 
where  the:  apsis  was  at  the  beginning  of  the  year, 
and  must  move  over  62"  more  before  the  anoma- 
listic year  is  completed.  The  time  required  to  this 
is  .01748  of  a  day,  which,  added  to  the  tropical 
year,  gives  365^  .259744,  or  365^  6^*  14™  2^  for  the- 
anomalistic.    BtOT.  Astron.  torn.  li.  §  91. 

c.  The  line  of  the  apsides  thus  continually  moving 
round,  must  at  one  period  have  coincided  with  the 
line  of  the  equinoxes.  Tlie  lower  apsis  or  perigee 
in  1750,  was  278°  .6211  from  the  vernal  equinox, 
according  to  La  Caille  ;■  and  the  higher  apsis  was 
therefore  at  the  distance  of  98°. 6211.  The  time  re- 
quired to  move  over  this  arch,  at  the  rate  of  62' 
annually,  is  about  5722  years,  which  goes  back 
nearly  4000  before  our  era, — a  period  remarkable 
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for  being  that  to  which  chronologists  refer  the 
creation  of  the  world.  At  tliat  period,  the  length 
of  time  during  which  the  sun  was  in  the  northern 
signs,  that  is,  on  the  north  side  of  the  equa- 
tor, was  precisely  the  same  with  that  on  which 
he  was  on  the  south,  each  being  exactly  half  a 
year.  At  present,  the  apogee,  where  the  sun's  mo- 
tion is  slowest,  being  in  the  ninth  degree  of  Can- 
cer, more  time  by  7^  16^  30'^  8*  is  consumed  in 
the  northern  than  the  southern  signs ;  so  great  is 
the  change  which  the  motion  of  the  apsides  has 
produced.  About  4G4  yeafs  ago,  the  apogee  was 
in  the  beginning  of  Cancer. 

(L  When  we  would  calculate  the  place  of  the  sun  for 
any  time,  (especially  if  very  distant),  we  must 
begin  with  determining  the  position  of  the  line  of 
the  apsides  ;  as  it  is  from  the  lower  apsis  that  the 
mean  and  true  anomaly  are  both  computed. 

c.  The  motion  of  the  sun"'s  apsides  being  19'  4'  in  a 
century,  with  respect  to  the  fixed  stars,  it  requires 
a  j)eriod  of  more  than  108000  years  to  complete 
their  siderial  revolution.  Their  tropical  revolu- 
tion is  20903  years. 

112.  By  a  comparison  of  distant  observations, 
the  equation  of  the  centre,  and  of  consequence  the 
eccentricity  of  the  sun's  orbit,  are  discovered  to  be 
continually  diminishing. 

The 
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The  rate  of  diminution  in  tlie  maximuvi  of  the  equa- 
tion, is  about  18".79  in  a  century. 

If  the  rate  of  this  diminution  were  to  continue  uni- 
form, (which,  however,  we  have  not  a  right  to  sup- 
pose), the  earth's  orbit  would  become  a  circle  in 
about  3ij3U0  years. 

113,  From  the  changes  in  the  place  of  the  ap- 
sides, in  the  equation  of  the  centre  of  the  sun's 
orbit,  and  in  the  obliquity  of  the  ecliptic,  the 
equation  of  time  undergoes  a  change  from  one  age 
to  another. 

a.  The  equation  of  time  is  equal  to  the  mean  longi- 
tude, minus  the  true  riglit  ascension  of  the  sun.  The 
former  of  these  is  not  affected  by  the  place  of  the 
apogee  or  perigee,  and  depends  only  on  the  dis- 
tance of  time  from  the  equinox,  ^he  latter,  the 
true  right  ascension,  is  dependent  ori  all  the  three 
elements  just  inentione'd.  The  true  longitude  of 
the  sun,  from  which  the  right  ascension  is  deduced, 
depends  on  the  place  of  the  perigee,  and  on  the 
equation  to  the  centre,  both  of  which  vary  ;  and  it 
involves  also  the  reduction  from  the  ecliptic  to  the 
equator,  whicL  depends  on  the  angle  tliese  circles 
make  with  one  another.  The  equation  of  time, 
therefore,  answering  to  the  same  day  of  the  year, 
varies  in  different  ages ;  but  for  any  age,  past  or 
future,  may  be  computed  on  the  principles  already 
explained. 


h.  The 
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b.  The  secular  variation  of  the  equation  of  time,  is 
different  for  every  different  state  of  that  equation  : 
it  is  greatest  about  the  time  when  the  sun  is  in  the 
perigee ;  and  it  is  then  W.Q. 


The  Suit's  Rotation  on  his  A^vis. 

114.  The  face  of  the  sun,  when  viewed  with  i 
telescope,  though  of  a  bright  and  intense  light, 
■far  above  that  of  any  other  object,  is  often 
marked  with  dark  Spots,  which,  when  examined 
from  day  to  day,  are  found  to  traverse  the  whole 
surface  from  east  to  west,  in  the  space  nearly  of 
fourteen  days. 

a.  These  spots,  though  only  visible  with  the  telescope, 
are  sometimes  so  lai'ge,  as  to  subtend  an  angle 
nearly  of  one  minute.  Their  number,  position, 
and  magnitude,  are  extremely  variable.  Each  of 
them  is  usually  surrounded  with  a  Penuvibra,  be- 
yond which  is  a  border  of  light,  more  brilliant  than 
the  rest  of  the  sun's  disk.  When  a  spot  is  first  dis- 
covered on  the  eastern  limb,  it  appears  like  a  fine 
line ;  its  breadth  augments,  as  it  approaches  the 
middle  of  the  disk,  from  which  it  diminishes  as  it 
goes  over  to  the  western  limb,  where,  at  last,  it  en- 
tirely disappears.  The  same  spot, after  fourteen  days, 
is  sometimes  discovered  again  on  the  east  side.  It 
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is  not  often,  however,  that  this  happens,  as  the 
spots  dissolve  and  perish,  from  causes  that  are  to  us 
quite  unknown. 

b.  The  spots  of  the  sun  were  first  discovered  by  Ga- 
lileo at  Florence  in  1611.  Istoria  e  Demonstra- 
zione  intorno  alle  Macchie  Solari.  Opere  di  Gali- 
leo, torn.  II.  p.  85.,  &c.    Edit,  di  Padova,  1744, 

115.  The  position  of  a  spot,  relatively  to  the 
sun's  centre,  may  be  determined  by  observing  the 
difference  between  the  time  when  the  centre  of 
the  sun  passes  the  vertical  wire  of  a  transit  tele- 
scope, and  when  the  spot  does  the  same.  This 
gives  the  difference  in  right  ascension  ;  and  the 
difference  in  declination  may  be  determined  at  the 
same  time,  by  means  of  the  moveable  wire  in  the 
telescope.  In  this  way,  by  observations  made  day 
after  day,  the  path  of  the  spot  on  the  sun's  disk 
may  be  traced  with  great  exactness. 

a.  When  the  spots  are  followed  in  this  way,  many  of 
them  are  found  to  change,  and  to  disappear  altoge- 
ther in  the  course  of  a  few  days.  Sometimes  a 
number  of  small  spots  unite  into  one  large  spot ;  at 
other  times,  a  large  spot  separates  in  a  number 
of  small  ones,  which  soon  disappear  entirely.  A 
few  of  them,  more  permanent  than  the  rest,  may 
be  followed  by  the  observation  here  described,  as 
long  as  two  or  three  revolutions. 

H3  116.  ThQ 
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116.  The  Paths  of  the  spots  thus  traced,  are 
observed  to  be  rectilineal  at  ,two  opposite  seasons 
of  the  year,  the  beginning  of  June  and  the  begin- 
ning of  December,  and  to  cut  the  ecliptic  nearly 
at  an  angle  of  7^  20'.  Between  the  first  and  the 
second  of  these  seasons,  the  paths  of  the  spots  are 
convex  upward,  or  to  the  north,  and  acquire  their 
greatest  curvature  about  the  middle  of  that  period. 
In  the  following  six  months,  the  paths  of  the  spots 
are  convex  toward  the  south,  and  go  through  the 
same  series  of  changes.  They  appear  to  be  ellip- 
tic arches. 

In  the  beginning  of  March  and  September,  when  the 
opening  of  the  elliptic  patlis  is  at  its  maximum,  the 
smaller  axis  is  to  the  greater  as  13  to  100.  La 
Lande,  Astronomie,  3233. 

117.  The  preceding  appearances  may  be  ex- 
plained, by  supposing  the  spots  to  be  opaque  bo- 
dies, attached  to  the  luminous  surface  of  the  sun  ; 
the  sun  having  a  revolution  on  an  axis  inclined  at 
an  angle  of  7"^  20'  to  the  axis  of  the  ecliptic. 

The  apparent  revolution  of  a  spot  is  performed  in  27 
days  ;  but  in  this  time  the  spot  has  done  more  than 
complete  an  entire  revolution,  having,  in  addition 
to  it,  gone  over  an  arch  equal  to  that  which  the  sun 
}\as  described  in  the  same  time  in  his  orbit.  This 

reduce^ 
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reduces  the  time  of  the  sun's  rotation  on.  his  axis  to 
26^  9^  36m.  All  the  observations  do  not  agree  ex- 
actly in  bringing  out  this  conclusion.  Liv  Lande, 
§  327G.,  &c. 

The  problem,  From  three  positions  of  a  spot  on  the 
sun's  disk,  in  respect  of  the  ecliptic,  to  find  the  po- 
sition of  his  equator,  and  of  his  axis  of  rotation,  is 
of  considerable  difficulty.  It  was  first  directly  re- 
solved by  BoscovicH  in  1737.  See  La  Lande, 
§  3257,  Avho  has  also  given  a  solution.  Dr  Her- 
scHEL  has  made  many  important  observations  on 
the  solar  spots.    Phil.  Trans.  1794.  1801. 

118.  A  phenomenon,  from  which  no  informa- 
tion concerning  the  motion  of  the  sun  has  yet  been 
obtained,  though,  from  some  circumstances,  it  ap- 
pears to  be  connected  with  his  rotation,  is  the  Zo- 
diacal Light ;  a  himinous  appearance,  seen  after 
sun-set,  or  before  sun- rise,  somewhat  similar  to  the 
milky  way,  but  of  a  fainter  light,  in  the  figure  of 
gn  inverted  cone  or  pyramid,  with  its  base  toward 
the  sun  ;  having  its  axis  inclined  to  the  horizon, 
and  nearly  in  the  plane  of  the  ecliptic. 

The  Zodiacal  Light  was  discovered  by  Cassini  in 
1GS3;  but  tlicre  is  reason  to  think,  that  it  had 
been  remarked  before  that  period. 

II  4  The 
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The  length  of  the  Zodiacal  Light,  taken  from  the 
sun  upwards  to  its  vertex,  is  various,  from  45°  to 
100%  and  even  120=. 

The  season  most  favourable  for  observing  this  phe- 
nomenon, is  about  the  beginning  of  March,  after 
sunset :  the  axis  extends  toward  Aldebai'an,  and 
makes,  with  the  horizon,  an  angle  nearly  of  64 
dcgrees. 

The  aspect  of  the  Zodiacal  Light  \s  by  no  means 
uniform  ;  it  is  much  brighter  in  some  years  than 
others.  A  remarkably  brilliant  appearance  of  it 
was  observed  at  Paris,  IGth  February  1769. 

The  Zodiacal  Light  appears  to  be  inclined  to  the 
ecliptic  at  an  angle  of  7°,  and  to  cut  it  in  the  18th 
of  Gemini ;  So  that  it  is  in  the  plane  of  the  sun's 
equator,  or  perpendicular  to  his  axis  of  rotation.' 
La  Lande,  Aslron.  §  847, 


As  we  do  not  think  that  the  decisive  facts  have 
yet  occurred,  which  are  to  determine  whether  the  ap- 
parent motion  of  the  sun  is  not  to  be  explained  by  the 
real  motion  of  the  earth,  we  have  employed  entirely  the 
language  that  is  suggested  by  the  appearances.  The 
lower  apsis  of  the  elliptic  orbit,  or  that  nearest  to  the 
focus  in  which  either  the  sun  or  the  earth  is  placed,  has 
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<fce€n  called  the  Perigee ;  supposing  that  it  is  the  point 
where  the  sun  in  motion  approaches  nearest  to  the 
earth  at  rest.  On  the  contrary  supposition,  it  would  be 
called  the  Perihelion.  The  same  applies  to  the  terms 
Apogee  and  Aphelion. 

3Vith  respect  to  the  distance  of  the  Sun  and  Earth,  it 
must  be  observed,  that  the  distances  we  have  treat- 
ed of,  are  onjy  the  relative  distances,  referred  to  an 
imaginary  standard,  and  not  compared  with  any 
known  magnitude,  such  as  the  diameter  of  the 
earth.  The  observations  on  which  such  a  compa- 
rison as  this  must  be  founded,  and  by  which  the 
sun's  parallax  is  ascertained,  cannot  be  explained 
till  the  planetary  system  is  understood.  In  the 
mean  time,  we  may  remark,  that  even  by  help  of 
the  observations  above  described,  it  may  be  infer- 
red, that  the  sun's  parallax  is  less  than  10'. 

From  observations  of  the  sun's  solstitial  altitudes, 
we  saw,  §  87.,  how  the  latitude  may  be  deduced. 
In  order  to  make  the  deduction  with  accuracy,  the 
sun's  altitudes  must  be  corrected  for  the  parallax ; 
and  it  may  be  easily  shewn,  that  if  the  horizontal  pa- 
rallax of  the  sun  is  so  great  as  10",  the  lat.  oFGreen- 
wich,  for  example,  determined  without  making 
the  due  allowance  for  it,  would  be  erroneous,  by 
7".  The  latitude  determined  by  observations  of 
the  stars,  is  free  from  this  error,  and  therefore 
ought  not  to  agree  with  the  former  by  7".  Now, 
the  correction  necessary  to  be  made,  in  order  that 
the  determination  deduced  from  the  altitude  of  the 

sun. 
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should  agree  with  that  from  altitudes  of  the  stars, 
is  not  easily  fixed  with  perfect  precision,  but  is  cer- 
tainly not  so  great  as  7".  The  sun's  horizontal 
parallax  is  therefore  less  than  10". 

If  the  correction  above  mentioned  could  be  found 
with  perfect  precision,  this  method  of  determining 
the  sun''s  parallax,  on  account  of  its  simplicity, 
would  be  preferable  to  all  others.  Though  it  does 
not  afford  a  precise  measure,  it  assigns  a  limit  that 
may  be  used  till  a  more  exact  result  can  be  ob- 
tained. 

The  parallax  of  the  sun  being  less  than  10",  his  dis- 
tance must  exceed  2062G  semidiameters  of  the 
earth  ;  and  his  diameter  must  be  to  that  of  the 
earth  in  a  greater  ratio  than  that  of  15'.5  to  10", 
or  of  93  tel.  §75. 
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Sect.  VII. 

MOTION  OF  THE  MOON. 


lig.  The  Moon,  next  to  the  Sun,  is  the  most  re- 
markable of  all  the  heavenly  bodies,  and  is  parti-, 
cularly  distinguished  by  the  periodical  changes  to 
which  its  figure  and  light  are  subject.  These 
changes  are  called  the  Phases  of  the  Moon. 

3Iodd  curvata  in  cornua,  modd  aqua  porlione  divisa, 
modu  sinuata  in  orbevi,  maculosa,  eademque  subito 
■pranitens,  immensa  orbe  plena,  et  repente  nulla,  &c. 
\  Plin.  Hist.  iVcf.  lib.  ii.  cap.  9. 

]  20.  At  the  time  when  the  moon  is  due  south, 
about  midnight,  her  disk  is  an  entire  circle,  sub- 
tending an  ^ngle  not  much  different  from  half  a 
degree.  On  the  next  night,'  she  comes  later  to 
the  meridian  by  about  48  minutes,  and  the  west- 
ern part  of  her  disk  is  ho  longer  bounded  by  a 
circle,  but  by  an  elliptic  line ;  and  this  line, 
every  subsequeint  night,  is  seen  to  encroach  more 
on  the  luminous  part,  till,  un  the  seventh  night,  it 

is 
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is  nearly  a  straight  line,  and  the  disk  a  semicircle. 
The  diminution  continues,  the  disk  becoming 
more  and  more  concave  to  the  west,  till,  about  the 
end  of  another  seven  days,  it  disappears  altoge- 
ther. 

After  a  few  days,  the  moon  again  appears,  like 
a  fine  crescent,  to  the  eastward  of  the  sun,  with  its 
concavity  turned  toward  the  east,  and  continues 
to  increase  on  that  side  till  it  become  entirely  full- 
, orbed,  about  29  days  from  the  time  when  it  was 
last  full. 

The  line  separating  the  light  and  the  dark  part  of  the 
moon  is  irregular  and  serrated,  and  its  form  va- 
ries while  one  is  looking  at  it  through  the  teles- 
cope :  the  light,  as  it  advances,  touches  some 
points,  while  they  are  yet  at  a  distance  from  the 
illuminated  surface,  and  while  all  round  them  is 
dark.  The  light  on  them  spreads,  till  it  be  united 
to  the  rest. 

The  Moon,  when  full,  is  opposite  to  the  Sun  :  when 
she  disappears,  or  when  it  is  New  Moon,  she  is  in 
conjunction  with  the  sun  :  these  two  aspects  of  the 
moon  are  called  the  Sj/zigies.  At  the  time  when 
the  moon  appears  as  a  semicircle,  she  is  90°  distant 
from  the  sun  on  either  side  :  she  is  then  said  to  be 
in  the  quadratures. 

The  moon,  during  all  these  changes,  advances  among 
the  fixed  stars,  at  the  r^te  of  13°  10'.|  at  an  ave- 
rage! 


I 
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rage  in  24<  hours,  and  comes  later  to  the  meridian 
by  about  48  minutes  every  day.  The  motion  of 
the  moon  is  therefore  in  the  same  direction  with 
that  of  the  sun,  or  according  to  the  order  of  the 
signs. 

121.  These  Phases  may  all  be  explained  on  the 
supposition,  that  the  moon  is  an  opaque  body, 
spherical,  or  nearly  so,  which  moves  in  a  circular 
orbit  round  the  earth,  while  it  receives  its  light 
from  the  sun. 

The  opacity  of  the  moon  is  proved  not  only  from  her 
phases,  but  from  the  occultation  of  stars  by  the 
dark  or  invisible  part  of  her  orb. 

122.  When  the  place  of  the  moon  is  observed 
every  night,  it  is  found  .that  her  motion  is  in  the 
plane  of  a  great  circle,  inclined  at  an  angle  (sub- 
ject to  a  small  variation)  of  nearly  5^  9'  to  the 
ecliptic. 

The  line  in  which  the  plane  of  the  rnoon's  orbit  cuts 
the  ecliptic,  is  called  the  Line  of  the  Nodes. 

The  Ascending  Node^  is  the  point  where  the  moon  is 
in  the  ecliptic,  ascending  to  the  north  :  the  Descend- 
ing Node,  is  that  where  she  is  in  the  ecliptic,  de- 
scending to  the  south. 


123.  The 
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123.  The  position  of  the  nodes  is  found,  by  ob- 
serving the  longitude  of  the  moon,  when  she  has 
no  latitude  ;  and  it  appears,  by  a  comparison  of 
such  observations,  that  the  line  of  the  nodes  is  not 
fixed,  but  has  a  slow  retrograde  motion,  at  the 
rate  of  3'  10". 64  in  a  day  ;  so  as  to  complete  a  re- 
volution relatively  to  the  fixed  stars  in  6793.42 1  il 
days. 

BiOT.  Aslron.  Phys.  vol.  ii.  p.  351.  2de  edit. 

As  the  moment  of  the  moon  being  in  the  ecliptic 
may  not  be  actually  observed,  yet,  from  several 
observations,  taken  before  and  after,  the  exact 
time,  by  the  method  of  interpolations,  may  be 
found. 

124.  By  comparing  places  of  the  moon,  obser- 
ved at  very  remote  periods,  it  is  found  that  the 
secular  mean  motion  of  the  moon,  relatively  to 
the  fixed  stars,  is  1336  circumferences  plus 
306^.48763,  which  gives  for  the  time  of  a  siderial 
revolution  2?^. 3£l66l. 

In  the  same  way,  the  tropical  revolution,  (taking  In 
the  precession  (if  the  equinoxes),  is  found  to  be 
27't.32l582;  and  the  diurnal  motion  relatively  to 
the  tropics  13°.1863G. 

It  also  has  been  found,  on  making  these  comparisons 
for  very  remote  ages,  that  the  secular  mean  motion 

was 
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t\'as  less  formerly  than  it  is  at  present.  This  in- 
crease of  the  mean  motion  is  called  the  Moon's 
Acceleration.  It  amounts  to  9"  in  the  present  age ; 
and  the  effect  of  it  on  the  moon's  place  increases  as 
the  squares  of  the  time. 

125.  The  period  of  the  phases,  or  the  time  from 
full  moon  to  full  moon, 'is  greater  than  the  tropi- 
cal revolution,  as  being  the  time  required  to  de- 
scribe 360*,  with  an  angular  velocity  that  is  equal 
to  the  difference  between  the  angular  velocity  of 
the  moon,  and  the  angular  velocity  of  the  sun  : 
this  gives  the  period  of  the  phases,  or  what  is  call- 
ed the  Lunar  Month,  equal  to 

^29d.5305S8  =  29'i  12^  2^.8. 

See  BiOT,  torn.  11.  p.  35S.  Also  Woodhouse,  p.  305. 
The  above  is  La  Place's  determination. 


Moon's  Orbit. 

1 26.  It  may  be  found,  from  observations  of  the 
Moon's  apparent  diameter,  as  was  done  in  the  case 
of  the  Sun,  that  the  orbit  in  which  she  moves  is 
nearly  an  ellipsis,  having  the  earth  in  its  focus, 

about 
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■about  which  the  radius  vector  drawn  to  the  moon 
describes  areas  proportional  to  the  time. 

a.  The  same  may  be  also  proved,  from  observations 
of  the  Moon''s  parallax ;  the  Moon  being  near 
enough  to  the  earth  to  admit  of  her  parallax  being 
accurately  determined. 

h.  The  Moon's  parallax,  when  least,  is  53'  50  ".99, 
and  when  greatest,  1°  1/  22''A99.  Hence  the  Moon''s 
greatest  distance  is  63.8419  semidiameters  of  the 
earth,  and  her  least  55.9164.  The  mean  distance 
of  the  moon  from  the  earth  is  therefore  59.8791, 
which  is  also  the  seinitransverse  axis  of  her  or- 
bit. 

c.  A  more  accurate  determination  of  these  elements, 
has  fixed  the  mean  equatorial  parallax  at  57'  11".4; 
the  greatest  distance  of  the  moon  at  1.05518,  the 
least  at  .94482,  the  mean  distance  being  I. 

Hence  the  eccentricity  is  .05518. 

In  round  numbers,  the  moon''s  mean  distance  is  60" 
semidiameters  of  the  earth ;  and  her  diameter  is 
to  the  diameter  of  the  earth  as  15' to  57' 1  r'.4, 
or  as  3  to  11  nearly.  Vince,  Astron.  vol.  i. 
§171. 

127.  From  the  eccentricity  of  the  moon's  orbit, 
the  equation  of  the  centre  is  found, 
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(6°  18'  17^3)  sin  x  +  (12'  49".7)  sin  2 *  +  (42".3j  sin  3 

.V  being  put  for  the  mean  anomaly,  reckoned  from 
the  perigee. 

This  is  the  equation  of  the  centre,  as  deduced  from 
De  Lambre's  Tables,  published  in  Vince's  Astron. 
vol.  III.  see  p.  133.,  &c. 

The  maximum  of  the  equation  is  6°  17'  28",  and 
takes  place  when  the  mean  anomaly  —  86°  5'  0". 

128.  The  axis  of  the  lunar  orbit  is  not  at  rest, 
but  has  a  progressive  motion,  like  that  of  the  sun's 
orbit.  This  motion  is  0^  6'4l''  in  a  day,  or  40° 
4l'  SS"  in  a  year  ;  so  that  it  makes  an  entire  revo- 
lution, relatively  to  the  fixed  stars,  in  3232^5807, 
or  in  a  little  more  than  nine  years. 

The  Tropical  revolution  of  the  perigee  is  shorter  by 
\^  .1056. 

The  motions  hitherto  enumerated,  are  similar  in  the 
Moon  and  in  the  Sun.  There  are  other  inequali- 
ties peculiar  to  the  moon. 

129.  The  moon's  longitude,  calculated  accord- 
ing to  the  law^s  of  the  eUiptic  motion,  does  not 
agree  exactly  with  her  true  place,  but  requires  to 
be  corrected  by  an  arch  proportional  to  the  sine  of 

Vol.  IT.  T  double 
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double  the  angular  distance  of  the  moon  from  the 
sun,  mi?ius  her  mean  anomaly. 

a.  If  ^  be  the  mean  longitude  of  the  moon,  and  © 
that  of  the  sun  ;  the  mean  anomaly  of  the  moon 
being  *,  this  inequality  is 

(1°  21'  5'.5)  X  sin  (2  (([  —  0)  —  x)). 

h.  This  inequality  is  called  the  Evection :  it  was  dis- 
covered by  Ptolemy,  and  is,  after  the  equation  of 
the  centre,  the  first  of  the  lunar  irregularities  that 
was  observed. 

e.  The  argument  of  it,  or  (2  (  d  —  ©)  —  x)),  increases 
at  the  rate  of  11°  18'  59",  or  11°. 3166  ;;er  day; 

so  that  its  period  is  jp|^g>  or  31<*.8119;  that  is, 

in  the  space  of  31  days  19  hours  28  minutes  near- 
ly, the  evection  runs  through  all  its  changes,  and 
is  beginning  to  renew  them  in  the  same  order. 

d.  At  the  new  and  full  moon,  or  at  the  Si/zi/gies, 
when  d  — ©is  either  nothing  or  180°,  the  ar- 
gument is  — X,  which  gives  the  evection  negative, 
if  jc  is  less  than  180°,  and  positive,  if  it  is  greater, 
contrary  to  what  happens  to  the  equation  of  the 
centre,  which  is  therefore  diminished  in  both  cases. 
At  the  quadratures,  the  equation  to  the  centre  is 
increased  by  the  evection.  The  evection  appears, 
therefore,  as  an  inequality  in  the  equation  of  the 
centre,  arising  from  an  increase  of  the  eccentricity 

at 
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kt  the  quadratures,  and  a  diminution  of  it  at  the 
syzygies. 

130.  Another  irregularity  in  the  moon's  motion, 
which  vanishes  at  the  syzygies  and  the  quadra- 
tures, and  is  greatest  in  the  middle  between  them, 
or  in  the  octants,  is  called  the  ^loon's  l^ariation. 
It  depends  on  the  difference  of  longitude  of  the 
sun  and  moon,  or  on  their  angular  distance,  and 
may  be  represented  by  the  formula 

(35' 42'0  sin2(([  —  0). 

The  variation  was  discovered  by  Tycho  Brahe'.  Its 
period  is  14^.7653,  or  half  a  lunar  month. 

151.  The  angular  motion  of  the  moon  is  also 
subject  to  a  third  irregularity,  by  which  it  is  di- 
minished when  the  sun  approaches  the  perigee, 
and  increased  when  he  approaches  the  apogee. 
This  is  called  the  Annual  Equation :  it  depends 
entirely  on  the  time  of  the  year,  or  mean  anoma- 
ly of  the  sun,  and  is  equal  to 

—  (ir  H".9)  sin  Mean  Anom.  ©  . 

TvcHo  Brahe'  was  acquainted  with  this  inequality, 
and  made  an  allowance  for  it  in  the  equation  of 
time.  These  are  the  only  irregularities  in  the 
moon's  motion,  that  were  known  previously  to  the 
theory  of  Gravitation.    That  theory  not  only  ex- 

I  2  {ilains 
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plains  them,  but  has  led  us  to  distinguish  many 
more,  of  which  the  accumulated  effect  was  percei- 
ved, by  the  disagreement  of  the  calculated  with  the 
observed  places  of  the  moon,  though  their  laws 
were  unknown.  These  will  be  considered  under 
the  head  of  Physical  Astronomy. 


Of  the  Moons  Revolution  tn  her  Axis, 

132.  The  moon,  as  she  revolves  in  her  orbit 
about  the  earth,  preserves  always,  at  least  nearly, 
the  same  face  turned  toward  the  earth,  and  there- 
fore must  revolve  on  her  axis,  in  the  same  direc- 
tion, and  in  the  same  time,  that  she  revolves  in  her 
orbit. 

a.  The  moon's  surface,  when  viewed  with  a  telescope, 
presents  an  object  so  strongly  characterised,  as  to 
leave  no  doubt  of  its  being  always  the  same. 

The  accurate  examination  of  the  spots,  which  the 
tracing  of  the  progress  of  the  illumination  has  na- 
turally induced,  has  discovered  some  apparent  ine- 
qualities in  the  moon's  revolution  on  her  axis,  to 
which  the  name  of  Libration  has  been  given.  They 
are  optical  appearances,  and  argue  no  real  inequali- 
ty in  the  moon's  rotation. 


133.  If 
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133.  If  the  angular  velocity  with  which  the 
moon  revolves  on  her  axis  is  uniform,  that  with 
which  she  revolves  in  her  orbit,  being,  as  we  have 
seen,  alternately  accelerated  and  retarded,  small 
segments  on  the  east  and  west  sides  ought  alter- 
nately to  come  in  sight  and  to  disappear.  This  is 
conformable  to  observation. 

Thus  there  is  produced  in  the  orb  of  the  moon,  an 
apparent  libration  backward  and  forward,  called 
lier  Libration  in  Longitude. 

134.  If  the  axis  on  which  the  moon  turns,  were 
perpendicular  to  the  plane  of  her  orbit,  or  if  her 
equator  coincided  with  that  plane,  we  should  per- 
ceive no  other  libration  than  that  which  has  now 
been  described.  But  in  fact  the  spots  on  the 
north  and  south  of  the  plane  of  the  moon's  orbit, 
alternately  advance  toward  the  middle  of  the 
disk,  and  recede  from  it  by  a  very  small  quan- 
tity. 

This  is  called  the  Libration  in  Latitude,  and  shews 
that  the  moon's  axis  is  not  exactly,  though  nearly, 
jjerpendicular  to  the  plane  of  her  orbit. 


135.  A  third  libration  arises  from  this,  that  the 
point  to  which  the  moon  presents  always  the  same 
face,  is  the  centre  of  the  earth,  round  which  the 

I  3  spectator 
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spectator  describes  a  circle  parallel  to  the  equator, 
in  the  course  of  the  diurqal  revolution  of  the 
earth. 

Hence,  when  the  moon  rises,  a  spectator  sees  some 
spots  toward  the  upper  limb  of  the  moon,  which  he 
would  not  see  at  the  centre.  As  the  moon  becomes 
more  elevated,  these  points  approach  more  to  the 
upper  edge,  while  others,  on  the  inferior  limb,  come 
in  sight.  This  order  is  reversed  as  the  moon  de- 
scends to  the  horizon.  This  is  called  the  Diurnal 
or  Parallactic  Libration. 

156.  From  an  attentive  observation  of  the  lun^r 
spots,  it  has  been  found,  that  the  equator  of  the 
moon  is  inclined  to  the  plane  of  the  ecliptic,  at  an 
angle  of  1°30';  and  that  the  line  in  which  its 
plane  cuts  the  plane  of  the  ecliptic,  is  parallel  to 
the  line  of  the  nodes,  or  to  that  in  which  the 
moon's  orbit  cuts  the  s^me  plane. 

BioT,  torn.  II.  p.  411.  §  72. 

a.  Suppose  three  planes  to  pass  through  the  centre  of 
the  moon,  one  representing  the  equator  of  the 
moon,  another  the  plane  of  her  orbit,  and  let  tlie 
third  be  parallel  to  the  ecliptic.  This  last  will  lie 
between  the  two  others,  and  will  intersect  them  in 
the  same  line  in  which  they  intersect  one  another. 

With 
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With  the  first,  it  will  make  an  angle  of  1°  30'; 
and  with  the  second  an  angle  of  5°  9'. 

This  curious  fact  was  observed  by  Cassini.  La 
Grange  has  explained  it  from  the  theory  of  gra- 
vity. 


Sect.  VIII. 

ECLIPSES  OF  THE  SUN  AND  MOON. 

137.  The  Sun  and  Moon  are  both  subject  to  oc- 
casional obscurations,  most  frequently  partial,  but 
sometimes  also  total,  which  are  called  Eclipses. 

138.  The  Eclipses  of  either  of  these  luminaries 
happen  only  when  the  moon  is  near  her  nodes ; 
that  is,  either  in  the  plane  of  the  ecliptic  or  near 
it.  Those  of  the  sun  happen  only  at  new  moon,  or 
when  the  moon  is  in  conjunction  with  the  sun  : 
the  eclipses  of  the  moon,  again,  happen  at  the  full 
moon,  or  when  the  moon  is  in  opposition  to  the 
sun.  The  three  bodies,  then,  the  Sun,  the  Earth  and 
Moon,  are  always  nearly  in  the  same  straight  line 
when  an  eclipse  happens  \  and  conversely,  when 
these  three  bodies  are  in  a  straight  line,  qr  not  dis- 

I  4»  tant 
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tant  from  it  by  more  than  certain  limits,  an  ecIipsQ 
always  takes  place. 

139.  Hence  it  is  evident,  that  an  eclipse  hap- 
pens, in  consequence  of  one  of  the  two  opaque 
bodies,  the  Earth  and  the  Moon,  being  so  placed 
as  to  prevent  the  Sun's  light  from  falling  on  the 
other. 

The  interposition  of  the  moon  between  the  sun  and 
the  earth,  produces  an  Eclipse  of  the  Sun ;  and  the 
interposition  of  the  earth  between  the  moon  and 
the  sun,  so  that  its  shadow  falls  on  the  moon,  or 
on  any  part  of  the  moon,  produces  an  Eclipse  of  the 
Moon.  The  whole  of  the  phenomena  of  eclipses 
admit  of  explanation,  on  these  principles. 

140.  As  the  return  of  eclipses  must  depend  on 
the  return  of  the  line  of  the  syxygies  to  the  line 
of  the  nodes  ;  and  as  the  mean  angular  motion  of 
these  lines  is  known,  the  periods  at  which  eclipses 
would  return,  were  there  no  irregularity  in  the 
motions  of  the  earth  and  of  the  moon,  may  be  easi- 
ly calculated. 

a.  The  time  of  a  lunation,  or  of  one  revolution  of  the 
line  of  the  syzygies,  is  29<i.530588,  as  already 
stated ;  and  a  revolution  of  the  line  of  the  nodes, 
relatively  to  the  sun,  is  3i-6^.6l963.     If,  by  the 
method  of  continued  fractions,  we  seek  for  smaller 
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numbers,  that  may  nearly  express  this  ratio,  we 
shall  find  19  and  223;  so  that  after  223  lunations, 
the  node  has  nearly  performed  19  revolutions.  In 
223  lunations,  therefore,  or  18  Julian  years  10  days 
and  7  hours,  the  sun,  the  moon,  and  the  node  are 
nearly  in  the  same  position  with  respect  to  one  ano- 
ther ;  and  the  series  of  eclipses  returns  nearly  in 
the  same  order. 

This  period  is  thought  to  be  the  saros  of  the  Chal- 
dean astronomers  ;  and  their  predictions  of  eclipses 
were  probably  founded  on  it.  It  is  particularly 
mentioned  by  Pliny.  A  period  of  521  Julian 
years,  is  considerably  more  exact.  La  Lande. 
Jst.  §  1503. 

b.  The  mean  motions  of  the  lines  of  the  syzygies,  and 
of  the  nodes,  are  also  used  in  another  way  in  the  cal- 
culation of  eclipses.  Though  the  mean  places  of 
those  lines  are  different  from  the  true,  and  though 
it  be  on  the  latter  that  the  phenomena  of  eclipses 
depend,  it  is  useful  to  have  the  mean  places,  in  or- 
der to  know  whether  the  circumstances  are  such, 
that  an  eclipse  can  possibly  happen  or  not  at  a  gi- 
ven new  or  full  moon.  The  mean  motions  in 
astronomical  tables,  afford  the  means  of  perform- 
ing this  calculation,  which  is  also  much  abridged 
by  a  table  of  what  are  called  the  Epacts,  that  is,  of 
the  ages  of  the  moon,  (reckoning  from  the  last 
mean  conjunction,  and  supposing  her  motion  uni- 
form), at  the  beginning  of  every  year.  La  Lande, 
Astron.  §  1732.;  Fergusson,  Aslron. 

Eclipses 
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Eclipses  of  the  Mooii. 

141.  The  length  of  the  earth's  shadow  varies, 
according  to  the  distance  of  the  sun  and  earth,  be- 
tween the  limits  of  212.896  and  220.238  semi- 
diameters  of  the  earth  ;  its  mean  length  being 
216.531. 

Half  the  angle  of  the  cone  formed  by  the  shadow  of 
the  earth,  =  semid.  ©  —  parallax  0  ;  and  therefore 
if  r  be  the  radius  of  the  earth,  S  being  the  appa- 
rent semidiameter,  and  p  the  horizontal  parallax 
of  the  sun,  the  length  of  the  shadow  reckoned  from 

the  earth's  centre  =  — —  ^. 

sm  (S  — p) 

142.  Hence  half  the  angle  subtended  at  the 
earth's  centre,  bj  the  section  of  the  shadow  at  the 
distance  of  the  moon,  is  P  —  S  +/). 

P  is  the  horizontal  parallax  of  the  moon,  S  and  p  as 
above. 

The  apparent  semidiameter  of  the  shadow,  may  there- 
fore vary  from  37'  42"  to  45'.52. 

See  WooDHOusE,  Astron.  p.  340. 

As 
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As  the  diameter  of  the  shadow  may  be  greater  than 
three  times  the  diameter  of  the  moon,  the  moon 
may  be  totally  eclipsed  for  as  long  a  time  as  she 
takes  to  describe  twice  her  own  diameter,  that  is, 
for  about  two  hours. 

143.  The  phenomena  of  a  lunar  eclipse  may- 
be understood,  by  conceiving  two  circles  of  given 
juagnitudes,  the  disk  of  the  moon,  and  the  section 
of  the  earth's  shadow,  as  moving  in  the  same 
plane  with  given  velocities,  and  given  directions  ; 
the  moments  when  they  touch,  when  they  cease 
to  tcuch,  and  when  their  centres  arc  nearest  to  one 
another,  determine  the  beginning,  the  greatest 
obscuration,  and  the  end  of  the  eclipse. 

As  these  circles  move  in  the  same  plane,  and  are  in 
contact  with  one  another,  the  place  of  the  spectator 
makes  no  difference  as  to  the  preceding  phenome- 
na, which  must  happen  at  the  s^me  instant  of  ab- 
solute time  to  all  observers,  in  whatever  part  of 
space  they  are  situated.  Hence  the  phenomena  of 
a  lunar  eclipse  are  in  themselves  far  simpler,  and 
more  easily  calculated,  than  those  of  a  solar  eclipse, 
where  the  body  that  obscures  the  other  is  distant 
from  it,  so  that  their  apparent  places  are  much  af- 
fected by  the  place  and  the  motion  of  the  ob- 
server. 


144.  Considering 
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144.  Considering  the  small  arches  moved  over 
by  the  moon,  and  the  section  of  the  shadow, 
during  the  time  of  an  eclipse,  as  straight  lines 
given  in  position,  and  described  by  two  points, 
viz.  the  centre  of  the  moon's  disk,  and  the  centre 
of  the  section  of  the  shadow,  moving  with  given 
velocities,  the  determination  of  the  phenomena  of 
a  lunar  eclipse  is  reduced  to  the  solution  of  a 
geometrical  problem. 

Let  ST  and  MP,  (fig.  14.),  represent  the  portions  of 
the  ecliptic,  and  of  the  moon's  orbit  traversed,  du- 
ring the  time  of  a  lunar  eclipse,  the  first  by  the  centre 
of  the  section  of  the  shadow,  and  the  second  by  the 
centre  of  the  moon,  considered  as  straight  lines. 
Let  S  be  the  centre  of  the  earth's  shadow,  and  M 
the  centre  of  the  moon  at  the  instant  of  the  opposi- 
tion, and  let  S'  and  M'  be  any  other  cotemporary 
positions  of  these  centres ;  SS'  and  MM'  being  ta- 
ken in  opposite  directions.  Draw  S'N  parallel  to 
SM;  and  join  M'N.  Now  if  t  be  the  time  in 
which  SS'  and  MM'  have  been  moved  over,  rec- 
koned from  the  moment  of  the  opposition,  in  hours 
and  decimals  of  an  hour ;  let  the  horary  motion  of 
the  moon  in  longitude  be  m,  so  that  MO  =:  in  t, 
her  horary  motion  in  latitude  >,  so  that  M'O  =r  a  / ; 
and  let  the  horary  motion  of  the  sun  or  of  the  sha- 
dow be  It,  then  SS'  =  MN  =  nt. 


Also 
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Also,  tan.  NM'O  =  so  that  the  angle  NM'O 

==   S'NM'    is    given ;     let    this    angle    =:  (?, 
then  NM'  =:ti^  {n  +  mf  +  a"*  r=  r  t, 

r  being  =:  ^/  (n  +  m) '  +        Hence,  if  SM  =  a, 

STVT'  =        t  —  2  a  r  f  X  cos  ^  +  a' ; 

and  if  the  sum  of  the  semidiameter  of  the  moon 
and  shadow  be  called  s,  we  have  the  equation 
—  2  art  cos    +     =  s",  for  determining  t. 

•Hence  i  =  ^  +  Vi!^Z!!^Z,  or 
r  r 

_  a  +  V    —  a'  sin  fi^  _ 
r 

These  two  values  of  t  give  the  time  of  the  beginning 
and  end  of  the  eclipse. 

The  least  distance  of  the  centres,  is  found  by  substi- 
tuting ^  for  t  in  the  formula 

S'M'  =  \J  r     —  2  01'  t  X  cos  /3  +  a  \ 
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SW  is  then  =  '/a*  — 2a^co3    +  a  = 


aVl  —  2coSiS  +  l:=2asin5/3r:2a  multiplied 

into  the  sine  of  half  the  apparent  inclination  of  the 
moon's  orbit. 

When  «"*  =  a'  sin  /3*,  or  *  =  a  sin  there  can  be  no 
more  than  a  contact  of  the  moon  and  shade, 
which  will  happen    at    the    instant  expressed 

by"-. 

When  #  =  a  sin  /s,  sin  ^  =  -,  atid  if  sin  /3  >  -,  there 

a  a 

can  be  no  eclipse,  as  sin  /3  =  ^ ;  therefore,  unless 


-  be  less  than  -,  there  can  be  no  eclipse.  Now^ 
r  a 

a" 

r  —  m  +  n+  — —  i  nearly ;  so  that 

2  (m  +  n) 


m  +  n  + 


2  (m  +  ») 


must  be  less  than  - ,  otherwise  there  can  be  no 
a 

eclipse  of  the  moon. 

It  will  serve  as  a  limit,  to  consider  whether  — ^ —  it 

m  +  71 

less 
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less  than  -  ;  or  whether  the  horizontal  motion 
a 

of  the  moon  in  latitude,  haVe  to  the  sum  of  the  ho- 
rary motions  of  the  moon  and  sun  in  longitude,  a 
less  ratio  than  the  sum  of  the  semidiameters  of  the 
moon  and  shadow  has  to  the  latitude  of  the  moon 
at  the  time  of  the  conjunction. 

a  +  s 

When  the  moon  merely  touches  the  shadow,  that 
is,  when  the  nearest  approach  of  the  moon  to 
the  shadow  is  just  equal  to  the  sum  of  the  semidia- 
meters of  tlie  moon  and  of  the  section  of  the  sha- 
dow, we  have  what  is  called  an  Jppjilse. 

To  derive  as  much  advantage  from  the  knowledge 
of  the  ecliptic  limits  as  possible,  it  is  neces- 
sary to  observe,  that  when  the  mean  opposition 
is  12®  36'  distant  from  the  node,  there  can  be 
no  eclipse ;  and  that  when  it  is  less  than  9°  distant 
from  it,  there  must  be  an  eclipse.    ^Between  these 
limits  12"^  36'  and  9°,  the  matter  is  uncertain^  and 
must  be  decided  by  the  •calculation  of  the  true  place 
of  the  moon,  &c.    Tliese  are  the  limits  given  by 
De  Lambre  ;  Woodhocse's  Astron.  p.  34-2.  The 
limits  are  differently  assigned  by  other  wi'iters, 
ViNCE,  Astron.  vol.  i.  §  54a. 

145.  The  moon  seldom  disappears  entirely  an 
unar  eclipses  ;  even  the  spots  may  be  distinguish- 
ed 
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ed  through  the  shade  :  the  nearer  the  moon  hap- 
pens to  be  to  the  earth,  or  the  farther  she  is 
from  the  apex  of  the  shadow,  the  darkness  is 
the  greater. 

The  light  that,  by  the  refraction  of  the  earth's  atmo- 
sphere, is  made  to  enter  within  the  limits  of  the 
conical  shadow,  is  no  doubt  the  cause  of  this  phe- 
nomenon. 

In  some  instances  the  moon  has  disappeared  entirely,- 
as  in  that  mentioned  by  Kepler  in  June  1620. 
Hevelius  has  taken  notice  of  another,  where  the 
moon  could  not  be  seen  even  Avith  a  telescope, 
though  the  night  was  remarkably  clear. 

146.  As  an  eclipse  of  the  moon  happens  at  the 
same  instant  of  absolute  time  to  all  observers,  it  is 
one  of  the  phenomena,  from  the  observation  of 
•which  the  longitudes  of  places  may  be  most  di- 
rectly inferred,  §  67. 

On  account  of  the  ill-defined  boundary  of  th6  shadow, 
this  method  of  ascertaining  the  longitude  does  not 
admit  of  great  precision.  It  is  difficult  to  deter- 
mine the  beginning  or  end  to  less  than  a  minute 
of  time. 

The  arrival  of  the  boundary  of  the  shadow,  at  the  dif- 
ferent spots,  can  be  more  accurately  ascertained 
than  the  beginning  or  end ;  and,  therefore,  as  many 

observation'- 
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observations  of  that  kind  should  be  made  as  pos^ 
sible. 

When  several  such  observations,  made  under  two 
different  meridians,  are  compared,  the  mean  may- 
furnish  a  tolerably  exact  determination  of  the  dif- 
ference of  longitude. 

The  comparison  Of  the  beginning  or  end,  with  calcu- 
lations previously  made,  may  also  serve  for  finding 
the  longitude,  and  may  be  useful  for  that  purpose 
at  sea. 


Solar  KcUpsed. 

147-  The  length  of  the  moon's  shadow  is  less 
than  that  of  the  earth,  in  the  same  ratio  that  the 
diameter  of  the  moon  is  less  than  the  diameter  of 
the  earth  ;  that  is,  in  the  ratio  of  1  to  3.562. 

a.  Hence,  ^ihen  the  Earth  is  in  the  aphelion,  the  length 
of  the  Moon's  shadow  is  59.730 ;  and  if  the  moon 
is  in  the  perigee,  its  distance  from  the  earth  is  on- 
ly 55.902  ;  so  that  the  shadow  may  reach  the  earth, 
and  a  total  eclipse  may  take  place.  But  if  the  moon 
were  in  her  apogee,  when  her  th'stance  is  63.86?, 
Vol  II.  K  the 
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the  shadow  could  not  reach  the  earth,  and  the 
eclipse  coul'd  not  anywhere  be  total. 

I).  When  the  earth  is  in  the  perihelion,  the  length  of  the 
moon's  shadow  is  57.70;  and  if  at  the  same  time 
the  moon  be  in  the  perigee,  or  indeed  nearer 
than  her  mean  distance,  a  total  eclipse  may  hap- 
pen. 

The  moon's  mean  motion  about  the  centre  of  the 
earth  is  33'  in  an  hour ;  and  the  shadow  of  the 
moon,  therefore,  traverses  the  surface  of  the  eartli 
when  it  falls  on  the  surface  perpendicular^,  witli 
a  velocity  of  about  380  miles  in  a  minute.  When 
the  shadow  falls  obliquely,  its  velocity  appears 
greater  in  the  inverse  ratio  of  the  sine  of  the  obli- 
quity, 

Relatively  to  a  point  on  the  earth's  surface,  the  sha- 
dow may  go  much  faster  than  this,  as  its  motion 
may  be  in  an  opposite  direction  to  the  diurnal  ro- 
tation. 

The  duration  of  a  total  eclipse,  in  any  given  place, 
cannot  exceed  7'  58'.    La  Lande,  §  1777. 

An  Annular  Eclipse,  or  one  where  the  sun's  disk 
fippears  like  a.  ring  all  round  the  moon,  may  last 

To  have  a  partial  eclipse  of  the  snn,  it  is  not  requi- 
site that  the  shadow  should  reach  the  earth ;  it  Is 
sufficient  that  the  distance  of  the  centres  of  the 
sun  and  moon  be  less  tfcan  the  sum  of  their  appa- 
rent semidiameters. 


]-t8.  When 
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14S.  When  an  opaque  body  is  opposed  to  one 
which  is  luminous,  there  is  a  certain  space  behind 
the  former,  from  which  the  latter  is  ornly  partial- 
ly visible.  This  space  is  called  the  Penumbra  of 
the  opaque  body. 

a.  If  the  bodies  are  spherical,  the  penumbra  is  a  cone, 
having  for  its  angle  the  line  joining  the  centres  of 
the  two  bodies  ;  and  for  its  vertex,  the  point  m 
that  line  where  tangents  to  the  opposite  sides  of  the 
two  bodies  intersect  one  another. 

h.  Half  the  angle  of  the  conical  penumbra  of  the 
moon,  is  equal  to  the  apparent  semidiameter  of  the 
sun,  plus  the  angle  which  the  moon's  semidiameter 
subtends  at  the  sun. 

149.  To  conceive  the  phenomena  of  a  solar 
eclipse  in  general,  we  may  consider  the  section  of 
the  moon's  penumbra  as  advancing  on  the  earth 
from  the  west,  and  as  being  viewed  by  an  obser- 
ver in  the  moon,  in  the  same  manner  that  an 
eclipse  of  the  moon  is  viewed  by  an  observer  on 
the  earth. 

The  observer  might  be  placed  any  whore,  providing 
he  saw  the  whole  of  that  side  of  the  earth  wliich  is 
turned  to  the  sun  ;  but  it  is  most  convenient  to 
#uppo-e  him  in  the  mpon,  lhat  thp  arches,  compa- 
K  '2  red 
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red  with  one  another,  may  belong  to  circles  of  the 
same  radius. 

150.  The  penumbra  in  a  solar  eclipse,  if  viewed 
from  the  moon,  would  subtend  an  angle  equal  to 
the  sum  of  the  diameters  of  the  sun  and  moon,  as 
seen  from  the  earth. 

When  the  penumbra  just  touches  the  disk  of  the 
earth,  the  distance  of  their  centres  is  equal  to  half 
the  angle  subtended  by  the  section  of  the  penum- 
bra, plus  the  moon's  horizontal  parallax ;  that  is^ 
—  semidiam.  T>  +  semid.  ©  +  Hor.  Par.  5  . 

If  the  least  distance  of  the  centre  of  the  sun  and 
moon,  (the  same  with  the  least  distance  of  the 
centres  of  the  earth  and  of  the  penumbra),  is  less- 
than  this,  there  can  be  no  eclipse. 

The  greatest  value  of  the  above  angle  is  about 
l*34f'27".  Supposing  this  to  be  the  distance  at- 
the  time  of  the  ecliptic  conjunction,  we  get  the  dis- 
tance from  the  node  17°  21'  27".  If  tbe  con- 
junction happens  nearer  to  the  node  than  this, 
there  may  be  an  eclipse.  If  it  be  more  distant 
there  can  be  none. 

The  limits  of  solar  eclipses  being  greater  than  of  lu- 
nar, there  are  more  eclipses  of  the  sun  than  of  the 

moon, 
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moon,  and  that  nearly  in  the  ratio  of  3  to  2 ;  but 
fewer  eclipses  of  the  sun  are  observed  in  any  given 
place  than  of  the  moon,  as  a  lunar  eclipse  is  visible 
to  a  whole  hemisphere ;  but  a  solar  only  to  a 
part. 

lol.  The  general  phenomena  of  the  eclipse  be- 
ing calculated  to  the  time  of  a  given  meridian,  the 
phenomena,  as  they  will  be  observed  at  any  parti- 
cular place,  may  also  be  determined,  by  calcula- 
ting the  altitudes  of  the  sun  and  moon,  and  the 
efiects  of  their  parallaxes  for  different  instants  of 
lime,  and  then  employing  the  method  of  interpo- 
lation, to  determine  the  time  of  the  beginning  and 
end,  and  the  quantity  of  the  greatest  obscuration. 

a.  Let  the  places  of  the  sun  and  moon  be  found  for 
an  instant,  far  from  the  beginning  of  the  eclipse, 
and  from  thence  let  their  altitudes  for  the  given 
place  be  computed,  as  also  the  effects  of  parallax  in 
longitude  and  latitude. 

I^et  the  difference  of  the  apparent  longitude  of  the 
two  bodies  thus  found  be  called  3,  and  the  latitude 
of  the  moon  a.  If  the  sun's  parallax  is  included, 
let  his  parallax  in  latitude  be  applied  to  the  moon, 
taking  notice,  whether  it  increases  or  diminishes 
the  difference  of  latitude.  Then  ACB,  fig.  15.  be- 
ing an  arch  of  the  ecliptic,  A  the  place  of  the  sun,  D 
of  the  moon,  as  just  computed,  P  the  pole  of  the 
pcliptic,  and  PDC  a  circle  of  longitude,  AC  = 
K  3  and 
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and  CDrrA.  and  AD  the  distance  of  the  centres, 


which  we  may  call  j/zrV  because  the  triangle 

ACD  may  be  regarded  as  rectilineal.  In  practice, 
1/  may  be  Ibund  by  a  construction ;  or  if  great  ac- 
curacy is  required,  we  may  compute  1/  fx'om  the 
trigonometrical  formula,  cosj/=r  cos  5  x  cos  a, 

b.  Let  similar  calculations  be  made  for  other  two 
instants,  separated  by  equal  intervals  of  time  m ;  so 
that  one  may  be  near  the  middle,  and  another  near 
the  end  of  the  eclipse.  Let  the  distances  of  the 
centres  found  for  these  times  be  A,  A',  A"  ;  let 
the  difFcrenccs  of  these  distances  be  D  and  IX; 
and  let  the  second  difference,  or  D  —  D'  =  a. 

Then  if  ij  be  the  distance  of  the  centres  for  any  time 
/,  reckoned  from  the  instant  for  which  the  first 
computation  is  made,  1/  =z 

D  — ^  A     .  .  A 


A  +  t  + 


m  2  wi* 

The  distance  of  the  centres  is  thus  expressed  in  terms 
of  the  time,  and  from  this  equation  the  time  of  the 
beginning  and  end  of  the  eclipse,  and  the  quantity 
of  greatest  obscuration,  may  be  determined. 

c.  The  time  of  the  greatest  obscuration  is  = 
m  (D  —  1  A) 

and  this  being  substituted  for  t,  the  value  of  will 
give  the  nearest  approach  of  the  centres. 

d.  This 
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<Z.  This  is  only  one  of  many  inethods  that  have  been 
contrived  for  the  calculation  of  eclipses.  La 
Landk,  Jstro}i.  torn.  ii.  §  1860,  &c. 

e.  The  geometrical  construction,  by  means  of  a  projec- 
tion, is  sufficiently  accurate  for  the  prediction  of 
eclipses.  The  most  simple  is  that  which  supposes 
the  observer  to  be  placed  in  the  sun,  and  to  see  the 
path  which  any  place  on  the  earth*'s  surface  de- 
scribes in  consequence  of  the  diurnal  motion,  pro- 
jected into  an  ellipsis  on  the  plane  of  the  earth's 
disk,  while  the  path  of  the  moon''s  shadow  is  pro- 
jected into  a  straight  line  on  the  same  disk.  La 
Caille,  Astron.    Vince,  §  575. 

f.  A  very  great  addition  to  these  methods  of  calculation 
was  made  by  La  Caille,  viz.,  that  by  which  a 
geographical  representation  is  given  of  the  path  of 
the  shadow,  the  quantities  and  the  times  of  obscu- 
ration, S:c.  for  all  places  of  the  earth.  La  Caille, 
Astron.  11 6G.    La  Lande,  Aslron.  §  1911. 

The  construction  of  such  a  map  may  be  made  with 
sufficient  accuracy  by  means  of  a  celestial  globe. 


K4 


Number 
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umber  of  Eclipses. 

a.  In  the  space  of  eighteen  years,  there  are  usually 
about  70  eclipses,  29  of  the  moon,  and  41  of  the; 
sun.  These  numbers  are  nearly  in  the  proportion 
of  2  tp  3. 

5.  Seven  is  the  greatest  number  of  eclipses  that  can 
happen  in  a  year,  and  two  the  least. 

p.  If  there  are  seven,  five  must  be  of  the  sun,  and  two 
of  the  moon.  If  there  iare  only  two,  they  must  be 
both  of  the  sun ;  for  in  every  year  there  are  a^ 
least  two  eclipses  of  the  sun. 

d.  There  can  never  be  more  than  three  eclipses  of  the 
moon  ip  a  year ;  and  in  some  years  there  are  none 
at  all. 

e.  Though  the  number  of  solar  eclipses  is  greater 
tlian  of  lunar  in  the  ratio  of  3  to  2,  yet  more  lunar 
than  solar  eclipses  are  visible  in  any  particular 
place,  because  a  lunar  eclipse  is  visible  to  an  entire 
hemisphere,  and  a  solar  is  only  visible  to  a  part. 
Vince's  Astron.  §  588. 

f.  Central  Eclipses  are  comparatively  rare  phenome- 
na ;  for  though  there  are  about  28  such  eclipses  in 
everj  cycle  of  eighteen  years,  yet  the  space  over 

whicl^ 
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which  every  one  of  them  appears  to  be  central,  is  a 
narrow  belt,  perhaps  a  mere  mathematical  line, 
traced  across  the  enlightened  hemisphere  of  the 
earth. 

.  A  central  eclipse  is  annular,  when  the  anglp  sub- 
tended by  the  sun's  diameter  is  greater  than  that 
subtended  by  the  moon's ;  it  is  total  for  an  instant, 
or  sine  mora,  w^hen  these  angles  are  eqiial ;  and  it 
is  total  for  a  portion  of  time  that  can  never  exceed 
eight  minutes,  when  the  angle  subtended  by  the 
moon's  diameter  is  greater  than  that  subtended  by 
the  sun's. 

A  central  eclipse  observed  at  London  in  April 
1715,  is  described  by  Dr  Halley.  The  darkness 
for  a  few  minutes  was  so  entire,  that  the  stars  be- 
came visible.  Thougli  the  disk  of  the  sun  was 
wholly  covered  by  the  moon,  a  luminous  ring  of  a 
faint  pearly  light  surrounded  the  body  of  the  moon 
the  whole  time.  Its  breadth  was  about  a  tenth  of 
the  moon's  diameter.  The  longest  time  that  the 
obscuration  lasted  any  where  in  Britain,  was  about 
3ni  57s.  -Phil.  Trans,  vol.  29,  p.  295.,  &ec.  ;  Vince, 
Aslron.  vol.  i.  §  585. 
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Occidtation  of  Slars. 

152.  The  same  method  used  in  calculating 
eclipses,  may  be  applied  to  compute  the  occul- 
tation  of  a  lixed  star  by  the  moon  ;  only,  when 
the  moon  is  distant  from  the  ecliptic,  the  base  of 
the  right-angled  triangle  in  the  former  construc- 
tion, must  not  be  supposed  equal  to  the  difference 
of  longitude,  but  to  that  difference  multiplied 
into  the  sine  of  the  zenith  distance,  or  the  cosine 
of  the  latitude. 

If  S  (fig.  16.)  be  the  star,  D  the  moon,  D  the  dlfle- 
rence  of  latitude,  SE  is  not  to  be  taken  as  equal 
to  AC,  the  difference  of  longitude,  but  as  equal  to 
AC  X  sin  SP  —  dif.  long,  x  cos  x . 

The  distance  SD  being  thus  found,  the  rest  of  the 
computation  is  as  bcfoi'e. 

If  at  the  time  of  the  mean  conjunction  of  the  moon 
and  a  star,  that  is,  when  the  modn^'s  mean  longi- 
tude is  the  same  with  the  longitude  of  the  star, 
their  difference  of  latitude  exceed  \°  37'  there  can 
be  no  occultation,  but  if  the  difference  be  less  than 
51',  there  must  be  an  occultation  somewhere  on 
the  face  of  the  earth.  Between  these  limits  there 
is  a  doubt,  which  can  only  be  removed  by  the  cal- 
culation of  the  moon's  true  place.  Vince,  vol.  i. 
§591. 

All 
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X\\  the  Stars  of  which  the  latitude  is  less  than  4"  32^ 
may  suffer  occultations  by  the  moon,  in  any  part  of 
the  earth.  Dr  Brewster  has  given  a  catalogue  of 
tlie  most  remarkable  stars  subject  to  occultations 
of  the  moon.  Edinburgh  Encyclopccdiaf  art.  Astro, 
mm^,  vol.  II.  p.  66S. 

Sect.  IX. 

OF  THE  PLANETS. 


153.  It  was  said,  (§  3.  «. )  that  beside  the  sua 
and  moon,  ten  of  the  stars  have  motions  eastward, 
peculiar  to  themselves.  They  are  called  Planets, 
•and  are  distinguished  by  particular  names,  which, 
taken  in  the  order  of  the  celerity  of  their  motions, 
are  Mercury,  Venus,  Mars,  Juno,  Vesta,  Ceres, 
F alias,  Jujnter,  Saturn,  Uranus. 

a.  The  first  two  perform  their  revolutions  in  the 
heavens  in  less  than  a  year,  and  are  called  inferior 
Planets ;  the  rest  have  their  period  greater  than  a 
year,  and  are  called  superior. 

b.  Five  of  the  Planets,  Mercury,  Venus,  Mars,  Jupi- 
ter, and  Saturn,  are  very  conspicuous,  and  have 
been  known  from  immemorial  time.  Pliny  says 
of  them  :  "  Suus  quidem  cuique  color  est ;  Saturno 
caiididus,  Jovi  clarus,  Marti  igneus,  Lucifero  can- 
dens,  Vesperi  refulgens,  Mcrcurio  radians ;  ^loli 

CllQS 
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cum  oritur  ardens,  postea  radians,"  Hist.  Nat. 
lib.  II.  cap.  16. 

By  Lucifer  is  understood  Venus,  when  seen  in 
the  morning  before  sunrise.  By  Vesper,  the 
same  planet  seen  in  the  evening  after  sunset. 

c.  The  other  five  planets  are  visible  only  through  the  te- 
lescope, and  have  been  lately  discovered  ;  Uranus  by 
Herschel,  in  1781  ;  Ceres  by  Piazzi,  in  1801; 
Pallas  by  Olbers,  in  1802;  Juno  by  HAHDiNCj, 
in  1803;  Vesta  by  Olbers,  in  1S07. 

(1.  The  planets  have  also  particular  characters,  by 
which  tliey  are  distinguished;  these,  in  the  order 
in  which  they  have  been  enumerated,  are, 

?    ?   ,?  t  i  ?  $  ^  ij  1ft- 

It  is  best  to  begin  with  the  inferior  planets,  and 
with  Venus,  as  that  of  which  the  phenomena  arp 
most  easily  observed. 

154.  Vows  the  most  brilliant  of  the  planets, 
always  accompanies  the  sun,  never  receding  fron> 
him  more  than  45°,  and  becoming,  as  she  is  on 
the  east  or  west  side,  alternately  the  Evening  or 
the  Morning  Star. 

a,  Venus  is  the  only  planet  mentioned  in  the  Sacred 
Writings,  and  in  the  most  ancient  poets,  such  a^ 
Hesiod  and  Homei^. 

*.  The 
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b.  The  Evening  and  Morning  Star,  or  the  Hesperus 
and  PhospJiorus  of  the  Greeks,  were  at  first  suppo- 
sed to  be  different.  The  discovery  that  they  are 
the  same  is  ascribed  to  Pythagoras. 

155.  This  planet,  when  an  evening  star,  and  at 
her  greatest  distance  from  the  sun,  or  at  what  is 
called  her  Greatest  Elongation,  appears,  through 
the  telescope,  to  have  a  semicircular  disk,  like  ths 
moon  in  the  last  quarter,  with  its  convexity  turn- 
ed to  the  west.-  From  that  time,  during  her  ap- 
proach to  the  sun,  her  splendour  increases  for  a 
while,  though  the  quantity  of  the  illuminated 
disk  diminishes,  like  the  moon  in  the  wane  ;  and 
at  the  same  time,  her  diameter,  measured  by  the 
distance  of  the  horns,  increases. 

a.  At  the  time  of  her  greatest  elongation,  Venus  is 
stationary  with  respect  to  the  sun,  or  has  the  same 
motion  in  longitude.  After  that,  her  motion  in 
longitude  becomes  slower  than  the  sun's,  and  she 
comes  nearer  to  the  sun,  as  just  remarked.  At  a 
certain  point  she  becomes  stationary  with  respect 
to  the  fixed  stars,  having  no  motion  in  longitude. 
After  that,  her  motion  becomes  retrograde  in  re- 
spect of  the  fixed  stars,  and  is  directed  west- 
ward. 

0.  Venus  at  last  approaches  the  sun,  so  as  to  be  lost 
in  his  light ;  and  after  some  time,  appears  on  the 

Avest 
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west  side,  and  is  seen  in  the  morning,  before  tliP 
sun  rises. 

Though  Venus  in  general  is  not  visible  at  the  time 
of  her  conjunction  with  the  sun,  she  has  sometimes 
been  seen  as  a  dark  spot  passing  over  the  body  of 
the  sun.  This  is  the  phenomenon  called  the  Tran- 
sit of  Venus.  Her  diameter  is  then  greatest,  and 
Pleasures  nearly  one  minute. 

156.  As  Venus  proceeds  to  the  westward,  her 
disk  is  seen  as  a  crescent  continually  increasing, 
at^^the  same  time  that  the  diameter  is  diminish- 
ing. At  the  elongation  of  45°,  the  disk  is  again 
a  semicircle  ;  and  from  thence  it  increases,  while 
the  distance  fr^m  the  sun  diminishes,  till  the  pla- 
net is  lost  in  the  sun's  rays;  her  orb  being  almost 
a  '"ircle,  but  its  diameter  not  more  than  one-sixth 
of  what  it  was  at  the  former  conjunction. 

a.  The  conjunction,  which  is  preceded  by  the  ap- 
proach to  a  full  orb,  or  that  which  follows  the  wes- 
tern elongation  of  Venus,  is  called  the  superior  con- 
Junction,  as  she  is  then  farthest  from  the  earth.  The 
other  the  inferior. 

I.  The  time  of  the  greatest  elongation  of  Venus  is 
about  sixty-nine  days  before  or  after  the  inferior 
conjunction,  when  she  is  between  39^  and  40°  dis- 
tant from  the  sun,  and  comes  to  the  meridian  Ih 
38*"  either  before  op  after  noon  ;  her  disk  is  then 

like 
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like  that  of  the  moon  five  days  before  or  after  the 
conjunction.    La  Landf ,  §  1147. 

lo7.  After  the  superior  conjunction,  the  orb  of 
Venus  increases  in  magnitude  ;  but  the  enlighten- 
ed part  diminishes,  just  reversing  the  former  order, 
till  she  arrive  at  her  greatest  eastern  elongation  ; 
after  which  the  phenomena  are  repeated,  as  alrea- 
dy mentioned ;  and  the  period  which  circumscribes 
all  those  changes,  or  the  time  from  one  conjunc- 
tion to  the  next  conjunction  of  the  same  sort,  is, 

its  mean  quantity,  684  days. 

a.  This  is  called  the  Si/nodical  Revolution  of  Venus. 
She  is  retrograde  with  respect  to  the  fixed  stars 
during  furty-two  days  of  that  period. 

15S.  Hence  it  is  evident,  that  the  orbit  of  Ve- 
vjs  surrounds  the  Sun,  but  excludes  the  Earth  ; 
\nd  that  her  motion,  with  respect  to  the  sun,  may 
be  equable,  notwithstanding  the  variety  of  ap- 
'je?;rances  it  puts  cn  to  a  spectator  in  the  earth. 

a.  If  a  be  the  distance  of  the  earth  from  the  sun,  and 
t  that  of  Venus  from  the  sun_,  a  -\-  x  will  be  it« 
distance  from  the  earth,  at  the  superior  conjunc- 
tion, and  a  —  x  at  lIic  mfcrlor;  and  by  §  15(>. 
a  +  X  :  a  —  x::G:l;  so  tiiat  2  a  :  2  x  :  :  7  :  5.,  or 
as  10  to  7.  If  ih'i  earth's  distance  from  the  sun 
>>e  called  10,  that  nf  Venus  is  7 ;  and  this  .verves  as 


160       OtiTLlNES  OF  NATURAL  PHILOSOPHY. 


a  first  approximation  to  the  distance  of  Venu>. 
supposing  her  orbit  a  circle,  with  its  centre  in  the 
sun. 

h.  From  the  synodical  revokition  of  584  days,  the 
periodic  time  of  Venus  is  found  nearly  equal  to  SSI- 
days.  For  if  V  be  the  angular  velocity  of  the 
planet  in  her  orbit,  or  her  diurnal  motion,  that  of 
the  earth  being  59'  S^.S  ;  then  the  arch  described 
by  the  sun,  during  a  synodical  revolution  of  Ve- 
nus is  (59'  8".3)  584 ;  and  that  described  by  Venus 
in  the  same  time  is  360  +  (59'  8".3)  584 ;  there- 
fore  the  diurnal  motion  of  Venus  in  her  orbit 

360  +  (59'  8".3)  584  _  360 
=  584   ®      +  584 

~    r  35'  56" ;     and    the    periodic    time  = 

159.  3Iercu?y,  like  Venus,  accompanies  the 
sun,  and  never  recedes  from  him  farther  than  28*^. 
The  greatest  diameter  is  1  l".£75,  the  least  5".0£5. 

a.  Hence  Mercury  describes  an  orbit  round  the  sun, 
at  the  mean  distance,  (computed  as  in  the  case  of 
Venus),  of  3-7  of  the  parts  whereof  the  Earth's  dis- 
tance from  the  sun  is  10. 

b.  The  synodic  revolution  of  Mercury  is  115^.877 
nearly. 

The 


ASTRONOMY.  l6l 

The  diurnal  motion  in  his  orbit  4°  5'  32''. 
The  periodic  time  87^.97  nearly. 

160.  The  points  in  which  a  planet  has  no  lati- 
tude, arc  called,  as  in  the  case  of  the  Moon,  the 
Nodes  of  the  Planet.  The  Planet  is  then  in  the 
ecliptic,  iind  one-half  of  its  orbit  lies  on  the  north, 
the  other  on  the  south  side  of  that  plane. 

ti.  The  line  of  the  nodes  of  every  planet,  or  the  com- 
mon section  of  the  plane  of  its  orbit,  with  the 
plane  of  the  ecliptic,  passes  through  the  Sun.  This 
was  discovered  by  KiCPLER.  See  Dr  Small's  Ac- 
count o/"K£ple:r''s  Discoveries,  p.  154. 

h.  The  node  througli  which  the  planet  passes  into  the 
northern  signs,  is  called  its  Ascending  Node ;  that 
through  which  it  passes  into  the  southern,  is  call- 
ed the  Descending  Node. 

c.  The  Heliocenlric  place  of  a  planet,  is  its  place  as 
it  would  be  seen  from  the  Sun :  the  Geocentric,  as  it 
is  seen  fi'om  tiie  Earth. 

l6\.  When  the  Earth  is  in  the  line  of  a  pla- 
net's nodes,  or,  which  is  the  same,  when  the  Sun 
is  seen  from  the  Earth  in  that  line,  if  the  planet's 
elongation  from  the  Sun,  and  its  geocentric  lati- 
tude be  observed,  the  inclination  of  the  orbit  may 
be  found  ;  for,  the  sine  of  the  elongation  is  to  the 

Vol.  II.  L  radius, 
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radius,  as  the  tangent  of  the  geocentric  latitude  to 
the  tangent  of  the  inclination. 

La  Lande,  1358.  Gregory's  Astron.  Book  iii. 
prop.  20. 

If  the  planet  be  90°  distant  from  the  Sun,  the  lati- 
tude observed  iS  just  equal  to  the  inclination.  Kep- 
i,ER  made  use  of  this  last  method  for  determining 
the  inclination  of  the  orbit  of  Mars. 

162.  If  an  inferior  planet,  at  the  inferior  and 
superior  conjunctions,  or  a  superior  planet  at  the 
opposition  and  conjunction,  be  also  (^0°  distant 
from  the  node  ;  from  the  observation  of  its  geo- 
centric place,  the  inclination  of  the  orbit  being 
known,  the  ratio  of  the  planet's  distance  from  the 
Sun,  to  the  Earth's  distance  from  the  Sun,  may 
be  found. 

In  the  annexed  figure,  (fig.  17.),  let  S  be  the  Sun, 
VV  the  orbit  of  Venus,  E  the  Earth  ;  then  joining 
EV,  EV'j  and  drawing  the  perpendiculars  VD, 
N'T)',  ifES=:a,  SVrrJ,  and  the  angleESV  =  I, 
SD  -  5  cos  I  =:  SD' }  so  that  ED  -  a  —  h  cos  I, 
and  ED'=:a +  icos  I.  If  the  angle  VES=:a, 
and    V'ES  =  V,    then    because  VD=V'D', 

tan 
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tan  A  :  tan  a'  :  :  a  +  6  cos  I  :  a  —  i  cos  I.  And 

h  _       tan  A  —  tan  x' 
hence  -  _        ^  ^^^^^  ^  ^  ^^^^  ■ 

This  affords  a  first  approximation  to  the  distance  of 
the  planet,  supposing  its  orbit  to  be  circular. 


]6S.  The  orbits  of  the  superior  planets,  include 
both  the  Sun  and  the  Earth  within  them  ;  and  the 
Sun  is  nearly  in  the  centre  of  each. 

a.  Those  planets  are  seen  in  opposition  to  the  Sun  as 
■\vell  as  in  conjunction ;  and  in  the  latter  situation, 
the  angle  subtended  by  the  planet  is  much  less 
than  in  the  former.  The  angle,  for  example,  un- 
der which  the  diameter  of  Mars  is  seen  in  opposi- 
tion to  the  Sun,  is  18".972;  and  in  conjunction 
3".96,  only  a  fifth  part  of  tlie  former.  Hence,  rea- 
soning as  before,  a  being  the  distance  of  the  Earth 
from  the  Sun,  and  b  the  distance  of  Mars  from  the 

same,  b  +  a  :  b  —  a  :  :  5  : 1,  and  2  4 :  2  a  :  :  6  :  4, 
or  b  :  a  :  :  3  :2. 


b.  When  the  oppositions  of  Mars  are  observed  in  dif. 
ferent  places  of  the  heavens,  and  when,  of  conse- 
quence. Mars  is  in  different  points  of  his  orbit,  the 
ratio  of  6  to  a  is  still  found  nearly  the  same ;  hence, 
as  we  know  that  a  does  not  vary  much,  the  varia- 
tion of  b  must  be  inconsiderable,  and  the  Sun  must 
L  2  therefore 
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therefore  be  nearly  in  the  centre  of  the  orbit  of 
Mars.  The  same  is  true  of  Jupiter,  Saturn, 
&c. 

c.  Mars  appears  with  his  disk  perfectly  round,  both 
at  the  opposition  and  the  conjunction.  In  the  in- 
termediate positions,  he  is  found  to  want  something 
of  perfect  rotundity  on  the  side  turned  farthest 
from  the  Sun. 

Observations  made  at  the  opposition  of  a  planet, 
and,  when  possible,  near  the  conjunction,  are 
valuable,  because  the  planet  is  then  seen  from  the 
Earth  in  the  same  place  it  would  be  seen  in  from 
the  Sun  ;  that  is,  the  geocentric  and  heliocentric 
places,  either  coincide,  or  differ  exactly  by  180 
degrees. 

164.  The  superior  planets  are  not  always  pro- 
gressive, or  do  not  always  move  from  west  to 
east ;  but,  like  the  inferior,  they  become  station- 
ary, and  also  retrograde.  They  are  progressive 
at  the  conjunction,  and  for  a  considerable  distance 
on  each  side  of  it  :  they  are  retrograde  at  the  op- 
position, and  at  certain  points  between,  are  station- 
ary, passing  gradually  from  one  of  these  states 
to  another. 

a.  Thus  Mars,  when  he  emerges  from  the  Sun's  rays, 
a  few  days  after  the  conjunction,  and  is  seen  to 

rise 
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rise  some  minutes  before  tlie  Sun,  is  found  to  be 
progressive ;  that  is,  his  right  ascension,  if  obser- 
ved from  day  to  day,  continually  increases.  The 
ri^ht  ascension  of  the  Sun,  however,  increases  fas- 
ter,  so  that  Mars  recedes  from  the  Sun  toward  the 
west,  though  his  real  motion,  with  respect  to  the 
fixed  stars,  is  toward  the  east.  1  he  motion,  how- 
ever, is  continually  growing  slower,  and  at  the  end 
of  a  year  nearly,  his  angular  distance  from  the  Sun 
beins  then  between  136'^  and  137",  he  becomes  sta- 
tionary,  and  is  without  any  sensible  motion  for  a 
few  days. 

His  motion  then  becomes  retrograde,  or  toward  the 
west,  and  continues  so  till  he  is  180°  distant  fronl 
the  Sun,  or  in  opposition,  so  as  to  be  on  the  meri- 
dian at  midnijiht.  His  retrograde  motion  is  then 
swiftest ;  it  afterwards  becomes  gradually  slower, 
and  ceases  altogether  when  the  planet  has  again 
come  to  be  between  136°  and  137°  distant  from 
the  Sun  on  the  other  side.  The  motion  of  Mars 
becomes  then  progressive,  and  continues  so  till  the 
conjunction,  and  beyond  it,  in  the  manner  just  de- 
scribed. 

h.  The  same  is  true,  with  certain  variations,  of  all 
the  other  planets.  The  longer  the  period,  and  the 
more  distant  the  planet  from  the  Sun,  the  longer 
the  time,  and  the  smaller  the  arc  of  retr(igi':Kia- 
tion. 

L3  For 
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For  the  six  principal  planets,  these  arcs  are  exhi- 
bited in  the  annexed  Table,  according  to  their 
meah  quantities.  See  La  Lande,  §  1192.  Als» 
BiOi,  §  97.  vol.  iij. 


TABLE. 


"Elongation, 
when  sta- 
tionai'y. 

Arch  of  Re- 
trogradation. 

Time  of  Re- 
trogradation. 

Synodic  Re- 
volution. 

IMercury, 

Venus, 

Mars, 

Jupiter, 

Siiturn, 

Uranus, 

18°  .00' 
28  .48 
13G  .48 
115  .12 
108  .54 
103  .30 

13°  .30' 
10  .12 
16  .12 
9  .54 
6  .18 
3  .36 

23  days. 

42' 

73 
121 
139 
151 

118  days. 

584 

780 

399 

378 

370 

16.5.  The  apparent  motion  of  an  object  is  affec- 
ted by  the  motion  of  the  spectator  ;  and  if  there  is 
not  a  certainty  that  he  is  at  rest,  when  the  motion 
of  the  former  appears  extremely  irregular,  it  is  na- 
tural to  inq-ire,  whether  any  motion  that  can  rea- 
sonably 
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sonably  be  ascribed  to  the  latter,  will  explain  the 
irregularities  observed. 

In  the  present  case,  there  is  not  a  certainty  that  the 
spectator,  (or  the  Earth),  is  at  rest :  the  want  of 
any  information  of  his  motion  from  terrestrial  ob- 
jects affords  none,  as,  according  to  a  principle  al- 
ready explained,  the  motions  of  bodies  among 
one  another,  are  nowise  affected  by  any  motion 
which  is  common  to  them  aU. 

166,  When  a  spectator  moves,  without  being 
sensible  of  it,  he  necessarily  transfers  his  own  mo- 
tion to  the  objects  around  him,  estimating  it  in  a 
direction  opposite  to  that  in  which  he  has  actually 
moved. 

Suppose  an  object  to  move  from  A  to  B,  (fig.  18.), 
while  an  observer,  unconscious  of  his  own  motion, 
is  carried  from  C  to  D.  From  B  draw  BF  equal 
and  parallel  to  CD,  but  extending  from  B  the  op- 
posite way  that  CD  does  from  C,  and  join  AF; 
AF  will  be  the  apparent  path  of  the  body,  and  F 
its  apparent  place,  at  the  time  when  the  spectator 
is  really  in  D,  and  the  body  in  B. 

If  the  velocity  of  the  observer  had  been  the  same, 
but  in  an  opposite  direction,  CD',  BF'  being 
drawn  =  BF,  but  opposite  to  it,  the  apparent  mo- 
tion of  A  would  have  been  in  the  line  AF'. 


This 
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This  is  evident,  because  CF  is  equal  to  DB,  and 
makes  the  same  angle  with  CD. 

Hence  it  is  evident,  that  an  object,  without  being 
really  at  rest,  may  be  apparently  so,  if  the  observer 
is  in  motion,  and  may  even  acquire  an  apparent  mo- 
tion, in  a  direction  contrary  to  its  real.  Thus  al- 
550  the  observer  and  the  object  both  moving  with 
perfect  regularity,  both  describing  concentric 
circles,  for  example,  with  uniform  velocities,  and 
directed  the  same  way,  the  one  may  become  sta- 
tionary in  respect  of  the  other,  and  even  acquire  a 
motion  in  ap  opposite  direction. 


167.  Suppose  d  to  be  the  distance  of  a  planet 
(imagining  it  to  describe  a  circle  round  the  sun) 
from  the  sun,  or  the  radius  of  its  orbit,  and  e  the 
elongation  from  the  sun,  at  which  it  appears  sta- 
tionary, the  radius  of  the  circle  in  which  the  ob- 
server must  move,  in  order  to  see  the  planet  sta- 
tionary at  that  elongation,  being  called  .r,  is  found 
from    the    equation    a:""     d  .v  z=  d^  cot*  e  ;  or 

1   ,     d  I  T- 

X  —  i/  +  -vl+4  cot"  c  . 

«t.  This  follows  from  what  Keil  has  demonstrated  in 
his  Astronomy,  Spot.  27. ;  Lemoniku,  Institutions 

Aslronomiqiies, 
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Jstnmomiqiiesy  p.  585.  La  Lande  has  simplified 
the  demonstration,  §  1188.  See  also  Biot,  vol.  iii. 
p.  iSl.,  Note. 

h.  If,  by  help  of  the  above  formula,  we  inquire,  suppo. 
sincr  the  Earth  to  revolve  in  a  \'ear  round  the  Sun, 
and  Mars  in  686.98  days,  what  must  be  the  ratio 
of  the  distance  of  the  Earth  to  the  distance  of  Mars 
from  the  Sun,  in  order  that  the  latter  may  be  sta- 
tionary at  the  elongation  of  136""'  ?  we  shall  find  it 
to  be  that  of  1  to  1.52,  which  is  the  ratio  deduced 
from  other  phenomena. 

c.  Not  only  are  the  stations  thus  explained,  but  the  ex- 

tent of  the  arches  of  progression  and  retrograda- 
tion  also.  This  coincidence  affords  a  strong  pre- 
sumption in  favour  of  the  system  of  the  Earth's 
motion,  or  that  which,  from  the  name  of  its  dis- 
coverer, is  called  the  Copernican  System. 

d.  The  same  holds  of  Jupiter,  Saturn,  Uranus.  The 

same  motion  of  the  Earth,  and  the  same  distance 
from  the  Sun,  will  account  for  the  phenomena  in 
all  the  cases  ;  so  that  whatever  probability  there  is, 
from  the  phenomena  of  one  planet,  in  favour  of  the 
Earth's  motion,  the  same  is  increased  in  a  quadru- 
jdicate  ratio,  from  considering  the  phenomena  of  all 
these  four  superior  planets. 

c.  Tlie  two  inferior  planets,  give  a  similar  increase  of 
evidence.     The  four  new  planets  are  not  taken 

into 
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into  account,  as  the  times  of  their  stations,  &c. 
may  not  yet  have  been  sufficiently  determined  by 
observation. 

f.  On  the  strength  of  this  evidence,  we  shall  assume  the 
motion  of  the  Earth  as  a  fact,  and  try  whether  it  is 
consistent  with  the  other  phenomena  of  the  plane- 
tary motions. 


Orbits  of  the  Planets. 


J  68.  If  a  planet  be  observed  twice  in  the  same 
node,  the  node  in  the  interval  being  supposed  to 
remain  fixed,  the  position  of  the  line  of  the  nodes 
may  be  determined,  and  also  the  distance  of  the 
planet  from  the  sun  at  the  times  of  observation. 

a.  Let  a  superior  planet  be  observed  in  its  node 
N,  (fig.  19.),  from  the  Earth  at  E,  and  after  the 
planet  has  made  an  entire  revolution,  and  returned 
to  the  point  N,  let  the  Earth  be  at  E'.  Then, 
from  the  time,  and  the  construction  of  the  Earth's 
orbit,  EE'  is  given,  and  the  angles  SEE',  SE'E. 
But  the  angles  SEN,  SE'N,  are  known  by  obser- 
vation ;  therefore  the  angles  EE'N,  E'EN,  as  also 

the 
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the  base  EE' ;  and  the  sides  EN,  ETS",  are  gi- 
ven. Hence,  fi'om  either  of  the  triangles  ESN, 
E'SN,  SN  is  found,  and  also  the  angle  ESN,  or  the 
heliocentric  place  of  the  node.  Gregory"'s  Asiro- 
novii/.  Book  III.  prop.  19.  Wolfii,  Elem.  Asl. 
§  777.  Thus  the  periodic  time  of  the  planet  is 
determined,  and  also  its  mean  motion. 

b.  When  observations  of  this  kind  are  made  at  a  consi- 
derable distance  of  time  from  one  another,  it  is 
found  that  the  nodes  of  every  planet  have  a  slow 
motion  retrograde,  or  in  a  direction  contrary  to 
the  order  of  the  signs. 

]G9,  The  distance  of  ^  planet  from  the  Sun, 
and  its  heliocentric  place,  or  its  longitude  as  seen 
from  the  Sun,  may  be  determined  by  observations 
made  at  the  time  of  its  opposition  to  the  Sun. 

If  E  (fig.  20.)  be  the  Earth,  S  the  Sun,  P  a  planet, 
O  its  place  reduced  to  the  ecliptic,  SN  the  line  of 
the  nodes ;  the  points  S,  E,  and  O  are  in  the  same 
straight  line,  because  of  the  planet's  opposition  to 
the  Sun,  and  the  angle  ESN,  that  is,  OSN,  is 
known  from  the  last  problem ;  therefore  the  angle 
PSO  or  PSE,  the  heliocentric  latitude,  is  also  gi- 
ven. The  angle  PEO,  the  geocentric  latitude,  is 
also  given  by  observation,  and  the  base  ES,  from 
the  theory  of  the  JLarth's  motion ;  tliercfore  SP, 
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or  the  planet's  distance  from  the  Sun,  is  found. 
The  position  of  1*S,  relatively  to  NS,  is  also  thus 
determined ;  for,  in  the  right-angled  spherical  tri- 
angle, of  which  the  base  is  the  arch  that  mea- 
sures the  angle  OSN,  and  tlie  perpendicular  the 
arch  which  measures  the  angle  PSO,  the  hypothe- 
nuse  is  the  measure  of  the  angle  PSN,  which  the 
radius  vector  makes  with  the  given  line  SN. 

b.  Thus  also,  EP,  the  planefs  distance  from  the 
Earth,  is  found.  If,  then,  by  observations  made 
a  little  before  and  after  the  opposition,  the  diur- 
nal motion  of  the  planet  in  its  own  orbit,  I'elative- 
ly  to  E,  be  determined,  the  same  may  be  found  re- 
latively to  S,  being  to  the  other  in  the  inverse  ra- 
tio of  SP  to  EP. 

When  many  oppositions  of  a  planet  are  thus  obser- 
ved, many  difl'erent  radii  of  the  planetary  orbits 
are  determined,  as  well  as  the  angular  motions 
corresponding  to  them. 

170.  It  appears,  on  laying  down  the  radii  de- 
termined as  above,  that  the  orbits  of  the  planets 
are  ellipses,  having  the  Sun  in  their  common  fo- 
cus ;  and  thcit  the  angular  motions  of  a  planet 
round  the  Sun,  are  inversely  as  the  squares  of  its 
distances  from  the  Sun;  so  that  the  sectors  de- 
scribed by  the  radius  vector,  are  proportional  to 
the  time. 

These 
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These  two  propositions,  which  have  already  been 
shewn  to  hold  of  the  Earth's  motion,  are  therefore 
common  to  the  motions  of  all  the  planets.  They 
were  discovered  by  Kepler,  and  were  first  found 
out  by  him,  with  infinite  ingenuity  and  labour, 
when  he  was  endeavouring  to  determine  the  orbit 
of  Mars. 

171.  When  the  focus  of  an  ellipse,  and  three 
points  in  its  circumference,  are  given,  the  ellipse 
may  be  described  ;  and  hence  the  planetary  orbits 
may  be  determined,  that  is,  the  axis,  the  eccen* 
tricities,  and  thence  the  equations  to  the  centres, 
&c. 

The  application  of  this  to  find  the  three  Elements 
of  an  orbit,  the  Eccentricity,  the  place  of  the 
Aphelion,  and  the  Epoch,  or  radical  mean  place,  for 
a  given  time,  is  in  La  Lande,  1288,  &c.  Also 
Visfce's  Astronomy,  vol.  i.  §  257.  See  also  New- 
TONii  Prin.  Math.  lib.  Imus^  prop.  21.  Schol. 

172.  When  the  mean  distances  of  the  planets 
are  compared,  and  also  their  periodical  times,  it  is 
found  that  the  squares  of  the  periodical  times  are 
as  the  cubes  of  the  distances. 

This  great  general  fact  was  also  discovered  by  Kap- 
ler, and  is  the  third  of  the  laws  that  bear  his 
jiame. 


173.  When 
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173.  When  the  elements  of  the  orbit  are  found 
from  observation,  at  periods  considerably  distant 
from  one  another,  the  line  of  the  apsides  of  each 
of  the  planets  is  discovered  to  have  a  slow  motion 
forward. 

La  Lande,  §  1309,  &c. 

The  Elements  of  the  Orbits  of  the  different  Tlanets 
are  given  in  the  annexed  tables. 


I. 


Inclination  of 

Long,  ascend- 

Secular motion 

the  Orbit  to  the 

ing   .'ode  for 

of  the  Node. 

Ecliptic  for 

180L 

ISOl. 

IMercury, 

7    0'  1" 

46^^  57'  31" 

—  13'  2" 

Venus, 

3  23  32 

74  52  52 

—  31  10 

Mars, 

1  11  6 

48    1  30 

—  38  48 

Juno, 

7    8  46 

103    1  0 

Vesta, 

13    3  29 

171    6  38 

Ceres, 
Pallas, 

10  37  34- 

80     1  3 

34  37  8 

172  32  36 

Jupiter, 

1  18  43 

98  25  34 

—  26  17 

Satui'n, 

2  29  38 

111  55  27 

—  37  54 

Uranus, 

0  40  26 

72  51  14 

—  59  57 

II. 
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II. 


Syderial  Revo- 

Mean Dis. 

Eccentricity, 

lutions. 

tances. 

the  mean  Dis- 

tance being  1. 

Mercury, 
Venus, 

87d .9692 

0.38709 

0.20551 

224 

.7008 

0.72333 

0.00685 

The  Earth, 

363 

.2564 

1. 

0.01685 

Mars, 

686 

.9796 

1.52369 

0.09313 

Juno, 

1335 

.205 

2.373 

0.09322 

Vesta, 

1590 

.998 

2.66716 

0.25494 

Ceres, 

1681 

.539 

2.76740 

0.07835 

Pallas, 

1681 

.709 

2.76759 

0.24538 

Jupiter, 

4332 

.5963 

5.20279 

0.04817 

Saturn, 

10758 

.9698 

9.53877 

0.05617 

Uranus, 

30688 

.7127 

19.18330 

0.04667 

nr. 
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III. 


Mean  Longi- 

Mean Longi- 
tude  of  the  Pe- 

Secular var. 

tude  of  the 

Perihelion. 

Planets, 

rihelion. 

1st  Jan.  180L 

Mercury, 

Venus, 

Karth, 

166°  0'48" 

74"  21' 46" 

9' 43" 

1133  16 

128  37  1 

4  28 

100  39  10 

99  30  5 

19  39 

Mars, 

64  22  57 

332  24  24 

26  22 

Juno, 

290  37  16 

53  18  41 

Vesta, 
Ceres, 

267  31  49 

249  43  0 

264  51  34 

146  39  39 

Pallas, 

252  43  32 

121  14  1 

Jupiter, 

11215  7 

11    8  35 

11  4 

Saturn, 

135  21  32 

89    8  58 

32  17 

Uranus, 

177  47  38 

167  21  42 

4  0 

The  First  of  the  above  Tables  gives  the  inclination  of 
the  orbits,  the  position  of  the  line  of  the  nodes,  and 
the  secular  motion  of  the  nodes  for  all  the  planets. 
The  sign  minus,  prefixed  to  the  motions  of  the 
nodes,  signifies  that  they  are  retrograde.  The  in- 
clinations of  the  orbits  of  Vesta,  Ceres  and  Pallas, 
are  greater  than  those  of  the  other  planets  ;  and 
the  orbit  of  the  last  goes  far  beyond  the  zodiac. 

The 
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"The  secular  variations  of  the  nodes  for  these  three 
planets,  and  for  Juno,  have  not  yet  been  determi- 
ned. 

'The  Second  Table,  gives  the  times  of  the  syderial  re- 
volutions in  days  ;  the  mean  distances  from  the 
Sun,  or  the  semitransverse  axes  of  the  orbits,  on 
the  supposition  that  the  mean  distance  of  the 
Earth  is  i  ;  also  the  eccentricity  of  each  orbit, 
supposing  the  semitransverse  of  that  orbit  to 
be  I. 

The  Third  Table,  gives  the  mean  longitude  df  each 
planet  for  the  1st  of  January  ISOl,  to  the  meri- 
dian of  Greenwich ;  also  the  mean  longitude  of  the 
perihelion,  or  lower  apsis  of  the  orbit,  with  the  se- 
cular variation.  See  Exposition  du  Si/steme  du 
Monde,  ed.  Biox,  torn.  iii.  §  29.  Wood- 
iiousE,  Ast.  p.  286, 


M 
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Rotation  of  the  Planet ». 

176.  Four  of  the  planets,  Venus,  Mars,  Jupiter 
and  Saturn,  when  examined  with  the  telescope, 
appear  to  revolve  on  axes,  in  the  same  direction 
in  which  they  revolve  in  their  orbits ;  the  axis 
of  each  remaining  always  parallel,  or  nearly  pa- 
rallel, to  itself. 

«.  This  conclusion  is  derived  from  the  motion  of  certain 
spots,  which  are  distinguished,  by  the  colour  or  in- 
tensity of  their  light,  from  the  other  parts  of  the 
planetary  disk.  In  this  way  the  time  of  rotation 
is  also  determined,  as  in  the  case  of  the  Sun, 

b.  It  is  thus  found,  that  Venus  revolves  in  23^21'"  9% 
on  an  axis  which  makes  a  very  small  angle  with 
the  plane  of  the  ecliptic.  This  was  first  observed 
by  the  elder  Cassini.    La.  Lande,  §  334-1. 

4;.  Mars  revolves  in  1  day  39  minutes,  on  an  axis  incli^ 
ned  at  »n  angle  of  59^43'  to  the  ecliptic. 

d.  Jupiter  revolves  in  9^  56'",  on  an  axis  nearly  perpen- 

dicular to  the  ecliptic. 

e.  Saturn  revolves  on  his  axis  in  lO''  16"^. 

Though 
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f.  Though  Mercury  is  too  much  immersed  In  the  Sun's 
rays  to  allow  points  of  unequal  splendour  to  be  ob- 
served on  his  surface,  yet  certain  periodical  inequa- 
lities, observed  in  the  Horns  of  the  disk,  seem  to 
indicate  a  revolution  on  an  axis. 

Of  tlie  other  planets,  Uranus  is  too  distant,  and  Ju- 
no, Vesta,  Ceres  and  Pallas,  too  small,  to  admit  of 
any  observation  from  which  either  a  revolution  ort 
an  axis,  or  the  contrary,  can  be  inferred, 

177.  Jupiter,  Saturn  Bnd  Mars,  are  compressed 
at  the  poles,  or  the  extremities  of  the  axes  of  revo- 
lution, in  the  same  manner  with  the  Earth. 

a.  The  compression  of  Jupiter  amounts  to  a  fourteenth 

part  of  his  longer  diameter  ;  that  of  Saturn  to  an 
eleventh. 

b.  Mars,  according  to  the  observations  of  Dr  Her- 

scHELL,  is  compressed  at  the  poles,  so  that  his 
equatorial  diameter  is  to  his  polar  axis  as  16  to  15 
nearly.  Phil.  Trans.  1781,  p.  134.  and  1784, 
p.  259.    La  Lande,  §  3343. 

178.  Some  appearances  indicate  the  existence 
of  Atmospheres  surrounding  the  planets  Jupiter, 
Mars  and  Venus,  but  are  not  sufficient  to  esta- 
blish the  fact  with  perfect  certainty. 

VjjfCE,  §  400,  &c.    BioT,  torn.  in.  §  37;,  kc. 
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Sect.  X. 

OF  THE  SECONDARY  PLANETS. 

179.  Jupiter,  when  viewed  through  a  telescope, 
is  found  to  be  accompanied  by  four  small  stars, 
ranged  nearly  in  a  straight  line^  parallel  almost  to 
the  plane  of  the  ecliptic  ;  and  occasionally  on  the 
same,  or  on  opposite  sides  of  the  planet. 

a.  Sometimes  these  small  stars  pass  between  us  and  Ju- 

piter, and  their  shadows  are  then  seen  traversing  his 
disk.  Hence,  it  is  evident,  that  both  Jupiter  and 
they  are  opaque  bodies,  which  derive  their  light 
from  the  Sun. 

b.  Jupiter,  accordingly,  projects  behind  him  a  conical 

shadow,  in  which  the  little  stars  just  mentioned 
are  often  immersed ;  so  that  they  disappear,  and 
are  eclipsed,  as  the  Moon  is,  by  falling  into  the 
shadow  of  the  Eartlt 

c.  Hence  these  little  stars  are  to  be  considered  as 

moons,  which  circulate  round  Jupiter;  and  as  they 
are  always  observed  to  move  eastward,  when  they 
are  eclipsed,  and  westward  when  they  pass  over  the 
clifikj  it  is  evident,  tltat  their  motion  is  progressive, 

or 
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»r  in  the  same  direction  with  the  motion  of  the 
planets  round  the  Sun. 

d.  The  stars  which  thus  circulate  round  another  planet, 
are  called  Satellites ;  and  also  Secondary/  Planets  ; 
those  that  revolve  immediately  about  the  Sun, 
being  distinguished  by  the  name  of  Frimari/. 

The  Moon  Is  therefore  a  secondary  planet ;  but  has 
been  treated  of  before  the  primary  planets,  because 
hor  motions  are  conspicuous,  and  very  useful  for 
explaining  the  general  phenomena  of  the  heavens. 
The  satellites  of  Jupiter  were  discovered  by  Ga- 
lileo, in  1610.  Nuncius  'Syderius,  Florentiee, 
IGKJ. 

180.  The  distances  of  the  different  satellites 
from  Jupiter,  are  nearly  in  proportion  to  the 
angles  which  these  distances  subtend  from  the 
Earth,  when  the  satellites  are  at  their  greatest 
elonga,tion3. 

yi.  The  distances  are  found,  on  this  principle,  to  be  nearly 
in  the  ratio  of  the  numbers  6,  9,  35,  and  20.  The 
satellites  are  called  First,  Second,  &c.  in  the  order 
of  the  distances,  beginning  fi'om  that  which  is  near- 
est to  Jupiter. 

h.  The  moments  of  greatest  elongation,  and  of  the  be- 
ginnings and  ends  of  eclipses,  are  almost  the  only- 
times  at  which  the  satellites  have  been  observed  ; 
and  it  is  thence,  that  witli  much  ingenuity,  and  in- 
M3  credible 
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credible  labour,  a  complete  theory  of  their  motions 
has  been  established, 

181.  The  time  from  the  middle  of  one  eclipse 
of  a  satellite,  to  the  middle  of  the  next,  is  the 
time  of  its  synodic  revolution,  and  is  equal  to  the 
time  of  its  revolution  round  Jupiter,  increased  by 
the  time  which  it  takes  to  describe  an  arch  of  its 
orbit,  equal  to  the  arch  whicli  Jupiter  has  descri- 
bed in  the  same  time  round  the  Sun. 

a.  The  synodic  revolution  of  a  satellite  is  subject  to  va- 
riation, as  the  rate  of  Jupiter's  motion,  in  his  or- 
bit, is  not  uniform.  The  greatest  equation  of  Ju- 
piter's orbit  is  11°  8' 2";  and  the  time  of  the  first 
satellite's  moving  over  an  arch  equal  to  this,  is 
SO""  22^ ;  and  so  much,  therefore,  may  the  synodic 
revolutions  of  that  satellite  differ  from  the  mean. 
Those  of  the  4th  may  differ  6i>  13™  from  the 
same  cause.  Vince,  Ast.  vol.  i.  §  419.  La  Lande, 
Ast.  §  2925. 

182.  The  synodical  revolutions  of  the  same  sa- 
tellite, are  subject  to  an  inequality,  depending  on 
the  distance  of  the  Earth  from  Jupiter. 

a.  When  the  Earth  is  nearest  to  Jupiter,  or  at  the  time 
of  Jupiter's  opposition  to  the  Sun,  if  the  synodic 
revolution  be  n,  the  successive  eclipses  should  hap- 
pen at  the  intervals  n,  2n,3n,  &c.  reckoning  from 
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the  first.  But  they  are  found  to  happen  later  thaji 
those  intervals,  by  quantities  which  increase  pro- 
gressively, till  near  the  conjunction,  when  the 
Eartlfs  distance  from  Jupiter  is  the  greatest. 
From  this  time  to  the  opposition  again,  a  series  of 
anticipations  takes  place,  just  equal  to  the  former 
retardations,  and  in  a  reverse  order,  so  as  to  bring 
back  the  eclipses  near  the  opposition,  to  the  time 
at  whieh  they  would  have  liappened  if  none  of 
those  inequalities  had  taken  place. 

b.  The  amount  of  the  retardation,  from  the  opposition 
to  the  conjunction,  is  16m  26^  neai'ly.  The  inequa- 
lity is  the  same  in  all  the  satellites.  Tor  the  first 
satellite,  n  —  42  hours  nearly. 


183.  The  inequality  just  described,  is  complete- 
ly explained,  by  supposing  light  to  be  propagated 
in  succession,  and  with  a  velocity  by  which  it  pas- 
ses from  the  Sun  to  the  Earth  in  S""  1 3*^<=. 

Cassixi  and  Maraldi  discovered  this  inequality  in  the 
first  satellite,  and  the  explanation  just  mentioned 
occurred  to  tliem,  but  was  rejected,  because  it 
implied  the  existence  of  the  same  inequality 
in  tlie  other  satellites,  which  did  not  appear  from 
their  observations  to  be  true.  Maralui  also  ob- 
jected to  this  explanation,  that,  if  just,  the  inequali- 
ty must  be  affected  by  the  eccentricity  of  Jupiter's 
orbit.  The  explanation,  however,  was  revived 
by  RoEMKR  in  1G74,  and  the  inequulilv  was  shewn 
M4  '  by 
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bj  HALtEY  to  belong  to  all  the  satellites.  It  has 
also  been  found,  that  the  eccentricity  of  Jupiter's 
orbit  does  affect  th^  inequality  in  question.  Me- 

I/ANDERHJELM,  AslrOH.  Vol.  IJ.  p.  584. 

184.  The  same  law  connects  together  the  periods 
of  the  satellites,  and  their  mean  distances  from  Ju- 
piter, which  connects  the  periods  of  the  planets, 
and  their  mean  distances  from  the  Sun  ;  that  is, 
the  squares  of  the  former  quantities  are  as  the 
cubes  of  the  latter. 

Newtoni  Princip.  Math.  lib.  nr.  prop.  17. 

185.  The  mean  motion  of  the  first  satellite,  add- 
ed to  twice  the  mean  motion  of  the  third,  is  equal 
to  three  times  the  mean  motion  of  the  second. 

a.  If  m,  m",  are  the  mean  motions  of  the  first,  se- 
j       cond,  and  third  satellite  of  Jupiter, 

m'  +  2  m'"  =  3  m'. 

b.  Also  if  L',  L",  L'",  are  th-e  longitudes  of  these  sa- 

tellites, I/  — 3L"  +  2L"'^180°.  Mechanique 
CelestCy  torn.  i.  p.  342. 

186.  The  orbits  of  the  satellites  are  not  in  the 
same  plane  with  the  orbit  of  Jupiter. 

This  appears  from  the  duration  of  the  eclipses  of  th^ 
same  satellite,  when  compared  with  one  another. 
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The  Table  of  their  inclinations  will  be  afterwards 
given. 

187.  The  first  satellite  has  been  found,  from 
observation,  to  have  an  inequality,  which,  mea- 
sured by  time,  is  3°^30^"=%  varying  as  the  sine  of 
the  satellite's  distance  from  a  certain  point  in  its 
orbit. 

Wargentin  found  out  this  inequality  from  observe-, 
tion.    VxNCE,  Aslron.  vol.  i.  §421. 

J  88.  The  second  satellite  is  subject  to  an  ine- 
quality of  16™  30*^''  in  time,  having  its  changes  inr 
eluded  in  a  period  of  437  day^. 

c.  The  period  of  437  days,  is  also  that  in  which  the  first 
three  satellites  return  to  the  same  situation  in  re-' 
spect  of  Jupiter. 

The  third  satellite  is  subject  to  an  inequality  nearly 
of  the  same  amount,  and  circumscribed  by  the  same 
period.  This  is  also  from  the  observat,ions  of  War- 

GEXTIN. 

189.  The  orbit  of  the  fourth  satellite  is  sensi- 
bly elliptical ;  the  equation  of  the  centre  is  50'  2(f 
nearly,  and  the  place  of  the  higher  apsis  in  I700 
was  lOs  29'^  2'-l' ;  the  longitude  of  th?  satellite  be- 
ing 7"  17'  18' 2". 

From 
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a.  From  analogy  we  may  conclude,  with  considerable 
probability,  that  the  orbits  of  all  the  satellites  are 
either  circles  or  ellipses. 

h.  Dr  Herschell  has  observed,  that  the  same  satellite 
is  more  luminous  at  one  time  than  another,  and  that 
the  period  of  these  changes  is  for  each  satellite  the 
same  with  the  time  of  its  revolution  about  Jupiter ; 
hence  he  has  inferred,  that  the  satellite  also  revolves 
on  its  axis,  in  the  same  time  that  it  revolves  about. 
.Tupiter. 

This  is  also  the  law  of  the  Moon's  rotation,  §  132. 

J 90.  The  beginning  or  end  of  an  eclipse  of  a  sa- 
tellite, marks  the  same  instant  of  absolute  time  to 
all  the  inhabitants,  of  the  Earth,  and  may  there- 
fore be  employed  for  finding  the  longitude,  in  the 
same  way  with  an  eclipse  of  the  Moon,  §  67.  and 
11.6. 

a.  The  immersion  of  a  satellite  into  the  shadow  of  Ju- 
piter, and  its  emersion  from  it,  are  instants  more 
precisely  defined  than  the  beginning  or  end  of  a  lu- 
nar eclipse;  and  therefore  the  longitude  is  more 
accurately  found  by  the  former.  The  comparison 
may  either  be  made  between  the  observation  and 
the  Tables  -,  or  between  it  and  another  observation 
made  under  a  known  meridian. 

h.  The  first  satellite  is  the  most  proper  to  be  observed, 
its  motions  being  best  known,  and  its  eclipses  re- 
curring most  frequently. 

Astronomers; 
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c.  Astronomers,  who  would  compare  their  observatloas 

of  these  eclipses,  should  be  i'urnished  with  tele- 
scopes very  much  alike  in  distinctness  and  magni- 
fying power.  The  greater  perfection  of  the  tele- 
scope will  gis'e  the  immersions  later,  and  the  emer- 
sions earlier.  On  the  whole,  it  is  best  to  employ, 
as  De  LAiMBRE  advises,  telescopes  of  moderate 
power.    Abrcge  d'Astron.  le^on  22.  §  14<. 

d.  The  apparent  instant  of  immersion  or  emersion,  will 

also  be  affected  by  the  proximity  of  Jupiter  to  the 
Earth,  and  by  the  altitude  above  the  horizon.  M. 
Bailey  has  given  rules  for  correcting  the  effects 
arising  from  all  these  circumstances.  See  Thcorit 
des  Satellites,  par  M.  Bailly.  Also  Mem.  Acad. 
Royale  des  Sciences,  1771  ;  and  Phil.  Trans,  vol. 
Lxiii.    La  Lande,  §  3047.    Vince,  vol.  i.  §  460. 

191.  By  observing  the  time  required  by  the  sa- 
tellites to  enter  into  the  shadow,  the  angles  which 
their  diameters  subtend  at  the  centre  of  Jupiter 
may  be  computed. 

According  to  Whiston,  the  first  satellite  employe 
ImlOs;  the  second,  2m  20^;  the  third,  3in40%- 
and  the  fourth,  5i"  30s,  to  enter  completely  into  the 
shadow,  when  they  enter  it  perpendicularly.  La 
Lande,  §  3038.  From  more  accurate  observations, 
!M.  Bailly  computed  their  diameters,  as  seen 
from   Jupiter,   the   first,   60' 20";   the  second, 

29' 42"; 


18B      OUTLINES  Of  NATURAL  PHILOSOPHY. 

29' 42^;  the  third,  22' 28";  and  the  fourth, 
9' 39". 

192.  The  planets  Saturn  and  TJranus  have  als© 
satellites ;  the  former  seven,  and  the  latter  six  ; 
which,  with  the  Moon,  make  eighteen  secondary 
planets  in  the  solar  system. 

a.  The  fourth  of  the  satellites  of  Saturn  was  the  first 
discovered  ;  it  was  seen  by  Huygens  in  1655. 
The  first,  second,  third  and  fifth,  were  discovered 
by  Cassini,  between  the  years  1671  and  1684. 
Other  two  satellites,  which  we  improperly  call  the 
sixth  and  seventh,  though  they  are  nearer  to  Sa- 
turn than  any  of  the  rest,  were  discovered  by  Dr 
Herschell  in  1789. 

• 

193.  The  Connection  between  the  periodic  times 
and  the  mean  distances  of  the  satellites  of  Saturn, 
is  the  same  as  in  the  satellites  of  Jupiter,  and  in 
the  primary  planets. 

a.  The  fifth  satellite  disappears  regularly  for  about  one- 
half  of  the  time  of  its  revolution  round  Saturn  ; 
and  hehce  Newton  concluded,  that  its  revolution 
on  its  axis  is  of  the  same  duration  with  its  re- 
volution round  Saturn.  Princip.  Math.  lib.  iii. 
prop.  17. 
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194.  The  six  satellites  of  Uranus,  have  their  or- 
bits nearly  in  one  plane,  at  right  angles  to  the  plane 
of  the  orbit  of  the  planet. 

fit.  These  satellites  were  discovered  by  Dr  Hebschell,  in 
1S07  and  180S. 

1).  The  plane  in  which  these  satellites  move,  passes  twice 
in  the  year  through  the  Sun ;  and  at  those  times 
there  may  be  eclipses,  but  they  cannot  be  seen  un- 
less Uranus  be  near  his  opposition. 

Eclipses  of  the  satellites  of  Uranus  were  visible  in 
1799,  and  they  will  be  visible  again  in  1818, 


liing  of  Satutn. 

IQo.  Saturn  is  surrounded  by  a  circular  ring, 
concentric  with  himself,  which,  being  seen 
obliquely,  is  of  an  oval  or  elliptic  form,  and  shijaes 
with  the  same  light  as  the  planet. 

If  we  suppose  the  radius  of  Saturn,  at  his  mean  dis- 
tance, to  subtend  an  angle  of  9",  the  interior  dia- 
meter of  the  ring,  supposing  it  circular,  will  bp 
15",  and  the  exterior  leaving  a  void  of  G"  be- 
tween the  planet  and  tlie  ring,  apd  the  same  quan- 
tity for  the  breadth  of  the  ring.    Stars  have  bee« 

observed 


V90       OUTLINES  OF  NATUft.AL  PHILOSOPHY, 


observed  between  the  ring  and  the  planet.  Smith's 
Optics.    Pe  la  Lande,  torn.  ni.  §  3353. 

b.  The  plane  of  the  ring  is  in  the  plane  of  the  equator 
of  Saturn  ;  it  is  inclined  to  the  orbit  of  the  planet, 
nearly  at  an  angle  of  30°,  and  remains  alw&ys  pa- 
rallel to  itself. 

196.  When  Saturn  is  in  the  longitude  of  5*  20°, 
or  of  11^  20',  the  plane  of  the  ring  passes  through 
the  Sun,  and  the  light  then  falling  upon  it  edge- 
wise, it  is  no  longer  visible  to  us. 

a.  This  disappearance  of  the  ring  has  been  often  obser- 
ved.   La  Lands,  §  3354. 

The  disappearance  of  the  ring  from  this  cause,  lasts 
only  a  few  days ;  for  when  Saturn  has  passed  the 
node  of  the  ring  three  or  four  minutes,  or  the  Sun 
has  risen  above  its  plane  by  that  quantity,  the  ring 
becomes  visible. 

197.  The  ring  also  disappears,  when  its  plane 
passes  through  the  Earth  ;  for  its  edge,  or  its 
thickness,  being  then  directed  to  the  eye,  and  be- 
ing too  fine  to  be  seen,  the  planet  appears  quite 
round. 

a.  In  this  case,  the  Earth  requires  to  be  elevated  above 
the  plane  of  the  ring,  at  least  half  a  degree  before, 
the  ring  is  seen,  which  makes  it  continue  invisible 
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3even  or  eight  days  before  and  after  the  passage 
of  the  Earth  tlu'ough  its  plane. 

b.  This  is  what  happens  with  ordinary  telescopes  ;  but 
with  the  forty  foot  reflector  of  Dr  HcascHiij,,  the 
ring  does  not  cease  to  be  visible.  The  Doctor  savr 
the  satellites  along  the  margin  of  the  ring,  like 
bright  beads  threaded  on  a  strino^. 

\ 

198.  There  is  a  third  cause  of  the  disappearance 
of  the  ring,  viz,  the  Earth  being  placed  on  the 
tide  of  the  ring  that  is  turned  from  the  Sui). 

The  ring  may  on  these  accounts  disappear  twice  in 
the  same  year. 

La  Lande,  3357.  Opuscule  of  Boscovich^  tom.  r. 
Also  Sejour,  Annmu  de  Saturne. 

199.  The  ring  is  divided  into  two  by  a  dark 
•ine  goin^  all  round  concentric  with  the  outer  and 
inner  circles. 

u.  This  was  first  observed  by  CASsmi,  Mem.  Acad.  4cs 
Sciences^  1715.  Short,  with  his  twelve  feet  re- 
flector, observed  the  same  ;  as  Dr  Herschell  has 
also  done. 

To  Dr  Herschell,  and  some  other  observers,  it  has 
appeared  that  there  are  niore  of  these  lines  thaii 
«ne. 


It 
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It  appears,  therefore,  that  there  are  really  two  con-- 
centric  rings,  or  perhaps  more. 

200.  The  ting  revolves  on  an  axis  at  right 
angles  to  its  own  plane  nearly,  in  the  same  time 
with  the  planet  itself,  or  in  a  little  more  than  ten 
hours. 

This  observation  we  also  owe  to  Dr'HKRscHELu 

a.  The  time  of  the  revolution  of  the  ring  is  .437  Of  d 
day,  or  10h29'"17^ 

5.  It  is  remarkable,  that  if  a  satellite  at  the  mean  dis- 
tance of  the  middle  of  the  ring,  revolved  round  Sa- 
turn, and  obeyed  the  law  of  Kepler  in  respect  of 
the  other  satellites,  it  would  revolve  exactly  in 
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Sect.  XI* 

of  comets* 

201.  A  COMET  is  a  luminous  body,  which  appears 
in  the  heavens  only  for  a  limited  time,  seldom  ex- 
ceeding a  few  months ;  during  which,  beside  the 
diurnal  motion,  of  which  it  partakes  in  common 
with  the  other  heavenly  bodies,  it  has  always  a 
motion  peculiar  to  itself,  by  which  it  changes  its 
place  among  the  fixed  stars.  Its  appearance  is 
usually  that  of  a  collection  of  vapour,  in  the 
centre  of  which  is  a  nucleus,  for  the  most  part,  but 
indistinctly  defined. 

In  some  Comets,  the  peculiar  motion  is  progressive, 
in  others  retrograde.  In  the  same  comet,  the 
motion  is  all  nearly  in  one  plane  ;  but  in  different 
Comets,  these  planes  make  all  diff^erent  angles  with 
the  ecliptic.  At  the  beginning  and  end  of  the  ap- 
pearance of  a  Comet,  it  deviates  from  the  plane  in 
which  the  middle  part  of  its  course  lies.  Newton 
(It  Systemate  Mnndi,  §  59.  The  Comets  have  no 
parallax,  and  are  therefore  certainly  beyond  the 
limits  of  our  atmosphere. 

Vol.  it.  N  202.  A 
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202.  A  Comet,  when  it  first  appears,  is  usually 
surrounded  by  a  faintly  luminous  vapour,  to  which 
the  name  of  Coma  has  been  given.  As  the  Co- 
met approaches  the  Sun,  the  coma  becomes  more 
bright,  and  at  length  shoots  out  into  a  long  train 
of  luminous  transparent  vapour,  very  much  resemi- 
bling  a  streamer,  and  in  a  direction  opposite  to 
the  Sun.    This  forms  the  Tail  of  the  Comet. 

As  the  Comet  retires  fi'om  the  Sun,  the  tail  grows 
less,  and  resumes  nearly  its  first  appearance. 
Those  Comets  which  never  come  very  near  the 
Sun,  have  nothing  but  a  coma  or  nebulosity  round 
them  during  the  whole  time  of  their  continuance. 

The  tail  is  always  transparent,  so  that  the  stars  are 
distinctly  seen  through  it,  as  they  are  even  said  to 
have  been  in  some  instances  through  the  central 
part,  or  what  was  supposed  the  nucleus  of  the  Co- 
met. 

The  length  and  form  of  the  tail  are  very  various. 
Sometimes  it  is  only  a  few  degx'ees,  at  others  it  is 
more  than  a  quadrant.  In  the  great  Comet  which 
appeared  in  1680,  the  tail  subtended  an  angle  of 
70° ;  in  that  of  1618,  an  angle  of  104°. 

The  tail  sometimes  consists  of  diverging  streams  of 
light ;  that  of  1744  consisted  of  six,  all  proceeding 
from  the  head,  and  all  a  little  bent  in  the  same  di- 
rection. 


The 
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The  Comet  of  1811  was  remarkable  for  its  beauty. 
The  tail  was  composed  of  two  diverging  beams  of 
faint  light,  slightly  coloured,  which  made  an  angle 
from  15°  to  20°,  and  sometimes  much  more,  and 
were  bent  outward.  The  space  between  was  com- 
paratively obscure.  Abrege  d'Ast.  par  De  Lambre, 
Lecon  21.  §  57. 

203.  A  Comet  remains  so  short  a  time  in  sight, 
and  describes  so  small  a  part  of  its  course  within 
our  view,  that,  from  observation  alone,  without 
the  assistance  of  hypothesis,  we  should  not  be  able 
to  determine  the  nature  of  its  path.  The  hypo- 
thesis most  co'nformable  to  analogy  is,  that  the 
Comet  moves  in  an  ellipsis  round  the  Sun  placed 
in  one  of  the  foci,  and  that  the  radius  vector  from 
the  Sun  to  the  Comet  describes  areas  proportional 
to  the  times. 

As  the  ellipse  in  which  a  Comet  moves  is  evident- 
ly very  eccentric,  it  will  coincide  very  nearly  with 
a  parabola,  at  its  vertex,  or  for  all  the  time  that  a 
Comet  remains  in  siglit. 


204.  If  it  be  supposed  that  the  Comet  describes 
an  ellipsis  or  a  parabola,  in  conformity  to  the 
laws  of  Kepler,  then  from  three  geocentric  pla- 
ces, known  by  observation,  the  orbit  may  be  de- 
termined. 

The  first  solution  of  this  problem  was  given  by  New- 
ton, Princip.  lib.  m.  prop.  41.    lie  calls  it  Problc- 
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ma  longc  diJJicUlimum,  and  it  may,  therefore,  be 
readily  believed,  that  the  solution  does  not  fall 
within  the  limits  of  an  elementary  ti-eatise.  At 
the  same  time,  a  very  simple  geometrical  problem 
is  the  foundation  of  it.  Jrt'th.  Universalis.  The 
determination  of  the  orbit  implies  that  of  the  five 
quantities,  which  are  its  elements  : 

1.  The  inclination  of  the  orbit.  2.  The  position  of 
the  line  of  the  nodes.  3.  The  longitude  of  the  pe- 
rihelion. 4.  The  perihelion  distance  from  the 
Sun.  5.  The  time  when  the  Comet  is  in  the  pe- 
rihelion. 

Neavton's  solution  being  a  laborious  and  indirect  ap- 
proximation, the  problem  has  been  attempted  by 
many  others.  I^a  Caille,  Astron.  §  775,  &c. 
BoscoviCH,  Opera,  tom.  iii.  p.  14.  &c.  The  solu- 
tions of  BoscoviCH  and  La  Place  are  illustrated  by 
Sir  H.  Englefield,  in  his  Determination  of  the  Or- 
bits of  Comets,  Lond.  1793. 

La  Lande  has  given  a  mechanical  construction,  that 
serves  for  finding  the  orbit  nearly,  §  3127. ;  it  is 
followed  by  Vince,  §  653.  Lambert  has  demon- 
strated some  remarkable  properties  of  the  orbits  of 
Comets,  in  a  work  entitled  Insigmiores  Orhitce  Co- 
mctarum  proprietates,  Aug.  Vind.  1761,  8vo.  See 
also,  La  Guange,  Mem.  de  Berlin,  1783. 

The  most  perfect  solution  of  all  is  supposed  to  be  that 
of  La  Place,  Mechaniquc  Celeste. 
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The  latest,  and  in  practice  one  of  the  best,  is 
that  of  D£  Lambre,  Abrege  iVAslron.  Lecon  21. 
§24. 

205.  The  only  Comet  which  is  known  with  ab- 
sokite  certainty  to  have  returned,  is  that  of  1682,' 
which,  conformably  to  the  prediction  of  Dr  Hal- 
LtY,  appeared  in  17o9. 

Dr  Halley  was  led  to  this  prediction  by  observing, 
that  a  Cornet  had  appeared  in  1607,  and  another 
in  1531,  and  that  the  elements  of  their  orbits, 
when  calculated  from  the  observations  made  on 
them,  agreed  nearly  with  those  of  the  Comet  of 
16S2,  the  period  being  between  seven ty-five  and 
seventy- six  years. 

Though  there  can  be  no  doubt  that  these  four  Co- 
mets were  the  same,  they  were  considerably  unlike 
in  appearance.  The  Comet  of  1531  was  of  a 
bright  gold  colour ;  that  of  1G07  dark  and  livid; 
in  1GS2  it  was  bright;  in  1759  it  was  obscure. 
PiNGiiE',  Comelographie,  torn.  ii.  p.  189. 

The  return  of  some  of  the  other  Comets  is  probable, 
though  not  certain. 

The  great  Comet  of  1G80,  was  supposed  by  Dr  Hal- 
ley  to  have  a  period  of  575  years,  and  to  be  the 
same  wiiicli  had  appeared  a  little  before  the  death 
of  Jllius  CiEsAit,  in  the  year  44  A.  C. ;  again,  in 
the  reign  of  Justinian,  in  the  year  531  P.  C. ;  and 
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in  1106,  in  the  reign  of  Henry  I:  At  all  these 
periods,  appearances  of  a  great  and  terrible  Co- 
met are  recorded,  but  no  such  observations  as 
can  ascertain  the  identity  of  the  elements.  Synop- 
sis Astronomice  Cometica;,  subjoined  to  Halley's 
Astronomical  Tables. 


206.  The  Comet  of  1680,  mentioned  above,  is 
remarkable  for  having  approached  nearer  to  the 
Sun  than  any  other  that  is  known.  At  its  peri- 
helion, its  distance  from  the  Sun  was  only  y^-j-th 
part  of  the  Earth's.  It  descended  to  the  Sun  with 
great  velocity,  and  almost  perpendicularly,  and 
ascended  in  the  same  manner,  remaining  in  sight 
for  four  months. 

When  this  Comet  was  in  the  perihelion,  the  diame- 
ter of  the  Sun  must  have  subtended  an  angle  of 
more  than  lli^  degrees.  See  many  interesting 
particulars  with  respect  to  it,  Princip.  torn.  nr. 
■prop.  41.  a<  the  end. 

The  phenomena  of  the  tails  of  Comets,  shew  the  ce- 
lestial spaces  to  be  void  of  resistance. 

Some  Comets  have  come  very  near  the  Earth.  The 
Comet  of  1472,  is  said  by  Regiomontanus  to  have 
moved  over  an  arch  of  120  degrees  in  one  day. 
The  Comet  1760,  moved  over  an  arch  of  41  de- 
grees in  the  same  space  of  time.  As  neither  of 
them  could  probably  have  described  in  its  orbit 

more 
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more  than  an  arch  of  a  few  degrees,  these  extraor- 
dinary apparent  changes  of  place  can  only  have 
proceeded  from  vicinity  to  the  Earth. 

207.  It  appears  that  Comets  contain  very  little 
inatter,  and  have  but  a  very  feeble  action  on  other 
bodies. 

In  the  year  1454,  a  Comet  is  said  to  have  eclipsed  the 
Moon  ;  so  that  it  must  have  been  very  near  to 
the  Earth ;  yet  it  produced  no  sensible  effects. 
The  Comets  just  mentioned  produced  none.  A 
Comet  in  1770,  came  very  near  to  the  satellites  of 
Jupiter,  but  produced  no  derangement  in  the  sys- 
tem. 

208.  The  number  of  Comets  observed  and  re- 
corded, with  more  or  less  accuracy,  exceeds 
350. 

Pingre',  who  wrote  in  1783,  enumerates  324;  and 
32  are  now  to  be  added. 

Of  these,  not  so  many  as  a  third  have  been  observed 
with  such  accuracy,  as  to  allow  the  elements  of 
their  orbits  to  be  ascertained.  The  elements  of  93 
have  been  computed,  going  back  as  far  as  837, 
and  coming  down  to  tlic  Comet  of  1807.  See 
Ferol'son's  Astronomy,  (Brewster's  edit.),  vol.  11. 
p.  360. 
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Sect.  XII. 

OF  THE  ABERRATIONT  OF  LIGHT,  AND  THE  NUTA- 
TION OF  THE  earth's  AXIS. 

Aberration  of  Light, 

209.  If  a  ray  of  Light,  coming  in  a  straight  line, 
and  with  a  given  velocity,  pass  through  a  tube, 
also  moving  in  a  straight  line,  with  a  given  velo- 
city, and  remaining  parallel  to  itself;  the  path  of 
the  ray,  relatively  to  the  tube,  is  the  diagonal  of  a 
parallelogram,  the  sides  of  which  are  proportional 
to  the  velocities  of  the  Light,  and  of  the  tube,  and 
in  the  same  straight  lines,  one  of  the  velocities 
only,  being  estimated  in  a  direction  opposite  to  its 
own. 

This  is  evident  from  the  composition  of  motion. 

We  may  conceive  v^^hat  is  here  supposed,  to  be  actu- 
ally the  case,  with  a  ray  of  light  coming  from  a 
fixed  star,  and  passing  through  a  telescope,  or  a 
tube,  furnished  with  plain  sights ;  the  tube  having 
the  same  motion  with  the  earth  in  its  orbit,  which, 
for  a  short  time,  may  be  regarded  as  rectilineal  and 
uniform.    The  path  of  the  ray  in  the  tube,  is 

therefore 
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therefore  not  directed  to  the  point  from  which  the 
ray  comes,  and  the  line  of  collimatton  (the  line  in 
tlie  tube  along  which  the  object  is  viewed)  must 
be  inclined,  so  as  to  have  the  direction  of  the  path 
of  the  ray,  or  of  the  diagonal  just  mentioned. 

The  angle  thus  contained  between  the  line  drawn  to 
the  object,  and  the  line  of  the  tube  in  which  the 
object  is  seen,  is  called  the  Aberration. 

210.  When  the,  motion  of  the  tube,  or  of  the 
earth,  is  perpendicular  to  the  motion  of  the  ray, 
the  aberration  is  a  maximurii,  and  is  measured  by 
the  arch  which  the  earth  describes  in  its  orbit,  in 
the  time  which  light  takes  to  come  to  it  from  the 
sun. 

In  8'  13",  light  moves  over  the  radius  of  the  earth's 
orbit ;  and,  in  the  same  time,  the  earth  moves  over 
an  arch  of  20''.232,  which  is  therefore  the  maxU 
mum  of  the  aberration  ;  and  this  is  found  by  obser- 
vation to  be  accurately  true. 

211.  Every  star  appears  to  describe  an  ellipsis  m 
the  heavens,  of  which  the  true  place  of  the  star 
is  the  centre ;  the  semitransverse  .axis,  20''.232, 
in  the  direction  of  a  tangent  to  the  parallel  of 
latitude  of  the  star;  and  the  semiconjugate  axis, 
2CK.232  X  sin  Lat.  of  the  star. 

Simp80n''8  Essay Hy  1740,  p.  1.  8cc. 

If 
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If  the  star  is  in  the  pole  of  the  ecliptic,  it  describes  a 
circle,  with  the  radius  20".232,  having  the  pole  for 
its  centre. 

If  the  star  is  in  the  ecliptic,  it  describes  a  straight 
line  in  that  plane,  and  extending  20".232  on  each 
side  of  the  star. 

The  purposes  of  practical  astronomy  require,  that 
the  change  made  hy  the  aberration  on  the  longi- 
tude and  latitude,  and  on  the  right  ascension  and 
declination  of  a  star,  should  be  computed. 

212.  If  L  be  the  longitude  of  the  sun  at  any 
time,  and  L'  the  longitude  of  a  star,  the  aberra- 
tion of  the  star  in  longitude  is 

—  20".232  X  cos  (U  —  L)  , 
cos  Lat.  ' 

and  the  aberration  in  latitude  is 

20^''. 232  X  sin  (L'  —  L)  sin  Lat. 

These  formulas  were  first  given  by  Clairaut.  Mem. 
Acad,  de  Scien.  1737. 

See  also  Cagnoli,  Trig,  g  1529.  La  Lande,  §  2823. 
and  De  Lambre,  Ast.  kpn.  19.  §  20,  21.  &c. 

21 3.  If  A  be  the  right  ascension,  and  D  the  de- 
clination of  a  star,  L  being  the  sun's  longitude,  as 

before, 
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beFore,  the  aberration  of  tbe  star  in  right  ascen- 
sion i? 

19'M7  X  cos  (A  —  L)  —  0".S3  x  cos  (A  +  L) 
cos  D  ' 

and  the  aberration  in  declination  is, 
sinD  (19  '.  17  sin  (A-L)-0".S3sin  (A+L)-8"cos  L  x  cosD) . 

Cagnoli,  ibid. 
De  Lambre,  ibid. 

From  these  four  formulas,  all  the  effects  of  aberra- 
tion may  be  computed.  Tables  have  been  con- 
structed for  facilitating  the  calculations.  Vince, 
Ast.  vol.  I.  §  513.  &  522. 

The  discovery  of  the  aberration  was  made  by  Dr 
Bradley  in  1725,  from  observation  alone.  He 
has  given  an  account  of  it,  in  a  letter  to  Dr  Hal- 
lev,  Phil.  Trails.  N°  406.  A  very  fuU  extract  of 
this  letter  is  in  Vince's  Astron.  vol.  i.  §  503.  Af- 
ter observation  had  satisfied  him  of  the  changes 
above  stated,  in  the  latitudes  of  different  stars ;  he 
discovered  the  cause  to  be  the  motion  of  lisht, 
combined  with  the  motion  of  the  earth,  as  above 
explained, 

214.  From  the  phenomena  of  the  aberration, 
the  motion  of  the  earth  in  its  orbit  is  more  direct- 
Iv  proved  than  from  any  other  fact  in  astronomy. 

Though 
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Though  it  is  proved  to  demonstration,  from  facts 
above  enumerated,  that  the  Earth  is  far  from  being 
the  centre  of  the  planetary  motions,  yet  all  the  ap- 
pearances hitherto  mentioned,  are  consistent  with 
what  is  called  the  Tychonic  System  of  the  heavens, 
(from  its  inventor  Tycho  Brahe'),  in  which  the 
sun,  accompanied  by  the  planets,  revolves  in  an  or- 
bit round  the  Earth.  This  system,  which  its  want 
of  simplicity  renders  suspected,  is  entirely  over- 
turned by  the  fact  of  the  aberration,  and  the  mo- 
tion of  the  Earth  completely  established. 

When  the  aberration  was  first  discovered,  it  was 
thought  that  the  velocity  of  light,  as  inferred  from 
the  eclipses  of  the  satellites  of  Jupiter,  did  not  per- 
fectly agree  Avith  it.  It  has,  however,  been  found, 
fi-om  more  accurate  comparisons,  that  they  per- 
fectly coincide. 

215.  It  appears,  that  the  light  of  the  heavenly 
bodies  traverses  the  spaces  between  them  and  the 
earth  with  the  same  uniform  velocity. 

The  reflected  light  from  the  satellites,  travels  with 
the  same  velocity  with  the  direct  light  of  the  fixed 
stars  ;  and  the  velocity  of  this  last  is  the  same  from 
whatever  distance  it  comes. 

There  is  reason  to  think,  that  light  is  accelerated  by 
the  action  of  transparent  bodies.  If  so,  these  bo- 
dies also  impart  to  light  a  velocity  in  the  direction 
of  the  earth's  motion,  and  proportional  to  the  in- 
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crease  of  velocity  which  they  produce,  because 
their  action  does  not  change  the  quantity  of  the 
abei'ration. 

216.  The  aberration  considered  above,  is  that  of 
a  fixed  star,  or  of  an  immovable  body.  In  the 
planets,  there  is  another  source  of  aberration,  in 
the  motion  of  the  planet  itself,  equal  to  the  varia- 
tion of  its  geocentric  place,  in  the  time  that  light 
takes  to  move  from  the  planet  to  the  earth. 

The  simplest  way  of  making  allowance  for  this  varia- 
tion, is  to  compute  the  place  of  the  planet  for  an 
instant  preceding  the  given  instant,  by  the  time 
that  light  takes  to  move  from  the  planet  to  the 
earth.    This  was  the  method  used  by  Dr  Maske- 

LTN'E.      VlNCE,  Jst.  Vol.  I.  §  527. 

No  attention  has  been  paid  here  to  the  velocity  which 
places  on  the  Earth's  surface  derive  from  the  mo- 
tion of  the  Earth  on  its  axis.  This  is  too  small  to 
produce  a  sensible  effect,  as  is  shewn  by  De 
Lame  RE,  Aslron.  Lecon  19.  §  23. 

Nutation  of  the  Eartlis  Jji'is, 

217.  A  small  inequality,  which  has  been  obser- 
ved in  the  precession  of  the  equinoxes,  and  in  the 
mean  obliquity  of  the  ecliptic,  is  known  by  the 
name  of  the  Nutation. 

This 
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This  inequality,  which  affects  all  the  heavenly  bo» 
dies,  was  discovered  by  Dr  Bradley,  while  em- 
ployed in  verilying  his  theory  of  the  aberra- 
tion. 

The  period  of  the  changes  of  tfiis  inequality  was  ob- 
served to  be  eighteen  years  nearly,  the  same  with 
the  period  of  the  revolution  of  the  Moon's  nodes ; 
and  it  was  soon  found,  that  the  quantity  of  the  in- 
equality depended  on  the  place  of  the  node.  Certain 
theoretical  considerations  thus  led  to  the  discovery 
of  the  precise  form  which  this  inequality  assumes,, 
when  analytically  expressed,  and  reduced  into  a 
formula.  It  is  not  certain  that  observation  alone, 
would  have  led  to  this  conclusion ;  but  there  is  no 
doubt  that  tlie  places  of  the  heavenly  bodies,  when 
corrected  by  means  of  it,  agree  much  better  with 
observation  than  when  the  correction  is  not  ap- 
plied. 

218.  The  phenomena  of  the  nutation  maybe 
represented  by  supposing,  that  while  a  point, 
which  may  be  considered  as  defining  the  mean 
place  of  the  pole  of  the  equator,  describes  a  circle 
in  the  heavens,  round  the  pole  of  the  ecliptic,  at  a 
distance  from  it  equal  to  the  mean  obliquity  of 
the  ecliptic,  and  with  a  retrograde  motion  of  50" 
annually  ;  another  point,  representing  the  actual 
pole  of  the  equator,  moves  round  the  former  at  the 
distance  of  9'',  so  as  to  be  always  90°  more  easter- 
ly 
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ly  than  the  Moon's  ascending  node.  The  inequa- 
lity thus  produced  in  the  precession  of  the  equi- 
noxes, and  in  the  obliquity  of  the  ecliptic,  will 
eiiactly  agree  with  the  appearances  as  observed. 

It  was  by  this  construction,  that  Dr  Bradley  repre- 
sented the  irregularities  he  had  observed.  . 

From  the  oscillatory  motion  thus  ascribed  to  the  pole 
of  the  equator,  or  to  the  axis  of  the  Earth,  the 
name  of  nutation  is  derived. 

219.  If  N  be  the  longitude  of  the  moon's  as- 
cending node  -\-9"-6  cosN,  is  the  variation  in  the 
obliquity  of  the  ecliptic  produced  by  the  nutation, 
and  —  17"  946  sin  N,  is  the  variation  in  the  pre- 
cession, or  in  the  equinoctial  points. 

The  last  of  these  equations  affects  the  longitude  of  all 
the  heavenly  bodies  equally, 

De  Laiibre,  Abrege  d'Ast.  lecofi  xx.  §  16. 

220.  If  A  be  the  right  ascension  of  a  star, 
and  D  its  declination,  the  nutation  in  right  ascen- 
sion is 

tan  (D  —  8.373  cos  (A  —  N)  —  1".227  cos  (A  +  N))  ; 

and  the  nutation  in  declination  is 

+  8".373  sin  (A  —  N)  +  1".227  sin  (A  +  N)  . 

The 
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The  effect  on  the  declination,  therefore,  does  not  in- 
volve  the  declination  itself,  and  is  the  same  for  all 
stars  having  the  same  right  ascension. 

221.  The  inequalities  here  considered,  do  not 
affect  the  position  of  the  stars  relatively  to  one 
another,  nor  to  the  plane  or  pole  of  the  ecliptic ; 
they  affect  their  position  only  relatively  to  the 
plane  of  the  equator,  or  to  the  position  of  the 
Earth's  axis. 

It  was  from  this  general  fact,  combined  with  the  re- 
lation observed  between  these  inequalities,  and  the 
motion  of  the  moon''s  nodes,  that  Bradley  was  led 
to  the  construction  given  above.  In  separating 
between  the  inequalities  belonging  to  the  nutation, 
and  those  depending  on  the  aberration,  (which  ob- 
servation always  presented  as  combined  together), 
he  has  displayed  great  acuteness  and  sagacity. 

See  WooDuousE,  Astron,  chap.  17. 
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Sect.  XIII. 

DIMENSIONS  OF  THE  SOLAR  SYSTEM. 

H  iTHERTO,  jthe  distance  of  the  Sun  from  the  Earth 
has  served  as  the  unit,  by  which  we  have  measured 
all  other  distances  in  the  planetary  system.  It  now 
remains,  (in  order  to  have  a  precise  idea  of  those 
distances),  to  compare  this  unit  with  the  diameter 
of  the  Earth,  and  of  consequence  with  the  known 
measures  in  which  that  diameter  has  already  been 
expressed.  This  depends  on  the  parallax  of  the 
Sun,  which  has  already  been  shewn  to  be  less  than 
10",  and,  on  account  of  its  smallness,  difficult  to  be 
ascertained.  The  method  which  first  presents  it- 
self, does  not  lead  to  any  thing  more  precise  than 
the  limit  just  mentioned. 

222.  Since  the  ratios  of  the  distances  of  the  pla- 
nets from  the  Sun,  to  the  distance  of  the  Earth 
from  the  Sun,  are  known,  if  the  parallax  of  any 
of  the  planets  were  discovered,  that  of  the  Sun 
would,  of  consequence,  become  known. 

This  follows,  readily,  from  the  laws  of  the  planetary 
motions. 
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Mars,  wl^en  in  opposition  to  the  Sun,  is  nearer  the 
Eai'th  than  any  other  of  the  superior  planets,  and 
his  parallax  of  consequence  is  the  greatest.  From 
the  opposition  of  October  1751,  above  referred  to, 
and  observed  by  La  Caille,  at  the  Cape,  the  pa- 
rallax of  Mars  w  as  determined  to  be  24;". 6 ;  and 
liis  distance  from  the  Earth  3371  semidiame- 
ters  of  the  latter.  But,  from  the  place  of  Mars 
in  his  orbit,  his  distance  from  the  Earth  at  that 
time  was  .4354  of  the  parts  of  wrhich  the  Sun's 
(distance  from  the  Earth  is  1  ;  so  that  the  parallax 
of  the  Sun  is  equal  to  that  of  Mars,  multiplied  by 
the  above  decimal,  and  is  therefore  10".69 ;  and 
therefore  the  distance  of  the  Sun  is  19226  semi- 
diamcters  of  the  Earth. 

This,  however,  cannot,  any  more  than  the  former 
determination,  be  considered  in  any  other  light 
than  as  a  limit,  which  the  Sun's  distance  probably 
exceeds. 

323.  The  planet  Venus,  at  the  inferior  conjunc- 
tion, approaches  nearer  to  the  Earth  than  Mars 
does  in  opposition  ;  and,  therefore,  if  Venus  can 
then  be  observed,  which  she  may  be  when  she 
passes  over  the  disk  of  the  Sun,  that  observation 
will  afford  the  best  means  of  ascertaining  the 
Sun's  parallax. 


This 
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This  was  first  remarked  by  Dr  Hai-ley,  and 
since  that  time,  two  transits  of  Venus  over  the 
Sun  have  happened,  which  astronomers  have  taken 
the  greatest  pains  to  observe  with  accuracy.  The 
general  principle  which  connects  this  method 
of  finding  the  parallax  with  the  more  elementary 
methods  already  explained,  is  all  that  can  be  given 
here.  The  details  of  the  calculations  must  be  left 
to  the  Treatises  and  Memoires  which  treat  of  them 
particularly. 

224.  Let  S  be  the  Sun  (fig.  21.)  and  E  the 
Earth,  both  supposed  at  rest,  while  Venus  at  V 
moves  westward  in  her  orbit,  with  the  sum  of  her 
own  angular  velocity  and  that  of  the  Sun.  Let 
O  and  O'  be  the  stations  of  two  observers  on  the 
surface  of  the  Earth,  who  see  the  transit  begin 
when  Venus  is  at  the  points  V  and  V'  of  her  orbit. 
If  the  difference  of  the  longitude  of  the  two  obser- 
vers is  known,  the  time  that  Venus  has  taken  to 
move  over  the  arch  V  V  is  also  known,  and  there- 
fore, from  the  motion  of  Venus  in  her  orbit,  the 
arch  VV  is  given,  or  the  angle  which  the  line  OO' 
subtends  at  the  distance  of  the  Sun.  But  OO'  itself 
is  given,  and  its  ratio  to  the  radius  of  the  earth  ; 
therefore  the  angle  which  that  radius  subtends  at 
the  Sun,  or  the  horizontal  parallax  of  the  Sun,  is 
.given. 


This 
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Xhis  construction  supposes  the  observers  O  and  O'  to 
be  either  exactly,  or  nearly  in  the  plane  of  the  or- 
bit of  Vemis,  but  it  may  be  extended  to  cases  in 
which  that  condition  does  not  take  place.    It  re- 
quires, too,  that  the  longitude  of  the  places  of  obser- 
vation should  be  accurately  known.     To  avoid 
the  necessity  of  this  determination,  the  durations 
of  the  transit,  as  seen  from  different  stations,  have 
been  preferred,  for  ascertaining  the  parallax.  If 
we  suppose  observers,  situated  in  respect  of  one 
another,  so  that  the  line  which  Venus  is  seen  to  de- 
scribe on  the  Sun's  disk,  is  longer  at  the  one  sta- 
tion than  the  other  ;  the  duration  of  the  transit 
will  be  proportionally  greater,  and  the  difference 
will  evidently  depend  on  the  distance  of  the  obser- 
vers from  one  another,  estimated  in  the  direction 
perpendicular  to  the  lines  whicli  Venus  traces  out 
on  the  surface  of  the  Sun.    The  differences  of  du- 
ration, therefore,  depend  on  the  pai-allax  of  the 
Sun,  or  on  a  function  of  it ;  and  therefore  when 
that  function  is  known,  the  parallax  may  be  infer- 
red, from  the  comparison  of  the  durations  of  the 
transit.    See  Woodhouse,  Astron.  p.  378.  &c. 

The  transit  of  17G9,  Avas  observed  at  V\''ardhus  or 
the  North  Cape,  and  also  at  Otaheite  in  the  South 
Sea,  and  was  found  to  be  longer  at  the  former  than 
at  the  latter  by  23'.  W.  The  difference,  suppo- 
sing the  parallax  to  have  been  8".83,  should  have 
amounted  to  23'.26".95 ;  and  hence  the  parallax  is 
jieduced,  -  8".72.    Vince,  Ast.  i.  §  622.    Dr  Mas- 

kelyne's 
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Ivelyne's  method  of  calculating  the  parallax  from 
the  duration  of  the  transit,  is  there  given. 

See  also  on  this  subject,  La  Lande,  Ast.  vol.  ii. 
liv.  XI. 

225.  From  a  mean  of  the  observations  of  the 
transit  of  1769,  taking  it  as  calculated  by  Short, 
EuLER,  &c.  the  parallax  of  the  Sun,  for  his  mean 
distance,  has  been  found  to  be  8".  73  ;  and  the 
mean  distance,  therefore,  —  23659  semidiameters 
of  the  Earth,  or  d3595O60  miles. 

ViNcE,  Ast.  vol.  I.  §  629. 

Thus  the  scale  is  determined  according  to  which  the 
distances  of  the  planets  have  been  already  set 
down,  §  173. 


O  a  Sect. 
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Sect.  XIV. 
or  The  annual  parallax  and  distance  of 

THE  FIXED  STARS. 


226.  The  fixed  stars,  as  has  been  already  shewn, 
have  no  parallax  with  respect  to  this  Earth,  or 
any  line  that  can  be  measured  on  its  surface ;  and 
their  distance  is  so  great,  that  it  is  yet  doubtful 
whether  they  have  any  parallax,  even  with  re- 
spect to  the  orbit  of  the  Earth  round  the  Sun. 

A  fixed  star  not  only  occupies  exactly  the  same  place 
in  the  heavens,  from  whatever  point  of  the  Earth's 
surface  it  is  observed,  but  it  does  so  within  a  quan- 
tity so  small  as  to  be  hardly  measurable,  even 
when  viewed  from  opposite  extremities  of  a  dia- 
meter of  the  Earth's  orbit. 

On  the  supposition  that  the  star  does  change  its  situa- 
tion, when  so  viewed,  the  angle  which  measures  that 

change  is  called  the  Annual  Parallax  of  the  Star. 

•5  ^ 
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If  a  fixed  star  had  ap  annual  parallax  that 
tvas  sensible,  it  would  appear  to  describe  an  ellip- 
sis, of  which  the  greater  semiaxis  was  equal  to 
that  parallax,  and  the  semiconjugate  equal  to  the 
same,  multiplied  into  the  sine  of  the  latitude  of 
the  star. 

The  Centre  of  this  ellipse  would  be  the  place  of  the 
star,  seen  from  the  Sun  ;  the  conjugate  would  have 
the  direction  of  a  circle  of  latitude,  passing  through 
the  star  and  the  pole  of  the  ecliptic. 

228.  If  L  be  the  longitude,  and  a  the  latitude  of 
a  star,  of  which  the  annual  parallax^  when  a  ma- 
ximum, is  p  ;  then,  if  the  longitude  of  the  Sun 
is  S,  the  parallax  of  the  star,  in  latitude,  will  be 

— />  sin  X  cos  (L  —  S)  ; 
and  its  parallax  in  longitude 

-^sin(L  — S). 
cos  X  ^ 

De  LamSre,  Abrege,  lecon  19.  §  29. 

The  effects  of  aberration  and  of  parallax,  are  both  to 
make  the  fixed  stars  describe  ellipses,  but  quite 
different,  in  magnitude  and  position.  Boscovich, 
however,  has  demonstrated,  that  a  fixed  star, 
under  the  influence  of  both  these  causes,  will  still 
appear  to  describe  an  ellipsis  about  its  true  place. 

ssertalto 
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Dtssertatto  de  annuls  Jixarum  aberrationibus.  R(#- 
ma;,  1742.    La  Lande,  Ast.  §  2857. 

2^29.  When  two  stars  appear  very  near  to  one 
another,  or  when  their  distance  subtends  a  very 
small  angle,  the  variations  in  that  angle,  at  oppo- 
site seasons  of  the  year,  may  serve  to  determine 
the  parallax  of  th€  fixed  stars. 

This  method  of  ascertaining  the  distance  of  the  fixed 
stars,  seems  to  have  been  first  thought  of  by  Gali- 
liEo,  Si/st.  Cos,  Dial.  3.  Dr  Herschell  has  also' 
recommended  it;  and  the  double  stars  which  he  has 
discovered,  as  well  as  the  Lamp  Micromettr  which 
he  has  invented,  give  hopes  that  it  may  prove  suc- 
cessful. 

230.  From  the  consideration  of  the  quantity  of 
the  light  of  the  fixed  stars,  compared  with  the  quan- 
tity of  the  light  of  the  Sun,  it  has  been  concluded, 
that  the  parallax  of  a  star  of  the  second  magni- 
tude, is  not  more  than  i  of  a  second  ;  and  of  a  star 
of  the  sixth  magnitude,  not  more  than  or  -j^ 
of  that  quantity. 

The  very  ingenious  paper  in  which  these  conclusions 
are  deduced,  is  by  the  Reverend  Mr  Mitchell^ 
PhiL  Trans,  vol.  Ivii.  p.  234,  &c. 

231.  Tb& 
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281.  The  attempts  of  astronomers  to  discover 
the  annual  parallax  of  the  fixed  stars  by  direct 
observation,  have  not  yet  been  perfectly  success- 
ful ;  and  it  is  therefore  probable,  that  the  quanti- 
ty sought  for  does  not  exceed  one  second. 

Dr  Brincly  is  of  opinion,  that  lae  has  ascertained  the 
annual  parallax  of  «  Lyra,  to  be  2". 52.  Philt 
Trans.  1810,  p.  204. 

The  attempts  to  discover  the  parallax,  have  chiefly 
been  made  on  smaller  stars,  which,  being  proba- 
bly more  distant  than  «  Lyra,  their  parallax  has 
been  too  small  for  observation.  The  observation 
of  Dr  Brinclv  is  of  great  authority,  but  while 
single,  cannot  be  considered  as  perfectly  decisive. 

If  we  suppose  the  annual  parallax  not  to  exceed  1", 
the  distance  of  the  fixed  stars  cannot  be  less  than 
206265  times  the  radius  of  the  Earth's  orbit.  As 
light  traverses  the  latter  in  8'.13",  it  will  require 
3  years  and  79  days  to  come  from  a  fixed  star  to 
the  Earth. 

This  may  be  supposed  true  for  stars  of  the  second 
magnitude,  even  if  those  of  the  first  have  a  paral- 
lax of  two  seconds. 

Though  this  distance  is  immense,  it  is  probably  small 
compared  to  tliat  of  the  most  remote  of  the  bodies 

which 
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which  we  see  in  the  heavens.  As  it  cannot  be 
doubted,  that  the  fixed  stars  are  luminous  bodies 
like  the  Stin,  it  is  probable  that  they  are  not  near- 
er to  one  another  than  the  Sun  is  to  the  nearest  of 
them.  When,  therefore,  two  stars  appear  like  a 
double  star,  or  very  near  to  one  another,  the  one 
must  be  placed  far  behind  the  other,  but  nearly  in 
the  same  straight  line,  when  seen  from  the  Earth. 
The  same  must  hold  at  least  in  a  certain  de- 
gree, wherever  a  great  number  of  stars  are  seen 
concentrated  in  a  small  spot.  In  the  starry  nebu- 
lae, therefore,  such  as  the  Milky  Way,  which  de- 
rive their  light  from  the  number  of  small  stars,  ap- 
pearing as  if  in  contact  with  one  another,  it  is 
plain,  that  the  most  distant  of  these  must  be  many 
thousand  times  farther  off  than  the  nearest,  and 
light  must,  of  course,  require  many  thousand  years 
to  come  from  them  to  the  Earth.  The  poet,  per- 
haps, has  been  taxed  with  exaggeration,  whd 
spoke  of 

"  Fields  of  radiance,  whose  unfading  light 

"  Has  tmvelled  the  profound  six  thousand  years, 

"  Nor  yet  arrived  in  sight  of  mortal  things." 

Yet  the  fields  which  he  describes,  are  far  within 
the  circle  to  which  the  observations  of  the  astrono- 
mer extend  ! 


Ap- 
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APPENDIX. 

ON  THE  ilETHOD  OF  DETERMINING  BY  OBSERVA- 
TION, THE  CONSTANT  COEFFICIENTS  IN  AN  AS- 
SUMED OR  GIVEN  FUNCTION  OF  A  VARIABLE 
QUANTITY. 


Observation  makes  known  the  places  of  the  heavenly 
bodies  only  for  instants,  separated  from  one  ano- 
ther by  certain  intervals  of  time ;  but  the  purposes 
of  science  require,  that  they  should  be  determined 
for  any  time  whatever,  or  for  every  instant.  This 
is  rendered  practicable  by  the  consideration,  that  the 
magnitude  which  determines  the  place  of  any  bo- 
dy, its  longitude  or  latitude  for  example,  is  a  va- 
riable quantity,  between  which  and  the  time  (a  va 
riable  quantity  also)  a  certain  relation  continues  al- 
ways the  same.    This  relation  may  therefore  be 
expressed  by  an  equation,  Vy'hich,  for  every  value 
of  one  of  the  variable  quantities,  will  give  the  cor- 
responding value  of  the  other ;  so  that  the  one  of 
them  may  be  assigned  in  terms  of  the  other,  or  in 
wliat  is  called  a  Function  of  it.    The  form  of  this 
function  is  sometimes  known  from  tlieory  or  ana- 
logy,, and  at  other  times  it  is  wholly  unknown.  In 

the 
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the  latter  case,  we  must  assume  the  simplest  func- 
tion  that  can  represent  the  observations,  and  this 
naturally  consists  of  a  series  of  terms,  proceeding 
according  to  the  powers  of  one  of  the  variable 
quantities,  with  coefficients  which  are  constant,  but 
unknown  quantities,  to  be  found  from  the  observa- 
tions.  This  is  called  the  method  of  Interpolation^ 
because  it  inserts  a  term  in  the  midst  of  a  num- 
ber of  others. 

232.  If  X  andy  are  two  variable  quantities,  of 
Which  several  values  have  been  determined  from 
observation  ;  if  y  be  assumed  equal  to  a  series  of 
the  powers  of  a*,  beginning  from  0,  and  going  on 
to  as  many  terriis  as  there  are  observations,  viz. 
3^  zr  A  +  B  ^  +  C  J'*  4-  D  j;  \  &c.  ;  then,  if  for 
y  and  j;  be  put  their  corresponding  values,  as  de- 
termined by  observation,  as  many  equations  will 
arise  as  there  are  unknown  coefficients  A,  B,  C 
and  D  to  be  found,  from  which  they  will  become 
known. 

The  most  useful  interpolations  are,  when  the  time  is 
one  of  the  unknown  quantities,  and  when  the  in- 
tervals between  the  observations  are  equal,  as  is 
supposed  in  what  follows  : 

233.  Let  a,  «,  a^,  a",  be  any  number  of  ob- 
servations made  at  the  times  0,  m,  2  ?7i,  3  m,  4> 

.  &c. 
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&c.  and  let  the  differences  of  a,  a',  a  ,  &c.  be  ta- 
ken in  their  order,  and  the  difference  of  these 

,      II      III  iin 

differences,  as  on  the  ijiar-       a,  a ,  a  >  a  ,  a  » 
gin,  so  that  P  is  the  first  of         p,  P',  P",  ^\ 
the  first  differences,  y  of  y,  y',  y", 

the  second,  J  of  the  third,  ^  ^' 

and  £  of  the  fourth,  8tc,  g 

_  ff-  — 2") 

6  m    \m       /  \m  / 

+  '2^t;;^C-0(:i-2)(^-3). 

&c. 

where  the  law  of  continuation  is  evident. 

This  is  Sir  Isaac  Newton's  theorem,  expressed  alge- 
braically.   Math.  Princip.  lib.  nr.  lemma  5. 

a.  If  there  are  only  two  observations,  so  that  the  se- 
ries of  differences  goes  no  farther  than  a,  then 

y-*~^'  "^"i-^*'  and  this  is  no 

other  than  the  common  rule  for  finding  a  propor- 
tional part. 

i.  If 
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b.  If  there  are  three  observations,  i/  =  et~-^0 .  ^  ^ 


c.  Attention  must  be  paid  to  the  signs  of  the  differ- 
ences. The  succeeding  quantity  is  here  always  sub- 
tracted from  the  preceding,  and  therefore  if  tlie 
former  is  the  greater,  the  difference  will  be  nega- 
tive. On  the  subject  of  interpolation,  see  New- 
ton, as  above  quoted.  Stirling  on  Injinile  Series; 
La  Caille  Astron.  p.  69. ;  Nautical  Almanack^  ex- 
planation at  the  end. 

Interpolations  of  this  kind,  cannot  be  supposed  to  ex, 
tend  far  beyond  the  interval  within  which  the  ob- 
servations are  contained,  unless  it  shall  a])pear,  on 
continuing  the  observations,  that  the  formula  ap- 
plies to  them,  without  requiring  the  addition  of 
new  terms.  As  long  as  the  addition  of  new  obser- 
vations, requires  an  alteration  in  the  formula,  it  is 
certain  that  the  true  law  is  not  discovered. 


234.  Let  it  now  be  supposed,  that  the  form  of 
the  function  is  known  from  theory,  but  that  the 
constant  quantities  that  enter  into  it,  are  to  be  de- 
termined by  observation ;  required,  considering 
that  every  observation  is  liable  to  error,  in  what 

way 
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way  these  quantities  may  be  most  accurately  de- 
termined. 

There  are  two  cases  of  this  problem,  one,  when  the 
constant  quantities  are  yet  entirely  unknown,  ano- 
ther, when  they  are  already  approximated,  and 
only  require  to  be  farther  corrected.  In  the  first 
case,  the  process  is  very  simple. 

23.5.  Substitute  the  quantities  known  by  obser- 
\^ation  for  y  and  in  the  given  formula,  (each 
observation  being  supposed  to  afford  a  value  both 
of  .V  and  of  y\  and  thus,  as  many  equations  v^^ill 
be  obtained,  as  there  are  observations.  If  these 
exceed  the  number  of  quantities  to  be  found,  or 
of  the  equations  wanted,  let  there  be  composed 
from  the  addition  of  them  into  separate  sums,  as 
many  equations  as  are  necessary,  each  consisting 
of  as  many  of  the  given  equations  as  the  question 
admits  of.  From  the  equations  thus  obtained,  the 
quantities  sought  may  be  determined  with  the 
least  probability  of  error. 

The  postulate  on  which  this  rule  proceeds  is,  that 
though  each  of  the  given  equations  is  incorrect,  on 
account  of  the  unavoidable  errors  of  observation, 
there  is  nothing  that  detennines  the  errors  to  be  on 
one  side  more  than  another,  or  in  excess  rather 
than  defect.  By  adding  a  number  of  them  toge- 
ther, therefore,  the  errors  may  be  expected,  in  part 

at 
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at  least,  to  balance  one  another,  so  that  a  more 
correct  equation  is  obtained  than  any  one  of  those 
of  which  it  is  composed. 

Suppose  the  general  formula  to  be 

3/  =  A  sin  a?  +  B  sin  2  *, 

and  that  from  observation  we  have  eight  values  of 
X  and  y,  viz. 


Values  of  X. 
140° 
135 
130 
125 
120 
115 
110 
JOii 


Values  of  y. 
73'.5 
80 .2 
87  .0 
94.1 
99 .5 
104.5 
107 .5 
110.3 


Hence, 

.6428  A  — 

.9845  B 

73.5 

.7071  A  — 

1.0000  B 

80.2 

.7660  A  — 

.9848  B 

87.0 

.8191  A  — 

.9337  B 

94.1 

.8660  A  — 

.8660  B 

99.5 

.9063  A  — 

.7660  B 

104.5 

.9397  A  — 

.6428  B 

107.5 

.9660  A  — 

.5000  B 

110.2 

Bv-  addin;?  the  first  four  into  one,  and  also  the  second 
four,  we  get 

2.9350  A  —  3.9033  B  =  334.8,  and 
3.6780  A  —  2.7748  B  =  421.7 ; 

and 
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and  therefore, 

.  _  3.9033  X  421 .7  —  2.7748  x  334.8 
~  SMIS  X  3.9033  —  2.935  x  2.7748 ' 

or  A=r.55'.00. 

In  like  manner,  B  =  1'.2  ;  so  that  the  equation  be- 
comes, 

=      54'.2)  sin  a;  +  (1 .2)  sin  2  x . 

This  is  nearly  the  equation  of  the  centre  in  the 
Earth's  orbit. 

In  this  way  all  the  elements  of  any  of  the  planetary 
orbits  may  be  determined  simultaneously,  or  cor- 
rected if  they  are  already  nearly  known.  In  the 
construction  of  Astronomical  Tables,  the  number  of 
equations  combined  has  amounted  to  many  hun- 
dreds. 

In  the  example  above,  no  method  was  to  be  fol- 
lowed, but  that  of  dividing  the  original  equations 
into  two  parcels  or  groups,  from  the  sums  of  which 
the  new  equations  were  to  be  deduced.  But  when 
it  happens  in  the  given  equations,  that  the  terras 
involving  the  same  unknown  quantity,  have  diffe- 
rent signs,  the  best  way  is  to  order  all  the  equa- 
tions so  that  one  of  the  unknown  quantities,  as 
A,  shall  have  the  same  sign  throughout ;  and  then 
to  add  them  together,  for  the  first  of  the  derivative 
equations.  Let  the  same  be  done  with  B,  C,  &c. 
whatever  be  the  number  of  the  quantities  sought. 
Thus,  each  of  the  unknown  quantities  will  occur 
in  one  of  the  equations,  with  the  greatest  possible 

Vol-  II-  P  coefficient; 
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.coefficient;  and  the  coefficients  of  the  same  un- 
known quantity,  in  the  different  equations,  will  be- 
come by  that  means  as  unequal  as  they  can  be  ren- 
dered, which  contributes  to  make  the  divisor  by 
which  that  quantity  is  to  be  found,  as  large,  and  it- 
self of  course,  as  accurate  as  the  case  will  admit  of. 

Suppose,  for  example,  that  the  formula 

(121°)  sin  X—  (G5°.5)  ?in  2x-7/, 

was  reduced  into  a  table,  and  that  by  a  compari- 
son with  obcervalion,  it  was  required  to  correct  the 
quantities  121°,  and  65°. 5,  that  is,  A  and  B,  ac- 
cording to  our  former  notation. 

Suppose  also  that  the  observations  were  made  when 
the  values  of  x  were  30«,  45°,  60%  75°,  90%  105°, 
120°  ;  and  that  the  errors  in  the  Tables  were  in 
these  instances  found  to  be  +  .318,  —  334,  —  083, 
+  .044,  +  05,  —021,  —084;  then,  calling  a  and 
b  the  corrections  on  A  and  B,  we  have 

.500  a  +  .866  6  =:  +  .318 
.707  a  +  IvOOO  6  =  —  .334 

.866  a  +  .866  6  =  — .083 

.966  a  +  .500 b=  +  .044 

1.000  a  +  0     =  +  .05 
.966  a—    .600  6=  — .021 

.866  a—  .866  6=— .084. 
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'The  equation  that  results  from  this  is, 
5.971  a  +  1.076  b  =  —.299. 

Then,  ordering  all  the  seven  original  equations,  so 
that  the  terms  involving  b  shall  be  affirmative,  we 
obtain 

2.207  a  +  4.598  b  =  +  .1 . 
From  these,  a  =  —  .0527,  and  *  =  +  .047  . 

This  method  of  determining  the  coefficients  of  a  gi- 
ven function,  or  correcting  them  from  observation, 
by  means  of  what  are  called  Equations  of  Condition, 
was  invented  by  Tobias  Mayer  of  Giittingen,  and 
employed  in  the  construction  of  his  Lunar  Tables. 
It  has  been  much  used  in  astronomy  since  his 
time,  and  may  be  introduced  with  great  advantage 
into  many  experimental  investigations  *. 

See  BiOT,  Aslron.  Phys.  tom.  ii.  §  109.  Also  Vince's 
Preface  to  the  New  Tables,  in  the  3d  volume  of 
his  Astronomy. 

P  2  ASTRO- 


*  Any  equation,  expressing  the  relation  that  obtains  among  the  coeffi- 
cients of  another  equation,  is  called  an  Equation  of  Condition ;  the  phrase, 
bowrrer,  is  usiially  confined  to  differential  equations. 
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Sect.  1. 

of  the  forces  t'hich  retain  the  planets  in 
their  orbits. 

236.  If  a  body  gravitating  to  a  fixed  centre, 
have  a  projectile  motion  impressed  on  it,  in  a  line 
not  passing  through  the  centre,  it  will  move  in  a 
curve  ;  and  the  straight  line  drawn  from  the  bo- 
dy to  the  centre,  will  describe  areas  proportional 
to  the  times. 

Princip.  Math,  lib,  i.  prop.  I. 

P  3  tt.  Conversely, 
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a.  Conversely,  if  a  body  move  in  a  curve,  so  that  the 
line  drawn  from  it  to  a  fixed  point,  describe  areas' 
proportional  to  the  times  ;  the  body  gravitates  to 
that  point,  or  tends  continually  to  descend  to  it. 

h.  The  velocities  of  a  body  in  different  points  of  the 
curve  which  it  describes  about  a  centre  of  force,  are 
inversely  as  the  perpendiculars  drawn  from  the 
centre  to  the  tangents  at  those  points. 

c.  By  comparing  this  proposition  with  the  first  of  Kep- 
ler's laws,  it  follows,  that  the  primary  planets  all 
gravitate  to  the  Sun,  and  that  the  secondary  planets 
gravitate,  each  to  its  primary ;  and  thus  the  laws  of 
Dynamics  are  immediately  extended  to  the  motions 
of  the  heavenly  bodies. 

d.  If  the  curve  in  which  the  body  moves  returns  into 
itself,  it  is  called  an  Orbit,  as  in  the  case  of  the  pla- 
nets ;  if  it  does  not,  or  if  it  is  not  known,  whether 
it  does^  or  not,  the  curve  is  called  a  Trajectory. 

237.  If  of  two  bodies  gravitating  to  the  same 
centre,  one  descend  in  a  straight  line,  and  the 
other  revolve  in  a  curve  ;  then,  if  the  velocities  of 
these  bodies  are  equal  in  any  one  case,  where  ihey 
are  equally  distant  from  the  centre,  they  will  al- 
ways be  equal  where  they  are  equally  distant 
from  it. 

Princip.  lib.  i.  prop.  40; 

a.  If, 
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k.  ir,  instead  of  descending,  the  body  that  has  the  rec- 
tilineal motion,  should  ascend  from  the  centre, 
^vhile  the  revolving  body  retires  from  it,  the  same 
thing  holds  of  their  velocities. 

b  When  in  these  propositions  a  body  is  said  to  gravi- 
tate to  a  centre,  or  to  be  urged  toward  it  by  a  cen- 
tripetal force,  no  supposition  is  implied  concerning 
the  nature  of  that  force,  or  the  cause  from  whicli  it 
proceeds.  Nothing  more  is  understood,  than  the 
mere  existence  of  a  fact;  like  the  tendency  of  bo- 
dies to  fall  at  the  surface  of  the  Earth. 

238.  If  a  body  descending  from  rest  at  a  given 
point  in  a  straight  line,  toward  another  given 
point  to  which  it  gravitates,  have  its  velocity  al- 
ways proportional  to  the  square  root  of  its  distance 
from  the  first  of  these  points,  divided  by  the 
square  root  of  its  distance  from  the  second,  it  is  ur- 
ged toward  this  last  point,  by  a  force  that  is  in- 
versely as  the  square  ai.  its  distance  from  that 
point. 

a.  Let  A,  fig.  22.  be'  the  point  from  which  the  body . 
falls,  C  the  centre  to  which  it  tends,  B  any  point 
at  which  the  centripetal  force  is  /,  DEF  a  curve, 
such  that  the  perpendiculars  from  any  two  points 
A  and  B,  in  the  line  AC,  meeting  the  curve,  are 
as  the  forces  at  those  points,  so  that  BE  =f;  then 
2  area  ABED  100.  vol.  i.).  IfBAbethe 

line  moved  over  by  the  falling  body,  in  an  indefi- 
P4  ftitely 
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nitely  small  portion  of  time,  or  the  momentary  in- 
crement of  AB,  V  +  v  will  be  the  velocity  at  the 
end  of  that  time,  and  2  Ab  cB  =  (v  +  vy. 

Now  if  AC  =  a,  CB=x,  Bb=x,  then,  since  the 
square  of  the  velocity  is  as  °     ^  ,  a  constant  quan- 

thy       may  be  found ;  so  that  v'^-m^x  y 

X 

♦ 

and    therefore    2  ABED  =      x  ^ 

X 

For  the  same  reason,  2  A  i  e  D  =  wi'  (-  r  —  1 )  « 

/a  a\ 
And  therefore  2  EB  J  e  =     (  —  ~)  » 

or  dividing  a  by  ^  —  x,  and  rejecting  the  terms  in- 
volving the  higher  powers  of  i, 

^fx-in}  X  ^  ,  and  /=  ^      X  ^. 

The  centripetal  force /is  therefore  inversely  as  the 
square  of  the  distance. 

AG 

b.  If  the  point  G  bisect  AC,  then,  ^=  1,  and 

if  c  be  the  velocity  acquired  by  falling  to  G, 
=  m'  X  1,  or  e  =  7/1 ;  m  therefore  is  the  veloci- 
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ty  acquired  by  falling  from  A  half  way  to  the 
centre  C. 

a      2  c' 

c.  Hence  also,  the  force  at  G  r:  i     x  -; — =  —  . 


239.  If  to  a  tangent  of  an  ellipsis,  a  perpendi- 
cular be  drawn  from  either  focus,  the  distance  of 
that  focus  from  the  point  of  contact,  will  be  to  the 
distance  of  the  other  focus  from  the  same  point,  as 
the  square  of  the  perpendicular  drawn  to  the  tan- 
gent, to  the  square  of  the  semiconjugate  axis. 

a.  Let  P  (fig.  23.)  be  a  point  in  the  ellipsis  ADBE,  AB 
the  transverse,  DE  the  conjugate  axis,  C  the  centre, 
S  and  F  the  foci ;  GPH  a  tangent  to  the  ellipsis 
in  P,  SG  the  perpendicular  on  it  from  S.  Draw 
SP,  PF,  and  make  FH  perjiendicular  to  GP. 
Because  the  angles  SPG,  FPH,  are  equal,  the 
triangles  SPG,  FPH  are  equiangular,  and  there- 
fore 

SP  :  PF  :  :  SG  :  FH,  and 
SP  :  PF    :   SG^  :  FK  X  SG . 
But  FH  X  SG  =  CD-,  therefore 
SP  :  PF  :  :  SG^  :  CD" . 

h.  Henee  also  SG^  —  CD^  x  ^  and         =  ^  . 


£40.  If 
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240.  If  a  body  urged  by  a  centripetal  force,  di- 
rected to  a  fixed  point,  describe  an  ellipsis  of 
which  that  point  is  a  focus,  the  centripetal  force 
must  be  inversely  as  the  square  of  the  distance. 

Suppose  a  body  falling  in  a  straight  line  to  the  focus 
F,  (fig.  24.)  to  have  at  A  the  same  velocity  that  the 
body  revolving  in  the  ellipsis  has  at  A.  Let  P  be  any 
other  position  of  the  revolving  body,  and  with  the 
radius  SP  let  an  arch  of  a  circle  be  described,  meet- 
ing AB  in  L ;  the  velocity  of  the  falling  body  at 
L,  and  of  the  revolving  body  at  P,  will  b^  equal. 
If,  then,  the  velocity  of  the  revolving  body  at  the 
mean  distance,  or  at  the  point  D,  be  called  c,  and 
its  velocity  at  P  be  »,    :  c : :  CD  :  SG,  (§  236,  b.), 

c.CD        ,     ,     c^CD^      ,  PF 
(§  239,  a.) 

Now  V  is  the  velocity  of  the  falling  body  at  L,  as 
well  as  of  the  revolving  body  at  P  ;  therefore  if 
LN  be  taken  equal  to  FP,  the  velocity  of  the  fall- 

NL 

ing  body  at  L  is  =:  — ^j-  But  because  SL  is 

equal  to  SP,  and  LN  to  PF,  SN  =  SP  +  PF  =:r  AB, 
so  that  the  point  N  is  given.    The  centripetal 

force 
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force  at  L  is  therefore  as  ,  §  238.  that  is^ 
as        .    Q.  E.  D. 

241.  The  forces,  therefore,  wliich  malce  the  pla- 
nets describe  ellipses  having  the  Sun  in  their  com- 
mon focus,  are  inversely  as  the  squares  of  the  dis- 
tances from  the  centre  of  the  Sun. 

a.  As  the  same  reasoning  that  is  here  applied  to  the  el- 

lipse, might  be  applied  to  the  hyperbola  or  the 
parabola,  therefore  the  force  tending  to  one  of  the 
foci,  which  is  requisite  to  make  a  body  describe  a 
conic  section,  is  inversely  as  the  square  of  the 
distance. 

b.  The  converse  of  this  is  true,  viz.  that  if  the  centri- 

petal force  be  inversely  as  the  square  of  the  distance, 
the  body  will  describe  a  conic  section. 

c.  The  line  NS,  (fig.  24.")  through  which  a  body  falling 

toward  S  will  have,  at  a  given  distance  from  S,  the 
same  velocity  that  the  revolving  body  has  at  that  dis- 
tance, is  equal  to  the  transverse  axis  of  the  ellip- 
sis ;  and  the  velocity  of  the  revolving  body  at  D,  its 
mean  distance,  is  equal  to  that  which  is  acquired  by 
falling  from  N  to  K,  the  middle  point  between  N  and 
If  SK  or  KN  =  a,  the  velocity  at  K  is  that  which 

was' 
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was  called  c  in  §  238.  a,  and  if  d  is  a  given  distance 
from  S,  at  which  the  centripetal  force  isj^,  c  is  equal 

to  — ^j- .    This  is  easUy  derived  from  8  238. 


242.  If  bodies  describe  different  ellipses  about  a 
centre  to  which  they  are  urged  by  centripetal 
forces  that  are  in  the  inverse  ratio  of  the  squares  of 
the  distances,  the  squares  of  the  times  of  revolution 
will  be  as  the  cubes  of  the  mean  distances. 

The  velocity  cj  at  the  mean  distance  a,  is         ,  and 

a  ^ 

therefore  the  sector  described  in  a  second  by  the 
radius  vector,  when  the  body  is  at  its  mean  dis- 

hc  bdf^ 

tance,  is       =  j  ,  aftd  as  oft  as  this  is  con- 

tained  in  the  whole  elliptic  area,  of  so  many  seconds 
does  the  time  of  the  revolution  consist.  Now  the 
area  of  the  ellipsis  of  which  a  is  the  semitransverse, 
and  b  the  semiconjugate,  is  Trab;  therefore  the 

2a^   _  2^a  ^ 

time  of  revolution  =7rab  k  f  —  - 

b  df^ 
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If,  therefore,  t  and  t'  be  the  times  of  the  revolu- 
tion of  two  bodies, 

3  5 

t  :  t'  :  :  a"^  :  a'^,  or 
<"  :  i  ^' :  :  a  '  :  a' '  . 

The  third  and  last  of  the  laws  of  Kepler,  is  thus  de- 
rived from  the  action  of  a  centripetal  force,  obey- 
ing the  law  already  shewn  to  be  conformable  to  the 
other  two,  that  is,  being  inversely  as  the  squares 
of  the  distances. 

243.  Suppose  a  body  to  gravitate  to  a  centre,  as 
in  the  preceding  proposition,  and  to  be  projected 
from  a  given  point,  with  a  given  velocity,  in  a  di- 
rection perpendicular  to  the  line  drawn  to  the 
centre  ;  required  to  find  the  Conic  Section  which 
it  will  describe. 

a.  Let  the  semitransverse  or  the  mean  distance  =  a ; 
the  semiconjugate  =  b  ;  the  velocity  at  the  mean 
distance  =r  c  ;  and  at  the  apsis  A,  (fig.  24.)  from 
which  the  projection  is  made,  =zv;  let  the  line  SA 
=  r . 

From  (§  236,  b.)bc  =  rv;  now,  c  =  ;  therefore 
h  df^  =  ra^v,  or  6*  d}f=  av^r'^;  and  because 
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=  AS  X  SB  =  r  (2a  — r), 
r(2a  —  r)  d-f  —av^  r^,  and 


a  — 


2  d}f—  r 


Thus  the  semitransverse  axis  is  found,  and  from  it, 
with  the  focus  S,  and  the  apsis  A,  the  conic  section 
may  be  described. 

i.  The  conic  section  will  be  a  circle,  when  a  =:  r,  or 

when  d}  f—  xp-  r,  or     =  — ^  .    If  «  is  such  that 
r  r 

2  d^f  =  v'^  r,  or  «^  =  — — ^ ,  the  denominator  is  0, 

and  the  value  of  a  becomes  infinite,  so  that  the  tra- 
jectory is  a  parabola,  of  which  the  focus  is  and 
the  parameter  4<  r. 

c.  When  2  d^f>  v'^  r,  the  value  of  c  is  affirmative,  and 
the  conic  section  is  an  ellipsis ;  and  this  ellipsis  has 

d'  f 

its  higher  apsis  at  A,  if      <       ;  but  when  is 

f        2  f 

between  the  limits  of  -—  and   the  lower 

r  r 

apsis  is  at  A. 

d.  When  v  goes  beyond  this  latter  limit,  or  when 
v'^r>  2  d^f,  the  value  of  a  is  negative,  and  the 
trajectory  becomes  a  hyperbola. 

244.  From 
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244.  From  the  ifiict  that  action  is  always  ac- 
companied by  reaction,  we  conclude  that  gravita- 
tion among  terrestrial  bodies  is  the  mutual  tenden- 
cy of  the  particles  of  matter  to  one  another.  It  is 
therefore  reasonable  from  analogy  to  suppose,  that 
this  is  true  in  all  cases,  and  that  the  force  of  gra- 
vitation tovv'ard  different  bodies,  toe  distances  be- 
ing the  same,  is  proportional  to  the  quantities  of 
juatter,  or  the  masses  of  the  bodies.  If  the  mass 
of  a  body  be  called  m,  the  gravitation  to  it  at 

any  distance  j;  will  be  — . 

Hence,  in  the  formulas  above,  m  may  be  inserted 
instead  of  d-f. 

245.  The  (Quantities  of  matter  in  any  two  pri- 
mary planets,  are  directly  as  the  cubes  of  the 
paean  distances  at  which  their  satellites  revolve, 
and  inversely  as  the  squares  of  their  periodic 
times. 

a.  This  is  proved  by  substituting       for  d in  the 

tormula  t  =   j-  ;  we  have  theuce 

dp 

t  : 
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t  '  i'  •  •   


.T  S 

a  2  a'^ 


.1 ' 


from  which  the  proposition  above  follows  rea- 
dily. 

p.  By  means  of  this  theorem,  the  mass  of  the  Sun,  and 
of  any  of  the  Planets  which  have  satellites,  may 
be  compared  with  the  mass  of  the  Earth. 

c.  In  the  Mecanique  Celeste,  they  are  calculated  from 
the  most  exact  data,  as  below : 


Quantity  of  matter  in  the  Sun 

in  the  Earth, 

in  Jupiter, 

in  Saturn, 

in  Uranus, 


_1_ 
29630 

 1  

10671)9 

3594 

_J_ 
19504- 


fl.  As  the  ratios  of  the  Diameters  of  the  planets  are 
known  from  observation,  the  ratios  of  their  Bulks, 
being  the  same  with  those  of  the  cubes  of  their  dia- 
meters, are  also  known ;  and  hence  the  Densities, 
which  are  propoilional  to  the  quantities  of  matter, 
divided  by  the  bulks,  are  found. 

Density 
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t)cnsity  of  the  Sun,  r:  1 

of  the  Eartli,  =  3.9393 

of  Jupiter,  =  0.6601 

of  Saturn,  =  0.4951 

ofUranusj  =  1.137G 

246.  The  immoveable  point  to  which  the  pla- 
iiets  gravitate,  is  not  the  centre  of  the  Sun,  but 
the  centre  of  gravity  of  the  solar  system. 

From  the  equality  of  action  and  reaction,  the  gravl- 
tatidii  of  the  planets  to  the  Suri  must  be  accompa- 
nied by  the  gravitation  of  the  Sun  to  the  plaihets, 
so  that  the  quantity  of  the  motion  of  the  former, 
estimated  iii  any  direction,  must  te  equal  to  that 
of  all  the  latter  estimated  in  the  opposite.  The 
Sun,  therefore,  moves  in  tti  orbit,  about  the  only 
point  of  which  the  condition  cannot  be  disturbed 
by  the  mutual  action  of  the  surrounding  bodies, 
viz.  the  centre  of  gravity  of  the  whole. 

If  there  were  only  one  planet,  the  Sun  and  that  pla- 
net w6uld  describe  similar  conic  sections,  of  whicli 
their  common  centre  of  gravity  would  be  one  of 
the  foci ;  tlieir  distances  from  that  point  being  al- 
ways inversely  as  their  masses.  If  there  is  a  num- 
ber of  jdanets,  the  path  of  the  Sun  will  become  a 
more  complicated  ciifve,  but  will  be  such  as  to  fur- 
nish a  cenirifugal  forCe  hi  respect  of  each  planety 
just  able  to  counteract  the  gravitation  toward  it. 

Vol.  U.  O  047,  The 

r 
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247.  The  centre  of  the  Sun  is  never  distant  by 
so  much  as  his  own  diameter  from  the  centre  of 
gravity  of  the  system. 

The  diameter  of  the  Sun  is  equal  nearly  to  .009  of 
the  radius  of  the  Earth's  orbit.  Now,  if  we  sup- 
pose the  Sun,  and  all  the  great  planets  of  tlie  sys- 
tem, Jupiter,  Saturn  and  Uranus,  to  be  in  a 
straight  line,  and  the  planets  all  on  one  side  of  the 
Sun,  the  centre  of  the  Sun  will  be  nearly  the  far- 
thest possible  from  the  centre  of  gravity  of  the 
whole  ;  yet  we  shall  find  on  computation,  that  the 
distance  is  not  greater  than  .0085  of  the  radius  of 
the  Earth's  orbit.  Newtoni  Princip.  lib.  iii. 
prop.  12. 

248.  Thus  the  existence  of  the  principle  of  gravi- 
tation, is  estabhshed  by  induction  from  the  Jaws 
of  K.EPLER,  and  from  it,  by  reasoning  downward, 
conclusions  have  been  obtained  concerning  the 
quantity  of  matter  in  the  planets,  to  which  obser- 
vation, without  the  assistance  of  theory,  never 
could  have  reached. 

It  yet  remains  to  be  shewn,  that  the  same  force  which 
occasions  the  descent  of  heavy  bodies  on  the  Earth's 
surface,  at  the  rate  of  16.09  feet  per  second,  when 
diminished  in  the  inverse  ratio  of  the  square  of  the 
distance,  is  just  sufficient  to  retain  the  Moon  in  her 
orbit. 

The 
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The  syderial  revolution  of  the  Moon  is  27^.32166, 
§  I2  i.  and  her  mean  distance  59.879  semidiameters 
of  the  Earth.  From  this,  on  the  supposition  that 
the  squares  of  the  periodic  times  are  a.s  the  cubes  of 
the  distances  the  period  of  a  body  projected,  so  as 
to  describe  a  circle  round  the  Earth,  will  be 
found  lh.4-1516.  From  this  the  arch  which  the 
body  describes  in  one  second,  is  foiind  to  be  4M3" 
.48'"  ;  and  the  deflection  from  the  tangent  in  one 
second,  if  reduced  to  feet,  comes  out  16  and  a  small 
fraction,  the  same  with  the  descent  of  a  heavy  body 
in  one  second,  at  the  surface  of  the  Earth. 

Newtoni  Princtp.  lib.  iii.  prop.  4. 

On  the  subject  of  this  section,  see  Newtoni  Princip. 
Math.  lib.  ImuSj  sectio  2^^,  3<'a,  7™*,  S^a,  lima. 

JoH.  Bernouilli,  Opera,  torn.  Imus^  86; 

£uLERi  Mechanica,  tom.  x.  cap.  5*^"™.  Particularly 
prop.  80,  81. 

Frisii  Opera,  tom.  3t'us.  Cosmographia,  lib.  Imus. 

Dr  Mathew  Stewart,  Tracts  Phr/s.  4*  Math. 
Tract  1.  The  subject  is  there  treated  in  a  manner 
strictly  geometrical. 

La  Lande,  liv.  2^6,  torn.  nr. 

\'ixcEi  Astron.  chap.  31.  vol  n. 

Theorie  des  Mouvcmens  des  PlavHcs,  par  M.  La 
Pf.A^K,  pepartie,  Paris,  17S4. 


Sect. 
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Sect.  U. 

of  the  forcks  which  distuub  the  elliptical 
motion  of  the  planets. 

"W^HEN  there  are  only  two  bodies  that  gravitate  to 
one  another,  with  forces  inversely  as  the  squares  of 
their  distances,  it  appears  from  the  last  section 
that  they  move  in  conic  sections,  and  describe,  about 
their  common  centre  of  gravity,  equal  areas  in  equal 
times,  that  centre  either  remaining  at  rest,  or  mo- 
ving uniformly  in  a  straight  line.  But  if  there  are 
three  bodies,  the  action  of  any  one  on  the  other 
two,  changes  the  nature  of  their  orbits,  so  that  the 
determination  of  their  motions  becomes  a  problem 
of  the  greatest  difficulty,  distinguished  by  the  name 
of  THE  Problem  of  th1£  three  bodies. 

The  solution  of  this  problem,  in  its  utmost  generali- 
ty, is  not  within  the  power  of  the  mathematical 
sciences,  as  they  now  exist.  Under  certain  limita- 
tions, however,  and  such  as  are  quite  consistent 
with  the  condition  of  the  heavenly  bodies,  it  ad- 
mits of  being  resolved.  These  limitations  arc, 
that  the  force  which  one  of  the  bodies  exerts  on  the 
other  two,  is,  either  from  the  smallness  of  that  bo- 
dy, or  its  great  distance,  very  inconsiderable,  in 

respect 
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respect  of  the  forces  which  these  two  exert  on  one 
another. 

The  force  of  this  third  body  is  called  a  disturbing  force, 
and  its  effects  in  changing  the  places  of  the  other 
two  bodies,  are  called  tht  disturhances  of  the  sys' 
tern. 

Though  the  small  disturbing  forces  may  be  more  than 
one,  or  though  there  be  a  great  number  of  remote 
disturbing  bodies,  the  computation  of  their  combi- 
ned effect  arises  readily  from  knowing  the  effect  of 
one ;  and  therefore  the  problem  of  Three  bodies, 
under  the  conditions  just  stated,  may  be  extended 
to  any  number. 

Tw^o  very  different  methods  have  been  applied  to  the 
solution  of  this  problem.  The  most  perfect  is  that 
which  embraces  all  the  effects  of  the  disturb- 
ances at  once,  and,  by  reducing  the  momentary 
changes  into  fluxionary  or  differential  equations, 
proceeds,  by  the  integration  of  these,  to  determine 
the  whole  change  produced  in  any  finite  time,  whe- 
ther on  the  angular  or  rectilineal  distance  of  the 
bodies.  This  method  gives  all  the  inequalities  at 
once,  and  as  they  mutually  affect  one  another. 

The  other  method  of  solution  is  easier,  and  more 
elementary,  but  much  Jess  accurate.  It  supposes 
the  orbit  disturbed  to  be  nearly  known,  and  pro- 
ceeds to  calculate  each  inequality  by  itself,  inde- 
pendently of  the  rest.  It  cannot,  therefore,  be 
Q  3  exact. 
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exact,  and  gives  only  a  first  approximation  to  the 
quantities  sought ;  but  being  far  simpler  than  the 
.other,  it  is  much  better  suited  to  the  elements  of 
science.  It  is  also  the  original  method,  and  that 
which  was  first  applied  by  Sir  Isaac  Newtow  to 
explain  the  irregularities  of  the  Moon's  motion. 
The  same  has  been  followed  and  improved  by  Ca- 
I.ENDRIM,  in  his  Comineiitary  on  the  third  Boole  of 
the  Principia  ;  by  Frisi  in  his  Cosmographia  ;  and 
by  ViNC£,  in  the  second  volume  of  his  Astronomy. 

The  other  method  was  not  invented  till  several  years 
later,  when  it  occurred  nearly  about  the  same  time 
to  the  three  first  geometers  of  the  age,  Clairaut, 
EuLER,  and  D'Alkmbert.  It  was  followed  also 
by  Mayer,  and  several  others,  but  particularly  by 
La  Place,  who,  in  the  Mecanujue  Celeste,  has  gi- 
ven a  complete  investigation  of  the  inequalities  both 
of  the  primary  ^nd  secondary  planets. 

I  shall  explain  the  resolution  of  the  forces  tliat  is 
in  some  measure  comnion  to  both  methods ;  and 
shall  shew  how  their  effects  are  to  be  estimated  in 
some  simple  instances,  going  from  tlience  to  the 
enumeration  of  the  results.  I  begin  with  the 
Moon's  irregularities,  as  the  easiest  case  of  the  pro- 
blepi. 

2i9.  The  Moon,  in  her  motion  round  the 
Earth,  is  disturbed  by  the  action  of  the  Sun  ;  her 
gravity  to  the  Earth  is  increased  near  the  quadra- 
tures, 
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tures,  and  diminished  both  at  the  opposition  and 
the  conjunction,  and  the  areas  described  by  the 
radius  vector,  except  near  the  quadratures,  are  ne- 
ver exactly  proportional  to  the  times. 

a.  Let  ADBC  (fig.  25.)  be  the  orbit,  nearly  circular,  in 
which  the  Moon  M  revolves  round  the  Earth  at  E. 
Let  the  Sun  be  at  S,  and  let  the  line  SE  denote  the 

SE' 

force  of  the  Sun  on  the  Earth  ;  then  is  the 

attraction  of  the  Sun  on  the  Moon  at  M  ;  let  MG 
be  equal  to  this  line,  and  joining  ME,  let  the  pa- 
rallelogram KF,  of  which  GM  is  the  diagonal  and 
ME,  produced,  one  of  the  sides,  be  described ;  and 
let  HS  be  drawn  parallel  to  ME. 

The  force  MG  may  be  resolved  into  the  two  MF, 
MK,  of  which  MF,  directed  toward  the  centre  E, 
increases  the  gravity  of  the  Moon  to  the  Earth, 
and  does  not  hinder  the  proportionality  of  the  areas 
described  by  the  radius  vector,  to  the  times. 

The  other  force  MK  draws  the  Moon  in  the  direc- 
tion of  the  line  joining  the  centre  of  the  Sun  and 
Earth  ;  but  it  is  only  the  excess  of  this  force  above 
tliat  by  which  the  Sun  draws  the  Earth,  that  dis- 
turbs the  relative  p.osition  of  the  Moon  and  Earth. 
If,  then,  ES  denote  the  force  of  the  Sufi  on  the 
Earth,  KH  will  be  tlic  force  by  which  the  Sun 
S  draws  tlie  Moon  from  the  Earth,  in  the  direc- 

Q  4,  tion 
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tion  of  tlie  line  passing  through  the  centres  of  the 
Sun  and  Earth. 

This  force  at  the  conjunction,  exceeding  that  part  of 
the  disturbing  force  which  draws  the  Moon  to  the 
Earth,  tends  to  diminish  the  Moon's  gravity  to  the 
Earth.  At  the  opposition  B  it  does  the  same,  by 
becoming  negative  ^  for  tlie  Earth  is  then  drawn 
more  than  the  Moon,  and  the  difference  is  nearly 
the  same  as  at  the  conjunction. 

p.  If  MN  be  taken  equal  to  HK,  and  NQ  made  per- 
pendicular to  the  radius  vector,  the  force  MN  is 
resolved  into  t^Y0,  one  directed  from  M  to  O,  les- 
sening the  gravity  of  the  Moon  to  the  Earth,  and 
the  other  directed  from  O  to  N,  parallel  to  the  tan- 
gent to  the  Moon's  orbit  at  M,  and  therefore  acce- 
lerating  the  Moon  from  O  to  A,  retarding  her  from 
A  to  D,  and  so  alternately  in  the  other  two  qua- 
drants. 

At  the  quadratures  C  and  D,  the  force  HK  vanishes, 
and  the  qnly  remaining  force  is  directed  to  the 
centre  of  the  Earth,  so  that  the  areas  arc  there  pro- 
portional to  the  times. 

.  c.  The  analytical  values  of  these  for^ces  are  next  to  bp 
found.  Draw  CED  the  line  of  the  quadratures, 
put  SE  =  a,  EM  the  radius  vector  of  the  Moon's 
orbit  =  r,  the  angle  CEM  =  x,  and  the  mass  of  the 
Sun  —  m.    The  force  that  retains  the  Earth  in  its 

prbit 


* 
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prbit  =  — :  also  the  Sun's  force  on  M  jn  the  di- 


rection  SM  =  ~  ,  - . — — -  nearly,  and  hence  the 

(a  —  6  sin  A-)'  .  • 

Ibrce  HK,  or  MN,  is  found  = 


~  .  3  r  sin  Af,  MO  =  ^  .  3  r  sin'  x,  and 


XTn        W     o      •  7rt      3r  .  _ 

iNu  =  —  .  3  r  sm  AT  X  cos  x  =  —  .  —  sinzx. 

rJ  9. 


a' 


Also  MF  = 


f ejecting  all  the  terms  involving  powers  of  b  great- 
er than  the  first ;  and  therefore  MF  —  MO,  or 
the  whole  force  with  which  the  gravity  of  the 
Moon  to  the  Earth  is  increased  or  diminished. 


is  —  (1  —  3  sin*  A,).    This  last  force  is  0,  when 
a' 


Ssin^x'z^l,  or  sinA;=:  »  that  is,  when 
A  =:35°.15'.5^    At  the  quadratures  it  is  + 


and  at  the  opposition  and  conjunction  r—  ^JUj! 


The 
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The  mean  quantity  of  the  force  ^  (1  —  3sin*^), 
for  an  entire  revolution,  is  found  by  multiplying  it  by 
f ,  when  it  becomes  —■  (i  —  3  x  sin*  a),  the  fluent 

of  which,  or  the  sum  of  the  disturbing  forces  r= 

mr  .        3         3   .  . 
— -  (x  — -  ?;  A-  +  -  sm  X  X  cos  x)  ; 
a'  s  2 

and  thisj  when  x  is  an  entire  circumference,  Ik?- 
comes  —        X  -  .    This  must  be  divided  by  tt, 

and  it  gives  —  -—   for  the  mean  disturbing  force 

acting  on  the  Moon,  in  the  direction  of  the  radius 
vector. 

2.50.  Hence,  at  the  quadratures,  the  gravity  of 
the  Moon  to  the  Earth  is  increased  by  a  quantity 
equal  to  the  mass  of  the  Sun  multiplied  into  the 
radius  of  the  Moon's  orbit,  and  divided  by  the 
cube  of  the  Sun's  distance  from  the  Earth  •,  at  the 
opposition  and  conjunction  it  is  diminished  by 
twice  this  quantity ;  and  the  effect  upon  the 

whole 
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-whole  is  a  diminution  of  the  Moon's  gravity, 

ill  V 

amounting  to  one-half  of  it,  or  to  . 

The  disturbing  force  in  the  direction  of  the  radius 
vector  may  be  more  conveniently  expressed  ;  for  if 
E  be  the  force  by  which  the  Earth  attracts  th^ 
Moon,  P  the  periodical  time  of  the  Earth's  revolu- 
tion round  the  Sun,  and  P'  that  of  the  Moon  round 
the  Earth,  it  has  been  already  shewn,  that 

7?i     „         a  r 
a  -  '  F^' 

in  r  11 
and  -— -    Y  •  ■  —  •   ~  •  P  '  •  P^ . 


is  therefore  nearly  of  the  Moon's  gra- 


vity, and  the  mean  disturbing  force  rr  ^ 


358 


2oI.  From  the  diminution  of  her  gravity  by  a 
.'■:f.58t'h  part,  the  Moon  describes  her  orbit  at  a 
greater  distance  from  the  Earth,  with  a  less  angu- 
lar velocity,  and  in  a  longer  time,  than  if  she 
were  urged  to  the  Earth  by  her  gravity  alone. 

If  the  solar  action  were  to  cease,  the  Moon  would 
come  nearer  to  the  Earth,  and  would  describe  her 

orbit 
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orbit  in  less  time.  As  the  area  described  by  the 
radius  vector  in  the  primitive  and  the  disturbed  or. 
bit  is  the  same,  it  can  be  shewn,  that  in  eonse- 
quence  of  the  mean  disturbing  force,  the  radius 
vector  is  increased  by  a  35Sth  part,  and  the  angu- 
lar velocity  diminished  by  a  179th  part. 

Exposition  du  Sysieme  dii  Monde,  chap.  y.  p.  213. 
S'l'^edit. 

252.  The  annual  equation  is  an  irregularity  in 
the  Moon's  motion,  arising  from  the  variation  of 
the  Sun's  distance  from  the  fLarth,  and  bearing  a 
given  ratio  to  the  equation  of  the  Sun's  centre. 

Since  the  Sun''s  disturbing  force  is  inversely  as  the 
cube  of  his  distance,  when  he  approaches  the 
Earth  at  the  perihelion,  the  Moon's  motion  is  slower, 
and,  for  the  same  reason,  at  the  aphelion,  it  is 
quicker  tlian  the  mean.  This  produces  what  is 
called  the  annual  equation,  equal  nearly  to  (ll'.lS") 
X  sin  Sun's  mean  anomaly. 

This  has  a  contrary  sign  to  thp  equ«^tion  of  the  Sun's 
orbit. 

253.  An  inequality  in  the  same  disturbing  force 
depending  on  the  position  of  the  transverse  axis  of 
the  Moon's  orbit,  in  respect  of  the  line  drawn 
from  the  Earth  to  the  Sun,  produces  the  equa- 
tion 
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tion  already  mentioned  by  the  name  of  the  Et'ec- 
tion,  §  ]  29.  b. 

When  the  transverse  axis  of  the  Moon's  orbit  is  di- 
rected to  the  Sun,  or  lies  in  the  line  of  the  syzy- 
gies,  because  the  foice,  taken  in  syzygies  from  the 
gravitation  of  the  Moon,  is,  cateris  paribus,  propor- 
tional to  her  distance  from  the  Earth  ;  it  is  great- 
est when  the  Moon  is  in  the  apogee,  and  least  when 
the  Moon  is  in  the  perigee :  the  greatest  possible 
dhninution  is  therefore  made  from  the  quantity 
that  is  already  the  least,  and  the  least  diminution 
from  that  which  is  already  the  greatest ;  their  dif- 
ference therefore  is  augmented,  and  the  motion  at 
the  apogee  made  slower  than  usual,  and  at  the  pe- 
rigee faster.  When  the  line  of  the  apsides  is  in  the 
quadratures,  the  contrary  happens  ;  the  gravitation 
at  the  apogee  is  most  .augmented,  and  at  the  peri- 
gee least  augmented  :  the  diffei'ence  therefore  is  di- 
minished. 

In  the  former  case,  the  equation  of  the  centre  appears 
to  be  increased,  and  in  the  second  it  appears  to  be 
diminished.  The  quantity  is  —  (l^.SO'.Se'O  mul- 
tiplied into  the  sine  of  twice  the  Moon's  angular 
distance  from  the  Sun,  minus  the  mean  anomaly  of 
the  Moon.  Mayer  adds  another  term  to  the  evec- 
tion,  equal  to  +  26"  multiplied  into  the  sine  of 
double  the  preceding  argument.  Theoria  Luna, 
Lond.  1767,  §  50. 


254.  The 
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254.  The  Variation  is  an  equation  derived  from 
the  force  at  right  angles  to  the  radius  vector, 
which,  from  the  quadratures  to  the  syzygies,  ac- 
celerates the  motion  of  the  Moon,  and  from  the 
syzygies  to  the  quadratures  retards  it.  This  force 
was  found  to  be  proportional  to  the  sine  of  twice 
the  Moon's  angular  distance  from  the  Sun,  and 
the  equation  itself  is  nearly  proportional  to  the 
same  quantity. 

If  the  angular  distance  of  the  Moon  from  the  Sim 
—  A,  the  variation,  according  to  Mayer,  is  = 

+  (35'.47")  sin  2  a 

-f       (2")  sin  3  A 

+  (14")sin4A. 

Beside  the  abore  inequalities,  first  found  out  by  oh'- 
servation,  and  now  explained  by  the  theory  of  gra- 
vity, there  are  several  others  of  smaller  amount, 
which  theory  alone  has  discovered;  all  that  ob- 
servation could  do,  being  to  ascertain  that  some 
unknown  inequalities  existed,  which  introduced 
an  uncertainty  into  all  the  calculations  of  the 
Moon's  place.  These  have  been  separated  by  the 
theory,  and  the  Tables,  by  that  means,  brought  to 
agree  very  nearly  with  observation. 

^55.  One  of  the  equations  which  theory  has  dis- 
covered, is  remarkable  for  the  great  length  of  it- 

period. 
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period,  being  no  less  than  85  years.  It  depends 
on  the  position  of  three  lines ;  the  axis  of  the 
Moon's  orbit,  the  axis  of  the  Earth's  orbit,  and 
the  line  of  the  Moon's  nodes.    It  amounts  to 

14"  sin  (2  Long.  Node  -f-  Long.  Perigee  i  — 
3  Long.  Perigee  o)  . 

Mecanique  Celeste.  Also  Preface  to  the  New  Tables, 
Vince's  Astron.  torn.  in. 

256.  The  inequality  called  the  acceleration  of 
the  JMoon,  by  which  her  velocity  appears  subject 
to  continual  increase,  and  her  period  to  continual 
diminution,  has  been  found  by  La  Place  to  be  a 
secular  equation,  (depending  on  a  change  in  the 
eccentricity  of  the  Earth's  orbit),  which  does  not 
run  through  the  circle  of  its  changes  but  in  the 
course  of  several  thousand  years.  For  many  cen- 
turies .to  come  it  may  be  nearly  expressed  by  this 
formula,  where  n  denotes  the  number  of  centuries 
from  1700, 

4-  lo".  18 162 1268  X  n'  +  0".0 1 85334408  . 

The  other  lunar  inequalities  respect  the  orbit  itself,, 
w  here,  in  consequence  of  the  Sun's  disturbing  force, 
these  three  dements  are  subject  to  change,  viz.  The 
position  of  the  line  in  which  the  plane  of  the  orbit 
cuts  the  plane  of  the  ecliptic  ;  also  the  angle  in 
which  it  cuts  that  plane  ;  and,  lastly,  the  direction 

of 
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of  the  transvei-sc  axis  of  the  orbit,  or  of  the  line  of 
the  apsides. 

257.  The  motion  of  the  line  of  the  nodes  is  pro- 
duced by  that  part  of  the  Sun's  disturbing  force 
Vvhich  is  in  the  direction  of  the  straight  line 
joining  the  centres  of  the  Sun  and  Earth,  and 
proportional  to  the  distance  of  the  Moon  from  u 
plane  passing  through  the  centre  of  the  Earth  at 
right  angles  to  the  line  joining  the  centres  of  the 
Sun  and  Earth. 

Suppose  the  Moon  to  be  on  the  sarft'e  side  of  the  last 
mentioned  plane  that  the  Sun  is.  Then,  if  in  the 
direction  of  her  motion  for  the  instant  just  past, 
there  be  taken  a  line  equal  to  the  space  passed  over 
in  that  instant,  and  if  in  the  line  drawrf  through 
the  Moon,  perpendicular  to  the  above  plane,  on 
the  side  opposite  to  the  plane,  there  be  taken  a 
part  equal  to  the  space  which  the  force  urging  the 
Moon  from  the  plane  would  have  made  her  de- 
scribe in  the  same  time,  then  the  true  path  of 
the  Moon  will  be  the  diagonal  of  the  parallelograiu 
under  these  two  lines ;  and  the  momentary 
change  in  the  place  Of  the  n6de  will  be  the  distance 
between  the  point  wher^  an  arch  having  the  direc- 
tion of  this  diagon-al,  and  another  having  the  direc- 
tion of  its  side,  meet  the  plane  of  the  ecliptic.  The 
same  will  happen  in  other  situations  of  the  Moon, 
and  the  line  of  the  nodes  will  thus  have  a  motion 

in- 
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in  a  contrary  direction  to  the  motion  of  the  Moonj 
that  is,  a  retrograde  motion,  or  in  antecedentia, 

258.  From  this,  Newton  has  shewn,  that  the 
horary  motion  of  the  node  at  any  time  is  to 
33'M77,  as  the  product  of  the  sines  of  these  three 
angles,  the  distance  of  the  Moon  from  the  quadra- 
ture, the  distance  of  the  Moon  from  the  node,  and 
the  distance  of  the  node  from  the  Sun,  to  the  cube 
of  the  radius. 

Princip.  lib.  iii.  prop.  31. 

When  any  one  of  the  above  three  sines  becomes  ne- 
gative, the  motion  of  the  node,  from  being  retro- 
grade, becomes  progressive. 

9.59.  The  mean  horary  motion  of  the  node, 
which  arises  from  taking  the  average  of  all  the 
horary  motions,  is  to  l6".2771  as  the  square  of  the 
sine  of  the  distance  of  the  node  from  the  Sun  to 
the  square  of  the  radius. 

ibid.  cor. 

Ilence  the  mean  motion  of  the  nodes  for  a  syderial 
year  is  19''.18M".4,  which  is  not  far  from  the  re- 
sult of  astronomical  observation. 


Vol.  TT. 


R 


*26o.  From 
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260.  From  the  same  cause  arises  a  variaction  in 
the  inclmation  of  the  Moon's  orbit  to  the  echptic, 
confined  within  very  narrow  limits.  A  construc- 
tion for  determining  the  inclination  for  any  given 
time,  is  given  ibid.  prop.  35.,  and  is  found  to  agree 
with  observation. 

What  respects  the  motion  of  the  nodes  is  thus  com- 
pletely explained ;  and  it  is  here  that  the  indirect 
method  of  determining  the  Moon's  inequalities  has 
been  most  successful.  It  has  not  been  equally  so 
in  ascertaining  the  motion  of  the  apsides. 

To  conceive,  in  general,  the  cause  which  renders  the 
apsides  of  the  Moon's  orbit  more  than  ISO  degrees 
distant  from  one  another,  we  must  begin  with  sup- 
posing the  Moon  at  the  lower  apsis ;  then,  if  that 
planet  were  acted  on  only  by  the  force  of  gravity, 
the  radius  vector,  after  it  had  described  180°, 
would  arrive  at  the  upper  apsis,  or  would  be  inter- 
sected by  the  orbit  at  right  angles. 

But  as  the  mean  disturbing  force,  in  the  direction  of 
the  radius  vector,  may  be  considered  as  a  quanti- 
ty constantly  taken  from  the  Moon's  gravity,  the 
portion  of  her  path  described  in  any  instant,  will 
fall  between  the  tangent  and  the  arch  of  the  ellip- 
tic orbit  which  would  have  been  described  if  the 
Moon  had  been  acted  on  by  gravity  alone.  The 
actual  path  of  the  Moon,  therefore,  will  be  less 
bent  than  the  elliptic  orbit  would  have  been  in  the 

'  samt> 
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same  time,  and  will  not  come  to  intersect  tiie  ra- 
dius vector  at  right  angles,  till  this  last  has  moved 
over  a  greater  arch  than  180°.  Hejice  the  solar 
force,  by  lessening  the  Moon's  gravitation  to  the 
Earth  produces  ah  advance  in  the  place  of  the 
apsides,  in  the  direction  of  the  Mdon's  motion. 
If  the  same  force  had  been  added,  it  would  have 
produced  a  motion  in  antecedentia. 

The  precise  quantity  of  the  motion  of  the  apsides  is 
not,  however,  easily  determined.  Newton  left  this 
part  of  the  theory  almost  untouched  ;  and  the  only- 
theorem  which  he  gave,  having  any  reference  to  it, 
made  the  motion  only  half  of  what  it  is  found  in 
reality  to  be.  Macuin  was,  I  believe,  the  first, 
who,  after  Newton,  attempted  this  investigation ; 
he  has  only  mentioned  the  result,  which  is  very  ex- 
act, and  the  principles  on  which  his  reasoning  was 
founded,  viz.  that  from  the  disturbing  force  in  the 
direction  of  the  radius  vector,  he  determined  the 
I^Ioon's  nearest  approach  to  the  Earth,  and  farthest 
recess  from  it,  supposing  that  but  for  such  disturb- 
ance, the  Moon's  orbit  would  have  been  a  .circle  : 
from  this  also  he  found  the  time  from  the  loAvest 
to  the  highest  apsis. 

This  method  was  afterwards  adopted  by  tionV.  Walms- 
LEY,  and  by  Dr  M.vthevv  Stevvaut,  wIjo  both  de- 
rived  from  it  the  true  motion  of  the  apsides,  b^'  in- 
Testi-ations  extremely  ingenious,  and  that  ot'  the 

n  2  latter. 
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latter,  particularly  distinguished  for  its  geometrical 
elegance.  Dr  Stewart  has  demonstrated  thir 
theorem : 

261.  If  r  be  the  radius  of  the  Moon's  orbit, 
supposing  it  to  be  a  circle,  and  acted  on  only  by  F, 
her  gravity  to  the  Earth.  Then  if  a  mean  disturb- 
ing force  — be  supposed  to  diminish  the  Moon's 
gravity,  the  greatest  distance  she  will  go  to  from 

the  Earth  is  r  x  -r; — '-r4  ;  and  the  cube  of  this 

distance  will  be  to  the  cube  of  r  in  the  duplicate 
ratio  of  the  angle  described  by  the  Moon  from 
one  apsis  to  the  next  to  two  right  angles. 

Tracts  Math.  <§•  Phys.  Tract  iv.  prop.  27;  also 
Sun's  Distance,  prop.  ix. 

Hence  the  angle  de«cribed  from  one  apsis  to  the 

next  =  X  180°. 

(F-5/)^ 

Frisi  has  adopted  the  principle  of  Machin,  including 
also  the  action  of  the  forces  perpendicular  to  the 
radius  vector.    Opera,  torn.  iii.  p.  380, 

ViNCE,  in  the  2d  volume  of  his  Astronomy,  has  com- 
puted the  motion  of  the  apsides  according  to  this 
last  method,  and  makes  the  quantity  of  it  in  a  sj- 

derial 
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ferial  revolution  of  the  Moon,  3*.2'.32".39 ;  and 
in  a  year  40°.40'.20. 

Mayer's  Tables  make  the  latter  40o.41'.33".  Dr 

f 

Stewart's  Theorem  gives  3°.r.20''',  supposing  ^ 

~  ^58  '  '^'^  y^^^  assigned  to  it,  §  250. 

The  result  of  these  investigations,  therefore,  agrees 
nearly  with  observation  ;  but  it  cannot  be  denied 
that  the  principle  on  which  they  are  founded  is  li- 
able to  some  objections,  so  that  if  it  were  not  for 
the  information  derived  from  the  direct  solution 
of  the  problem  of  the  three  bodies,  it  might  still  be 
doubted,  whether  the  principle  of  gravity  account- 
ed exactly  for  the  motion  of  the  Moon's  apsides. 
Clairadt,  who  first  compared  the  resiUt  of  that 
solution  with  observation,  met  with  the  same  diffi- 
culty that  Newton  had  done,  and  found  that  his  for- 
mula gave  only  half  the  true  motion.  He  there- 
fore imagined  that  gravity  is  not  inversely  as  the 
squares  of  the  distances,  but  follows  a  more  compli- 
cated law,  such  as  can  only  be  expressed  by  a  for- 
mula of  two  terras.  In  seeking  for  the  coefficient 
of  the  second  term,  he  was  obliged  to  carry  his 
approximation  farther  than  he  had  done  before ;  in 
consequence  of  which,  the  coefficient  he  sought  for 
came  out  equal  to  0,  and  the  motion  of  the  apsides 
jvas  found  to  be  completely  explained  by  the  sup- 

3  position, 
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position,  that  the  force  of  gravity  is  inversely  as  the 
square  of  the  distance. 

262.  Since,  by  the  Moon's  inequalities,  the  ra- 
tio of  the  Sun's  disturbing  force  to  the  force  with 
which  the  Moon  gravitates  to  the  Earth  becomes 
known  ;  if  the  ratio  of  the  former,  to  the  whole 
force  retaining  the  Earth  in  its  orbit,  could  bq 
found,  the  ratio  of  this  last  to  the  force  of  the 
Earth  on  the  Moon  would  also  be  found,  and  from 
thence  the  ratio  of  the  distance  of  the  Moon  to 
the  distance  of  the  Sun  from  the  Earth. 

The  latter  ratio  would  be  given,  because  if  F  andf 
are  the  forces  that  retain  the  Earth  and  the  Moon 
in  their  orbits  ;  if  a  and  r  are  the  radii  of  those  or- 
bits, P  and    the  pei'iodic  times. 


and  so  if  the  ratio  of  F  to  F'  be  given,  P  and  p  be- 
ing also  given,  the  ratio  of  a  to  r  is  found. 

In  this  way  the  Sun's  distance  might  be  found  from 
his  own  force  to  disturb  the  Moon,  the  idea  of 
which  appears  first  to  have  occurred  to  Dr  Ma- 
th ew  Stewart.  The  principal  difficulty  is  to 
find  the  ratio  of  the  disturbing  force  of  the 
Sun  to  the  force  which  the  Sun  exerts  on  the 
Earth.    If  the  expression  of  that  force  was  carried 
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no  farther  than  to  involve  the  simple  power  of  - , 

the  investigatioH  would  lead  to  nothing,  as  a  vpould 
disappear  from  the  equation ;  but  if  it  be  carried 

to  the  terms  that  involve  — ,  an  equation  may  be 

found  from  which  a  can  be  determined.  Dr  Stew- 
art, therefore,  having  first  compared  the  mean  di- 
sturbing force  with  the  gravity  of  the  Moon  to  the 
Earth,  from  the  motion  of  the  apsides,  proceeded 
to  determine  the  ratio  of  the  former  force  to  the 
force  that  retains  the  Earth  in  its  orbit,  by  carry- 
ing the  approximation  to  the  terms  that  involved 
the  square  of  the  Sun's  distance,  and  from  that 
computed  the  Sun's  parallax  at  G".9.  Suti's  distance, 
prop.  10. 

This  value  of  the  parallax  is  no  doubt  too  small ;  it 
is  only  an  inconsiderable  part  of  the  disturbing 
force  of  the  Sun,  into  which  his  distance  enters  as 
an  element,  and  therefore  any  deduction  founded  on 
it  must  be  liable  to  error. 

Mayer  lias  also  sought  to  determine  the  Sun's  paral- 
lax from  one  of  the  lunar  equations,  as  deduced 
from  the  solution  of  the  problem  of  the  three  bodies. 
Tlie  coefficient  of  this  equation  involves  the  Sun's 
parallax,  and  gives  it  equal  to  7". 8,  and  Mayer. 
tliinks  that  the  error  cannot  exceed  a  24th  part. 
Theoria  Luna,  §  51. 


263.  The 
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263.  The  Tables  of  the  Moon's  motions  in  the 
state  to  which  they  are  now  brought,  contain  28 
equations  for  the  longitude  of  the  Moon;  12  for 
the  latitude,  and  IS  for  the  horizontal  parallax, 
or  the  distance  of  the  Moon  from  the  Earth  ;  and 
their  greatest  probable  error  does  not  exceed  12  se- 
conds. 

It  is  very  much  to  the  introduction  of  the  equation 
of  the  period  of  85  years,  which  nobody  before 
La  Place  had  discovered,  that  the  superior  ac- 
curacy of  the  New  Tables  is  to  be  ascribed. 

The  observations  at  Greenwich  have  afforded  tlie 
data  from  which  the  theory  of  gravity,  and  the 
integral  calculus  have  extracted  these  memorable 
results. 


Sect. 
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Sect.  III. 

DISTURBANCES  IN  THE  MOTIONS  OF  THE  PRIMA- 
RY PLANETS  PRODUCED  BY  TIIEIR  ACTION  ON 
ONE  ANOTHER. 

It  is  necessary,  in  this  inquiry,  to  know  the  quanti- 
ties of  matter  in  the  different  planets ;  and  these 
have  been  already  calculated  for  the  planets  which 
have  satellites.  The  masses  of  Venus  and  Mars 
have  been  computed  by  M.  La  Place  from  some 
disturbances  which  they  appear  to  produce  on  the 
Earth's  motion.  The  mass  of  Mercury  has  been 
estimated,  from  supposing  his  density,  and  that  of 
the  Earth,  to  be  inversely  as  their  mean  distances 
from  the  Sun.  This  law  holds  with  respect  to 
the  Earth,  Jupiter  and  Saturn,  and  analogy  autho- 
rises the  extension  of  it  to  Mercury.  From  know- 
ing the  density  and  the  bulk,  the  quantity  of  mat- 
ter ii  inferred.    The  mass  of  the  Sun  being  1, 

that  of  Mercury  is  ^  ,  of  Venus  ■ — -  

^      2025810'  383137' 

of  Mars  those  of  the  others  being  as 


•Iready  stated,  §  2i5. 


The 
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The  gravitation  of  one  planet  to  another,  is  expres- 
sed by  the  quantity  of  matter  in  each,  divided  by 
the  square  of  the  distance  ;  and  tiierefore  the  two 
bodies  tend  to  come  together  with  a  force  that  is  as 
the  sum  of  their  masses  divided  by  the  square  of  the 
distance ;  so  that  when  the  motion  of  both  is  re^ 
ferred  to  one  only,  the  force  must  be  expressed  by 
the  sum  of  the  masses  divided  by  the  square  of  the 
distance. 

The  disturbances  pi^oduced  by  the  action  of  the  pri- 
mary planets  on  one  another,  are  of  more  difficult 
investigation  than  those  produced  by  the  Sun  on 
the  motions  of  the  Moon,  because  the  disturbing 
body  is  not  at  an  immense  distance,  as  in  the  lat- 
ter case.  The  only  sure  way  of  subjecting  them  to 
calculation,  is  by  a  direct  solution  of  the  Problem 
of  the  Three  Bodies  ;  the  part  of  which  that  may 
be  accounted  quite  elementary  is  now  to  be  consi- 
dered, 

264.  The  forces  which  act  upon  a  body,  to 
however  many  centres  they  tend,  and  whatever 
law  they  may  obey,  may  be  resolved  into  the 
directions  of  three  lines  or  aa  es,  given  in  position, 
at  right  angles  to  one  another. 

This  is  evident  from  Dynamics,  vol.  r.  §  70. 

The  advantage  of  this  resolution  of  forces  for  deter- 
mining the  motion  of  a- body  attracted  to  several 

centres, 
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centres,  appears  to  have  been  first  suggested  by 
Maclaurin,  Fluxions,  §  470.  It  has  been  very 
useful  in  the  solution  of  the  problem  of  The  three 
bodies. 

265.  Let  S  be  the  Sun,  (fig.  26.),  and  P 
aid  P'  two  planets  referred  to  the  plane  of 
the  ecliptic,  each  by  three  rectangular  co-ordi- 
nates, PQ,  QR,  RS,  and  P'Q',  Q'R',  R'S,  pa- 
rallel to  the  three  axes  SO,  SN,  NM  :  let 
SRr:.r,  RQ  =  ?/,  PQ^^.  Let  all  the  forces 
that  draw  P  in  the  direction  of  SM,  or  in  a  line 
parallel  to  .r,  whether  arising  from  the  action  of 
the  Sun  S,  or  the  Planet  P',  be  denoted  by  F;  all 
those  in  the  direction  of  SN  or  y  hy  F' ;  and  those 

in  the  direction  of  SO  or  z,  by  F" ;  and  let  t  be 
the  momentary  increment  or  fluxion  of  th^ 
time  ; 

5c'       —  F  e 

.y  =  —  F'f-,  and 

z  =  —  F"  e . 

From  the  principles  of  Dynamics,  (1.  §  100.) 
—  F  «  =  «  «;  and  (l.§56.)  u  r:  ^,  so  that 
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tt  ==  ^ ,  because  i  is  supposed  constant ;  there- 
i 

•  •  •  • 

fore  vi)  z=  —  X  —  =        ,  and  hence 
t      ■  t  t 

—  Fxr:    -TT-,  or  F  =  —  — 
t 

that  is  1'  =  —  F  t  \ 

Jn  the  same  manner  are  found  the  values  of  y  and 
of  z . 

On  these  three  equations  is  founded  the  solution  of 
the  problem  of  The  three  bodies. 

266.  The  same  things  being  supposed,  let  the 
co-ordinates  by  which  the  planet  P'  is  referred  to 
the  ecliptic  be  2'',  y\  z' ;  let  SP  == 

and  the  distance  of  the  planets,   or   PP'  — 

—  ij  ■\-{y—      +    —      =  9  •  Also 

let  m  be  the  mass  of  the  planet  P,  and  m'  that  of 
P',  the  mass  of  the  Sun  being  I .  The  whole  force 

parallel 
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parallel  to  .v  or  SM,  that  affects  the  relative  mo- 
tion of  P  to  S,  is 


? 


.3 


q  X 


For  the  action  of  the  Sun  on  P  being  resolved  as 
above,  the  part  of  it  that  is  in  a  direction  parallel 

to  X  or  to  SM  is  — ;  and  the  action  of  P'  on  P 
being  resolved  in  like  manner,  the  part  of  it  paral- 
lel to  SM  is         — ^)  .    Now,  supposing  x  to 

Vary  by  the  momentary  increment  or  fluxion  *,  *' 
remaining  constant,  the  increment  of      or  q  will 

be  such  that       =       ]^  ,  and  therefore 


X 


9 


,         =  — 4- ,  which,  therefore,  is  the  force 

1'  q^x 

by  which  P'  acts  directly  on  P ;  and  if  to  this  be 
added  the  Sun's  force  in  the  same  direction,  viz. 

>—  ,  the  amount  of  the  direct  action  of  S  and  P' 


on  P,  in  a  line  parallel  to  SM,  is  —  -f 

Now 


q'^  X 
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Now,  the  Sun,  by  the  united  action  of  the  planets  P 
and  P',  is  drawn  in  the  direction  opposite  to  this 

last  by  a  force  —  ^if  +  — ^  ,  and  as  the  Sun  is 

here  considered  as  immoveable,  we  must  conceive 
this  force  to  be  transferred  to  P  in  the  opposite  di- 
rection. 

tThus  the  whole  action  on  P,  or  the  force  F  = 
X       m  x       m'  x'      m'  q 

  _L    J_    -J  J. 

r'  r'J       q"  x 
  (1  +  wi)  *  x       m  q 

By  writing  in  this  fornmla     y'  and      instead  of  x, 

,     ,  •        ,       ^,     (1  +  "0j^   .      J''  .       9 . 
a?  and     we  have  F  =  — —j,  1-  —i-r  + 

and  in  like  manner 

F'^  =  ^       3  ^     +  -77-  +  • 

The  substitution  of  these  values  of  F,  &c.  in  the 
three  formulas  of  the  last  article,  will  give  three 
fluxionary  equations,  on  which  the  motion  of  P 
depends. 

The  same  being  done  for  P',  there  will  come  out  six 
fluiionary    equations,  from  the  integration  ot' 

which 
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which  the  motions  both  of  P  and  P'  may  be  de- 
termined. 

This  is  the  problem  of  the  Three  Bodies,  as  far  as 
the  principles  of  Dynamics  are  concerned.  The 
rest  depends  on  the  integral  calculus,  and  involves 
a  multitude  of  investigations  which  do  not  belong 
to  this  place.  See  Memoir  of  La  Place,  siir  Its 
Inegalites  de  Jupiter  et  Saturn.  Acad,  des  Scimces, 
17S5.    Also  Mecanique  Celeste,  liv.  vi. 

"What  is  given  above,  is  merely  an  elementary  expo- 
sition of  the  dynamical  principles  employed  in 
these  investigations ;  a  sketch  follows  of  some  of 
the  most  important  conclusions  deduced  from 
them. 

£67.  The  place  of  every  planet  in  its  orbit,  is 
changed  by  the  action  of  the  other  planets,  and 
the  orbit  itself  is  changed  in  all  its  elements  but 
two,  the  mean  distance  from  the  Sun  and  the  mean 
motion  of  the  Planet. 

a.  In  the  orbit  of  a  planet,  the  line  of  the  nodes,  the 
inclination  to  the  plane  of  the  ecliptic,  the  line  of 
the  apsides,  and  the  eccentricity,  all  vary.  •  The 
lines  of  the  nodes  and  of  the  apsides  revolve  conti- 
nually ;  but  the  inclination  of  the  orbit  aad  its  ec- 
centricity are  only  subject  to  small  periodical  va- 
riations on  each  side  of  11  mean,  fioni  which  they 
never  depart  far. 


b.  The 
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i.  The  quantity  and  direction  of  these  motions,  as 
determined  by  the  theory  of  gravity,  agree  entire- 
ly with  the  results  of  observation . 

268.  Mercury  is  so  near  the  Sun,  that  his  place 
in  his  orbit  is  not  sensibly  affected  by  the  action 
of  the  other  planets  ;  but  his  orbit  is  nevertheless 
disturbed,  both  in  its  form  and  position. 

a.  The  disturbances  of  the  four  elements  of  the  orbit 
are  as  in  the  following  Table,  where,  instead  of  the 
secular  change  of  the  eccentricity,  that  of  the  great- 
est equation  of  the  centre  is  set  down.  The  first 
column  gives  the  planet,  to  which  the  disturbances 
opposite  to  it  in  the  succeeding  columns  are  to  be 
ascribed ;  the  second  is  the  annual  motion  of  the 
nodes;  the  third  of  the  apsides,  both  in  respect  of  the 
fixed  stars  ;  the  fourth  contains  the  secular  varia- 
tions of  the  inclination ;  the  fifth  those  of  thp 
greatest  equation  of  the  centre. 


Action  of 

Node. 

Aphel. 

Inc.  Orb. 

Eq.  Cent. 

-  5".67 

+  4".  14 

+  S".04 

+  9".46 

© 

—  0.87 

+  0  .84 

+  0.58 

—  0  .14 

+  0  .04 

—  0  .22 

+  0  .86 

% 

—  2.18 

+  1  .56 

—  1  .26 

+  9  .87 

h 

—  0.12 

+  0  .08 

+  0  .02 

+  1  .04 

—  8.88 

+  6  .66 

+  2".  16 

+  20 .43 
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The  sign  — ,  when  applied  to  the  node,  or  the  aphe- 
lion, implies  that  the  motion  is  retrograde. 

b.  The  motions  of  the  node  and  of  the  apogee,  given 
in  Astronomical  Tables,  are  different  from  the 
above,  as  the  annual  precession  of  the  equinoxes 
is  included.  Thus  the  annual  motion  of  the 
node  is  —  S".98  +  50".25  =  +  4<V'.27 ,  in  respect 
of  the  equinoxes,  though  it  is  only  —  S".98  in  re- 
spect of  the  fixed  stars. 

2G9.  In  like  manner,  the  place  of  Vemts  in  her 
orbit  is  not  sensibly  disturbed,  but  the  orbit  itself 
is  subject  to  change. 


Node. 

Aphe]. 

Inc.  Orb. 

Eq.  Cent. 

By  $ 

+  0".16 

—  4".30 

+  1".91 

—  9".  02 

? 

—  7  .40 

—  6  .69 

—  5  .06 

—  9  .02 

—  0  .59 

+  1  .18 

—  0  .42 

—  0  .04 

V- 

—  5  .13 

+  6  .38 

+  2  .60 

—  6  .16 

—  0  .09 

+  0  .08 

,  0.35 

—  0  .14 

—14".  70 

+  18".40 

+  4^^.47 

—  24".  98 

270.  In  the  orbit  of  the  Earth,  the  apsides 
move  forward  annually  at  the  rate  of  1  l".8077I9 
in  respect  of  the  fixed  stars ;  and  the  eccentricity 
diminishes,  so  that  the  secular  variation  of  the 
greatest  equation  of  the  centre  is  —  l'i".66. 

Vol.  it.  S  -  a.  Of 
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a.  Of  the  motion  of  the  apsides,  5"  is  due  to  Venus, 
1".2  to  Mars,  and  5".5  to  Jupiter  nearly. 

b.  In  the  secular  diminution  of  the  equation  to  the 
centre,  +  4".18  is  the  effect  of  Venus,  —  4".94of 
Mars,  —  16".02  of  Jupiter,  and  the  rest  is  produ- 
ced by  Mercuiy  and  Saturn. 

271.  As  it  is  not  the  centre  of  the  Earth,  but 
the  centre  of  gravity  of  the  Moon  and  Earth, 
which  describes  equal  areas  in  equal  times,  about 
the  centre  of  the  Sun^  the  regularity  of  the  Earth's 
motion  is  disturbed  on  that  account,  and  the 
Earth  is  forced  out  of  the  plane  of  the  ecliptic. 

a.  The  irregularities  thus  communicated  to  the  Earth 
are,  by  observers  on  its  surface,  transferred  to  the 
Sun  ;  the  Sun,  therefore,  has  a  motion  in  longitude, 
by  which  he  alternately  advances  before  the  point 
that  describes  the  elliptical  orbit  in  the  heavens, 
and  falls  behind  it ;  and  in  like  manner  alternately 
ascends  above  the  plane  of  the  ecliptic,  and  descends 
below  it. 

b.  These  inequalities  are  small.  The  mass  of  the 
Moon  is  about  ^'^th  of  that  of  the  Earth ;  the 
distance,  therefore,  of  the  centre  of  gravity  of  the 
Moon  and  Earth,  from  the  centre  of  the  latter, 
must  be  less  than  a  semidiameter,  and  therefore  the 
inequality  in  the  Sun's  place  must  be  less  than  his 
horizontal  parallax. 

c.  The* 
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'c.  The  crreatest  latitude  v/hich  the  Sun  can  have,  is 
equal  to  the  horizontal  parallax,  multiplied  into  the 
sine  of  the  Moon's  greatest  latitude.  This  carl 
hardly  amount  to  a  second ;  it  is  called  the  mew- 
stnuil  parallax,  and  was  first  mentioned  by  Mr 
Sm EATON,  Phil.  Ti-ans.  1768.  See  also  Mecanique 
Celeste,  torn.  iii.  p.  106. 

272.  The  place  of  3Ia)^j  in  his  orbit  is  sensibly 
aflected  by  the  action  of  Venus,  the  Earth,  and 
Jupiter. 

The   principal  inequality  produced  by  Jupiter  is 
—  25".6  sin  (Long.     —  Long,  if) 
+  16".8  sin  (Long.  ^  —  Long,  i;) ; 

By  the  Earth,  7''.2  sin  (Long.  ©  —  Long.  ^)  ; 
and  by  Venus,  5'. 7  sin  (Long.  ?  —  3  Long.  ^)  . 

There  are,  besides  these,  some  other  small  equations. 
See  New  Tables,  Vince's  Astronomy,  vol.  iii.  p.  48. 
&c. 

In  the  orbit  of  Mars,  the  eccentricity  is  diminishing. 
The  secular  variation  of  the  greatest  equation  of  the 
centre  is  —  37''. 

The  annual  and  sydefial  motion  of  the  aphelion  is 
16//.7.5  forward,  and  of  the  node  23".25  backward. 
These  motions  are  chiefly  produced  by  the  three 
planets  just  named. 

S  2  2/3.  The 
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273.  The  inequalities  of  the  small  planets  Ju- 
no, Vesta,  Ceres  and  Pallas,  have  not  yet  been 
computed  ;  the  disturbances  which  they  must  suf- 
fer from  Mars  and  Jupiter  are  no  doubt  conside- 
rable, and,  on  account  of  their  vicinity,  though 
their  masses  are  small,  they  may  somewhat  di- 
sturb the  motions  of  one  another.  Their  action 
on  the  other  bodies  in  the  system  is  probaby  in- 
sensible. 

As  two  of  these  planets  have  nearly  the  same  perio- 
dic time,  they  must  preserve  nearly  the  same  dis- 
tance, and  the  same  aspect  with  regard  to  one  ano- 
ther. This  offers  a  new  case  in  the  computation 
of  disturbing  forces,  and  may  produce  equations 
of  longer  periods  than  are  yet  known  in  our  sys- 
tem. 

274.  The  action  of  Jupiter  and  Saturn  on  one 
another,  produces  an  inequality  in  the  motion  of 
each,  of  considerable  amount,  and  of  a  long  pe- 
riod, viz.  91 8.76  years. 

a.  If  n  express  a  number  of  years  reckoned  from  the 
beginning  of  1750,  S  the  mean  longitude  of  Sa- 
turn, and  I  of  Jupiter,  reckoned  from  the  same 
time,  then  the  great  equation  that  must  be  applied 
to  the  mean  longitude  of  Jupiter,  or  to  I,  is 

+  (20  .49  "  5  —  71  X  0".04.2733)  x 
sin  (5  S  —  2  I  +  5°.34'.8"  —  ?i  x  58''.S8)  ; 

an(l 
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and  that  which  must  be  applied  to  S  is 

—  (4S'.44"  —  n  X  O'.l)  x 
sin  (5  S  —  2  I  +  5°.34'.8"  —  nx  58"  .88)  . 

These  equations  are  to  one  another  nearly  in  the  ra, 
tin  of  3  to  7.  As  the  quantity  5S  —  21  —  nx 
58".88,  requii'es  918.76  years  to  increase  from  0  to 
360  degrees,  therefore  the  above  equations  require 
that  period  to  run  through  all  their  changes.  See 
La  Place,  Man.  Acad,  des  Sciences,  1785,  1786. 
Also  I^A  Lande,  Ast.  torn.  in.  §  3670. 


275.  Besides  these  two  great  inequalities,  there 
are  ten  others,  arising  jFrom  the  action  of  Saturn, 
to  which  Jupiter  is  subject,  and  which  ni^^ay 
amount  when  greatest  to  ]  \'.56  \  there  are  also 
six  to  which  Saturn  is  subject  from  the  action  of 
Jupiter,  and  these  may  amount  to  19'  .51"  .  . 

For  the  particular  forms  of  these  equations,  see  La 
Lande,  ibid,  and  Vince,  Ast.  vol.  iji.  p,  94.  an^ 
102. 


276.  The  motion  of  the  apsides,  and  the  change 
of  eccentricity  in  the  orbits  of  Jupiter  and  Saturn, 
are  chiefly  produced  by  their  action  on  one  ano- 
ther ;  but  in  the  disturbance  which  the  planes  of 
their  orbits  suflfer,  the  other  planets  have  a  sen- 
sible effect. 


JUPITKR. 
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J  UPITER. 


Node. 

Aphel. 

Inc. 

Eq.  Cent. 

—  0".31 

—  0'.95 

? 

—  17  .56 

+  O'.Ol 

—  17.67 

o 

—  0.01 

+  0  .01 

<? 

—  0.39 

—  1  .06 

—  0'.02 

—  6.95 

+  5.88 

+  6  .56 

—  7.51 

+  56  .28 

—  19 '.34 

+  6".58 

—27'.  11 

+  56".26 

Saturn. 

Node. 

AJihel. 

Inc. 

Eq.  Cent. 

—  0".ll 

—  l".l 

? 

—  S  .66 

—  26  .65 

© 

c? 

—  0  .14 

—  1  .25 

V 

—  12  .28 

+  15  .99 

+  5.88 

-1'.50".6 

—  0  .14 

—  20".93 

+  15  .99 

—23".  11 

-  1 .50".6 

e.  The  eccentricity  and  the  greatest  equation  of  Ju- 
piter, are  increasing,  from  the  action  of  Saturn  ; 
and  those  of  Saturn  decreasing,  from  the  reaction 
of  Jupiter.  Their  secular  variations  are  nearly  in 
the  proportion  of  1  to  2. 

277.  Uranm 
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277.  Vronus,  on  account  of  his  great  distance, 
suffers  no  disturbance  in  his  motion  but  from  Sa-r 
turn  and  Jupiter.  The  principal  inequality  de- 
pends on  Saturn  which,  if  S  be  the  longitude  of 
that  planet,  U  of  Uranus,  and  A  of  the  aphelion 
of  Saturn,  is  2'. 30"  sin  (S  —  2  U  +  A) . 

For  the  other  equations,  see  La  Lande,  Ast.  nr. 
§  3671.  Also  the  New  Tables,  Vince,  Ast.  ni. 
p.  106. 

The  orbit  of  Uranus  is  also  disturbed.  The  node 
moves  backward  at  the  rate  34''.25  annually,  and 
the  aphelion  forward  at  that  of  2".55.  The  eccen- 
tricity increases,  and  the  secular  variation  of  the 
greatest  equation  of  the  centre  is  +  11".03. 

When,  in  the  preceding  Tables,  a  planet  is  represent- 
ed as  producing  a  change  in  the  place  of  its  node, 
it  must  be  undeistood  that  it  does  not  produce 
this  effect  by  its  action  on  its  own  oi'bit,  but  by  its 
action  on  the  plane  of  the  ecliptic. 

27s.  Comets,  in  describing  their  elliptic  orbits 
round  the  Sun,  have  been  found  to  be  disturbed 
by  the  action  of  the  larger  planets,  Jupiter  and  Sa- 
turn but  the  great  eccentricity  of  their  orbits, 
makes  it  impossible,  in  the  present  state  of  mathe- 
matical science,  to  assign  the  quantity  of  that  dis- 
turbance for  an  indefinite  number  of  revolutions, 
though  it  may  be  done  for  a  limited  portion  of 

S  4  time, 
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time,  by  considering  the  orbit  as  an  ellipsis,  the 
elements  of  which  are  continually  changing. 

This  is  the  iiijethod  of  La  Grange,  and  is  followed  in 
the  Mecaniquc  Celeste,  Part.  ii.  chap.  9. 

Dr  Halle Y,  when  he  predicted  the  return  of  the  co- 
met of  16S2,  took  into  consideration  the  action  of 
Jupiter,  and  concluded  that  it  would  increase  the 
periodic  time  of  the  Comet  a  little  more  than  a 

•  year  ;  he  therefore  fixed  the  time  of  the  re-appear- 
ance to  the. end  of  the  year  175S,  or  the  beginning 
of  1739. 

He  professed,  however,  to  have  made  this  calculation 
hastily,  or,  as  he  expresses  it,  levi  calamo.  Si/nop- 
sis  of  the  Astronomy  of  Comets. 

279.  Clairaut,  on  calculating  with  gi'eat  care 
and  labour  the  effects  both  of  Jupiter  and  Saturn, 
found  that  the  returp  of  the  Comet  would  be  re- 
tarded .511  days  by  the  former,  and  100  by  the 
latter ;  in  consequence  of  which  he  foretold  that  its 
return  to  its  perihelion  would  be  on  the  15th  of 
April  1759.. 

He  said  at  the  same  time,  that  he  might  be  out  a 
month  in  his  calculation.  The  Comet  actually 
reached  its  pei'ihelion  on  the  13th  of  March,  just 
33  days  earlier  than  was  predicted ;  thus  affording 

a 
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a  very  remarkable  verification  of  the  theory  of  Gra^ 
vity,  and  the  calculation  of  Disturbing  Forces. 

This  Comet  may  be  expected  again  about  the  year 
1835.  The  investigations  of  La  Place  will  ren- 
der it  mucli  easier  to  calculate  the  quantity  by 
w  hich  its  arrival  may  be  anticipated  or  retarded  bj 
the  action  of  the  planets. 

A  Comet,  which  was  observed  in  1770,  had  a  motion, 
when  carefully  examined,  which  could  not  be  re- 
conciled with  a  parabolic  orbit,  but  which  might  bp 
represented  by  an  elliptic  orbit  of  moderate  eccen- 
tricity, in  which  it  revolved  in  the  space  of  five 
years  and  eight  months.  This  Comet,  however, 
had  never  been  seen  in  any  former  revolution,  nor 
ihas  it  been  seen  in  any  subsequent  one. 

280.  Mr  BuRKHARDT,  on  tracing  the  path  of  this 
Comet,  found  that  between  the  years  17^7  and 
1770,  it  had  been  very  near  to  Jupiter,  and  again 
had  come  very  near  to  that  planet  in  1779;  he 
therefore  conjectured,  that  the  disturbance  of  Ju- 
piter might  have  so  altered  its  original  orbit,  as  to 
render  the  Comet  for  a  time  visible  from  the 
Earth ;  and  may  have  so  changed  it  again,  after 
one  revolution,  as  to  restore  the  Comet  to  the  same 
region  in  which  it  had  formerly  moved.  This 
conjecture  has  been  confirmed  by  a  careful  appli- 
pation  of  the  formulas  of  the  Mecanique  Celeste. 

Mr 
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Mr  BuRKHARDT  found  that  the  Comet  had  come  so 
near  to  Jupiter  between  17C7  and  1770,  that  it 
may  have  been  brought  from  an  orbit  of  which  the 
semitransverse  was  13.293,  (that  of  the  Earth's  or- 
bit being  1),  and  in  which  it  revolved  in  a  period 
of  48.466  vears,  to  one  in  which  the  semitrans- 
verse  was  3.178,  and  in  which  it  revolved  in  five 
years  and  eight  months,  as  it  was  at  that  time  ob- 
served to  do.  While  revolving  in  this  orbit,  it 
came  near  to  Jupiter  again  ;  and  its  time  of  revolu- 
tion, and  its  distance  were  so  changed,  that  the  lat- 
ter became  6.388,  and  the  former  16  years.  In 
this  orbit  it  cannot,  any  more  than  in  its  first, 
come  so  near  the  Earth  as  to  be  visible. 

The  preceding  is  the  greatest  instance  of  disturliance 
that  has  yet  been  discovered  among  the  bodies  of 
our  system,  and  furnishes  a  very  ha})py  and  un- 
expected application  of  the  theory  of  Gravitation. 

281.  Though  the  Comets  are  disturbed  in  so 
jgreat  a  degree  by  the  action  of  the  Planets,  they 
do  not  appear  by  their  reaction  to  produce  any 
sensible  effects. 

This  must  no  doubt  arise  from  the  small  quantity  of 
matter  which  a  Comet  contains. 

The  Comet  of  1770  came  so  near  to  the  Earth,  as  to 
have  its  periodic  time  increased  by  2.046  days,  ac- 
cording to  La  Place's  computation,  and  if  it  had 
been  equal  in  mass  to  the  Earth,  it  would  have 

made 
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made  an  augmentation  of  2'' 48'"  nearly  in  the  length 
iof  the  year.  Put  it  is  certain,  the  same  author 
adds,  that  if  an  augmentation  so  great  as  even 
two  seconds  in  the  length  of  the  year,  had  taken 
place  at  that  time,  it  would  have  been  discovered 
from  Dr  Maskelyne's  observations,  when  compa- 
red by  De  Lambre  for  the  construction  of  the  N'eio 
Astronomical  Tables.  The  mass  of  the  Comet, 
therefore,  cannot  have  been  r^o^^  of  the  mass  of 
the  Earth. 

The  same  Comet  passed  through  the  midst  of  the  sa- 
tellites of  Jupiter  without  producing  the  smallest 
effect.    Mecanique  Celeste,  vol.  iv.  p.  250. 

It  is  reasonable,  therefore,  to  think,  that  no  material, 
or  even  sensible  alteration  has  ever  been  produced 
in  our  system  by  the  action  of  a  Comet. 


Sect. 


284 


OUTLINES  OF  NATURAL  PHILOSOPHY, 


Sect.  IV. 

OF  THE  DISTURBANCES  WHICH  THE  SATELLITES 
OF  JUPITER  SUFFER  FROM  THE  ACTION  OF  ONE 
ANOTHER^ 

282.  The  application  of  the  same  principles  to 
the  satellites  of  Jupiter,  has  fully  explained  all  the 
irregularities  which  had  been  observed  in  their 
motions,  and  has  reduced  under  known  laws  seve- 
ral others,  of  which  the  existence  had  been  indi- 
stinctly perceived. 

A  very  remarkable  relation  takes  place  between  the 
mean  motions  of  the  first  three  satellites,  as  re- 
marked §  185  ;  the  mean  motion  of  the  first  satel- 
lite +  twice  that  of  the  third,  being  equal  to  three 
times  the  mean  motion  of  the  second,  reckoning 
from  any  instant  of  time.  La  Place  has  shewn, 
Mecaniqiie  Celeste,  liv.  ii.  chap.  8.  that  if  the  primi- 
tive mean  motion  of  these  satellites  was  near  this 
proportion,  their  mutual  action  on  one  another, 
must  in  time  have  brought  {ibout  an  accurate  con- 
formity to  it.  ^ 


It 
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it  follows,  that  Long.  1st  Sat.  —  3  Long.  2d  Sat.  + 
2  Long.  3d  Sat.  =  a  constant  quantity ;  and  it  has 
been  found,  since  ever  the  satellites  were  observed, 
that  this  constant  quantity  has  been  nearly  equal  to 
180°.  This  last  must  be  the  result  of  original  con- 
stitution. 

283.  The  first  satellite  moves  nearly  in  the 
plane  of  Jupiter's  equator,  and  has  no  eccentrici- 
ty except  what  is  communicated  to  it  from  the 
third  and  fourth  ;  the  irregularities  of  one  of 
these  small  planets  prodftcing  similar  irregulari- 
ties in  the  rest.  It  has  beside  an  inequality  chief- 
ly produced  by  the  action  of  the  second,  and  cir- 
cumscribed by  the  period  of  437.659  days. 

284.  The  orbit  of  the  second  satellite  moves  on  a 
fixed  plane,  to  which  it  is  inclined  at  an  angle  of 
27'.  1 3",  and  on  which  its  nodes  have  a  retrograde 
motion,  so  that  they  complete  a  revolution  in 
29.914  years. 

The  motion  of  the  nodes  of  this  satellite  is  one  of  the 
principal  data  that  hare  been  used  for  determining 
the  masses  of  the  satellites,  which  are  so  necessary 
to  be  known  in  computing  their  disturbances.  This 
satellite  has  no  eccentricity  but  what  it  derives 
from  the  action  of  the  third  and  fourth. 


285.  The 
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285.  The  third  satellite  moves  on  a  fixed  plane 
that  is  between  the  equator  and  the  orbit  of  Jupi- 
ter, and  is  inclined  to  that  plane  at  an  angle  of 
12'.20'',  its  nodes  making  a  tropical  revolution,  (re- 
trograde), in  141.739  years. 

The  equator  of  J upiter  is  inclined  to  the  plane  of  his 
orbit,  at  an  angle  of  3'^.fl'.27" ;  the  fixed  planes  on 
which  the  planes  of  the  orbits  move,  are  determi- 
ned by  theory,  and  probably  could  never  be  disco- 
vered by  observation  alone. 

• 

286.  The  orbit  of  the  third  satellite  is  eccentric  ; 
but  appears  to  have  two  distinct  equations  of  the 
centre ;  one  which  really  arises  from  its  own  ec- 
centricity  ;  and  another,  which  theory  shews  to  be 
an  emanation  from  the  equation  of  the  centre  of 
the  fourth  satellite.  The  first  equation  is  refer- 
able to  an  apsis,  which  has  an  annual  motion  of 
2*  36'  39"  forward  in  respect  of  the  fixed  stars  \ 
the  2d  equation  is  referable  to  the  apsides  of  the 
4th  satellite. 

These  two  equations  may  be  considered  as  forming 
one  equation  of  the  centre,  referable  to  an  apsis 
that  has  an  irregular  motion.  The  two  equations 
coincided  in  1682,  and  the  sum  of  their  maxima  was 
13' 16".  In  1777,  the  equations  were  opposed,  and 
their  difference  was  5'  6". 


Observation 
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Observation  alone  led  M.  WARC.EN'Tm  to  the  know- 
ledge of  these  inequalities,  but  he  could  not  disco- 
ver the  law. 


287.  The  orbit  of  the  fourth  satellite  moves  on  a 
fixed  plane,  to  which  it  is  inclined  at  an  angle  of 
l4'58",  and  its  nodes  complete  a  syderial  revolu- 
tion (backward)  in  531  years.  The  fixed  plane 
itself  is  inclined  at  an  angle  of  24'  3S"  to  the  equa- 
tor of  Jupiter  ;  the  orbit  is  very  sensibly  elliptical, 
and  the  line  of  the  apsides  has  an  annual  motion  of 
43'  34".  7  . 

The  motion  of  the  apsides  of  this  satellite  is  one  of 
the  principal  data  from  which  the  quantities  of  mat- 
ter have  been  determined. 


1288.  If  the  mass  of  Jupiter  be  supposed  unity, 
the  mass  of  the  1st  Sat.  zz  .0000 J  7328] 
of  the  2d        z=  -0000232355 
of  the  3d  .0OO088497'J 
of  the  4th       =z  -0000426591  . 

If  the  mass  of  the  Earth  be  put  =:  1,  that  of  the  tliii-d 
satellite  will  be  found  .027337,  and  the  mass  of 

the  Moon  is  ^-g--^  =  .014599 .    The  quantity  of 

matter  in  the  third  satellite  is  therefore  about  twice 
as  great  as  that  in  the  Moon.   The  fourth  satellii  e  is 

nearly 
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nearly  equal  to  the  Moon.  Mecanirjue  Celeste,  2de 
Partie,  liv.  8,  chap.  8. 


CONCLUSION. 

2189'.  One  general  result  of  these  investiga- 
tions is,  that  both  in  the  system  of  primary  and  se- 
condary planets,  two  elements  of  every  orbit  re- 
main secure  against  all  disturbimce  ;  the  meati  dfs- 
tancCy  and  the  mean  moiion,  or,  which  is  the  same, 
the  transverse  axis  of  the  orbit,  and  the  time  of  the 
planet's  revolution.  Another  result  is,  that  ail  the 
inequalities  in  the  planetary  motions  are  periodi- 
cal, and  observe  such  laws  that  each  of  them,  af- 
ter a  certain  time,  runs  through  the  same  series  of 
changes. 

Every  inequality  is  expressed  by  ^erms  of  the  forrti' 
A  sin  Jit  or  A  cos  n  t ;  where  A  is  a  constant  coef- 
ficient, and  n  a  certain  multiplier  of  t  the  time,  so' 
that  »  Hs  an  arch  of  a  circle,  which  increases  pro- 
portionally to  the  time.  Now,  though  nth  thus 
capable  of  indefinite  increase,  since  sinwf  never 
can  exceed  the  radius  or  1,  the  maximum  of  the  in- 
equality is  A.  Accordingly,  the  value  of  the  term 
A  sin  n  t,  first  increases  from  0  to  A,  and  then 
decreases  from  A  to  0 ;  after  which  it  becomes  ne- 

gativey 


PHYSICAL  ASTRONOMY. 


289 


gative,  extends  to  =  —  A,  and  passes  from  thence 
to  0  again ;  the  period  of  all  those  changes  depend- 
ing on  n  the  multiplier  of  t. 

If  into  the  value  of  any  of  the  inequalities,  a  term  of 

A 

the  form,  A  tan  nt,   r  ^  or  of  the  form  A  X  nf, 

were  to  enter,  the  inequality  so  expressed,  would 
continually  increase,  and  the  order  of  the  system 
might  finally  be  displayed. 

La  Grange  and  La  Place,  in  demonstrating  that  no 
sucji  terms  as  these  last  can  enter  into  the  expres- 
sion of  the  disturbances  of  the  planets,  made  known 
one  of  the  most  important  truths  in  physical  astro- 
nomy. They  proved,  that  the  system  is  stable; 
that  it  does  not  involve  any  principle  of  destruction 
in  itself,  but  is  calculated  to  endure  for  ever,  un- 
less the  action  of  an  external  power  is  introd\iv 
ced. 

290.  This  accurate  compensation  of  the  inequa- 
lities of  the  planetary  motions,  depends  on  three 
conditions,  belonging  to  the  primitive  and  original 
constitution  of  the  system  : 

I.  That  the  eccentricities  of  the  orbits  are  all 
inconsiderable,  or  contained  within  very 
narrow  limits : 

Vo;..  11.  T  n.  That 
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II.  That  the  planets  all  move  ill  the  same  di- 
rection, as  both  primary  and  secondary  do 
from  west  to  east : 

III;  That  the  planes  of  their  orbits  are  but  little 
inclined  to  one  another. 

But  for  these  three  conditions,  terms  of  the  kind 
mentioned  above  would  come  into  the  expres- 
sion of  the  inequalities,  which  might  therefore 
increase  without  limit. 

These  three  conditions  do  not  necessarily/  arise 
out  of  the  nature  of  motion  or  of  gravitation, 
or  from  tlie  action  of  any  physical  cause  with 
which  we  are  acquainted.  Neither  can  they 
be  considered  as  arising  from  chance ;  for  the 
probability  is  almost  infinite  to  one,  that, 
without  a  causie  particularly  directed  to  that 
object,  such  a  conformity  could  hot  have  ari- 
sen in  the  motions  of  thirty-one  different  bp- 
dies  scattered  over  such  a  vast  extent. 

The  only  explanation,  tjierefore,  that  remains, 
is,  that  all  this  is  the  tvorlc  of  intelligence  and 
design,  directing  the  original  constitution  of  the 
si/slem,  and  impressing  such  motions  on  the  parts 
as  were  calculated  to  give  stability/  tq  the  whol?. 


Sect. 
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Sect.  V. 

OF  THE  ATTRACTION  OF  SPHERES  AND  SPIIE=- 

KOIDS. 

291.  The  particles  of  matter  being  supposed  to 
attract  with  forces  inversely  as  the  squares  of  the 
distances,  the  forces  with  which  similar  solids  at- 
tract particles  similarly  situated  with  respect  to 
them,  are  as  any  two  homologous  lines,  or  any  two 
similarly  situated  lines  in  those  solids. 

This  proposition  is  easily  proved  of  pyramids,  and 
frusta  of  pyramids,  of  which  the  solid  angle  is 
indefinitely  small.  From  thence  it  is  transfer- 
red to  all  solids  which  can  be  resolved  into  the 
same  number  of  similar  pyramids,  that  is,  to  all  si- 
milar solids.    Maclaurin's  Fluxions,  §  629. 

292.  The  same  law  of  attraction  being  supposed,, 
a  particle  placed  any  where  within  a  hollow  shell 
of  any  thickness,  contained  between  similar  and 
similarly  situated  surfaces,  will  be  in  equilibrio,  or 
will  be  urged  equally  in  all  opposite  directions. 

T  ?  Thii 
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This  follows  readily  from  the  preceding.  The  chief  ap- 
plication of  the  proposition  is  to  spherical  or  sphe- 
roidal crusts. 

A  spheroid  is  a  solid  bounded  by  a  surface  generated 
by  the  revolution  of  an  ellipsis  about  either  axis. 

The  matter  of  which  the  solids  consist,  is  supposed  in 
these  propositions  to  be  homogeneous. 


293.  A  particle  placed  any  where  without  a 
sphere,  of  which  the  parts  attract,  as  in  the  last 
article,  will  be  urged  to  the  centre  of  the  sphere, 
wjth  a  force  that  is  as  the  quantity  of  matter 
in  the  sphere,  divided  by  the  square  of  the  distance^ 
from  its  centre. 

Princip.  Math.  lib.  j.  prop.  74.    Simpson's  Fluxions, 
§  380. 

If  m  be  the  mass  of  the  sphere,  x  the  distance  of  a 

7/1 

particle  from  the  centre,  the  attraction  is  . 

If  the  radius  of  the  sphere  —  r,  and  the  density  of 
the  matter  contained  in  it  =  d,  the  quantity  of 

matter,  or  m  =  — -  ,  and  so  the  attraction 


When 
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When  .V  =  r,  this  expression  becomes  g —  *  which 

is  therefore  the  attraction .  at  the  surface  of  the 
sphere. 

The  force  of  attraction  or  of  gravity  at  the  surfaces  of 
different  spheres,  are  therefore  as  their  densities 
multiplied  into  their  radii. 

294.  The  force  with  which  a  particle  placed 
any  where  within  a  sphere,  is  urged  toward  the 
centre  of  the  sphere,  is  proportional  to  its  distance 
from  that  centre. 

From  what  goes  befoi'e,  it  is  plain,  that  it  is  not  at- 
tracted by  any  part  of  the  sphere  more  distant 
from  the  centre  than  itself.  It  is  therefore  attrac- 
ted only  by  the  sphere  at  the  surface  of  which  it  is 
placed. 

295.  If  a  particle  be  placed  any  where  in  the 
interior  of  an  elliptic  spheroid  ;  and  if  through  it 
there  be  described  a  spheroidal  surface,  similar 
and  similarly  situated  to  the  surface  of  the  sphe- 
roid, the  particle  will  be  urged  only  by  the  attrac- 
tion of  the  spheroid  thus  described,  and-thp  force 
of  that  attraction  will  be  to  the  force  acting  on  a 
particle  similarly  situated  on  the  surface  of  the  ex- 

T  3  terior 


!?9~i      OUTLINES  OF  NATURAL  PHILOSOPHY'. 

terior  spheroid,  as  the  transverse  axis  of  the  inte- 
rior to  the  transverse  axis  of  the  exterior  sphe- 
roid. 

296.  If  in  an  oblate  spheroid  differing  little  from 
a  sphere,  b  be  the  polar  semiaxis,  b  -\-  c  the  radius 
of  the  equator,  and  ^  the  angle  which  a  line 
drawn  from  the  centre  to  a  given  point  on  the  sur- 
face, makes  with  the  axis  of  the  spheroid,  f  the 
force  with  which  the  given  point  is  attracted  by 

.       1      -J    r    ^^^r^/,  I  ^     4  —  sin^n. 
the  spheroid ;  /=  —  (l  +  ^  '   5  ) 

At    the    equator,    where    <p  =  90,    this  becomes 

^  (1  +  ^  X         At  the  pole,  where  ?>  =  0^ 
3  bo/ 

...     4!r  J  /         c  4\ 

It  IS  -3-(i  +  ^r-5)- 

For  a  very  elementary  demonstration  of  this  theorem, 
see  the  Notes  on  Newton's  Principia,  by  Madame 
Du  Chastellet,  Prtncipes,  &c.  torn.  11.  p.  237. 

297.  If  in  an  oblate  spheroid,  a  be  the  semi 
transverse  axis,  and  e  the  eccentricity  of  the  me- 
ridian j  then,  if  gravity  at  the  surface,  in  the 

plane 
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plane  of  the  equator,  be  called  g,  the  force  of  gra- 
vity at  any  distance  2',  from  the  centre,  in  the 
same  plane,  will  be 


£•  X  a' 

— —  X 


3  9  e* 

1  +     77^  + 


Wx'  ^  56  X* 
1    a*       36  a4 


Maclaurin's  Fluxions,  §  659. 

^uposing  e,  as  in  the  former  articles,  to  be  the  diffe- 
rence of  the  two  semiaxes  of  the  meridian^ 
e^  =  2ac,  and  the  above  will  become 

,       Sac  o 
2       1  +  -T-TJ  Sec. 
g-      ^    5  x' 

1  +  j|L,  &c. 

5a 

It  is  evident  from  this,  that  the  attraction  of  a  sphe- 
roid, in  the  plane  of  its  equator,  does  not  decrease 
exactly  in  the  inverse  ratio  of  the  square  of  the  di- 
stance ;  on  which  account  a  small  inequality  is  pro- 
duced in  the  motion  of  the  satellites  belonging  to 
planets  that  are  not  entirely  spherical.  The  Moon 
is  subject  to  an  inequality  arising  from  tliis  cause,- 
as  are  also  the  satellites  of  Jupiter, 


T4 


tlCUKSi 
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Sect.  VX. 

FlGUllE  OF  THE  EARTfl. 

298.  From  observation  it  has  already  bedn  infer- 
red, that  the  Figure  of  the  Earth  is  nearly  that  of 
an  oblate  spheroid,  of  which  the  greater  axis,  the 
diameter  of  the  equator,  is  to  the  less,  the  axis  of 
revolution,  as  312  to  3il. 

The  strict  meaning  of  the  phrase,  the  Figure  of  the 
Earth,  has  already  been  defined,  and  must  be  care- 
fully kept  in  view,  in  searching  into  the  causes 
which  have  determined  it. 

Since  the  Earth  revolves  on  its  axis,  it  is  evident, 
that  its  parts  are  all  under  the  influence  of  a  cen- 
trifugal force,  proportional  to  their  distances  from 
that  axis,  and  that  if  the  mass  were  fluid,  the 
columns  toward  the  equator,  being  composed  of 
parts  that  are  lighter,  must  extend  in  length,  in 
order  to  balance  the  columns  in  the  direction  of  the 
axis.  By  this  means  an  oblateness  or  elevation  at 
the  equator  would  be  produced,  similar,  in  some  de- 
gree at  least,  to  that  which  the  Earth  has  been 
found  to  possess.  Though  it  is  not  evident  how 
the  centrifugal  force  would  produce  such  an  effect 

on 
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on  a  solid  body  like  the  Earth,  it  may  throw  some 
light  on  the  matter,  to  inquire  into  the  figure 
which  a  homogeneous  fluid  would  put  on,  its  parts 
being  all  supposed  to  gravitate  to  one  another,  and 
at  the  same  time  to  be  under  the  influence  of  a  cen- 
trifugal force,  by  which  they  all  tended  to  recede 
from  an  axis  given  in  position. 

To  the  equilibrium  of  a  fluid  mass,  it  is  necessary 
that  any  two  columns  reaching  to  the  surface  from 
any  point  in  the  interior  of  the  fluid,  should  ba- 
lance one  another,  or  should  press  equally  on  that 
point.  Conversely,  when  this  is  the  case,  however, 
many  the  forces  may  be  that  act  on  the  particles  of 
the  fluid,  the  mass  must  remain  in  equilibrio. 

It  follows  from  this,  that  the  surface  of  a  fluid  is  at 
every  point  perpendicular  to  the  direction  of  the 
diagonal  resulting  from  all  the  forces  which  act  at 
that  point. 

299.  This  equilibrium  of  the  columns  will  take 
place  in  a  mass  of  homogeneous  fluid  revolving  on 
an  axis,  if  it  be  formed  into  an  oblate  spheroid, 
such  that  the  polar  semiaxis  is  to  the  radius  of  the 
equator,  as  the  attraction  at  the  equator  diminish- 
ed by  the  centrifugal  force  at  the  same  place,  to 
the  attraction  at  the  pole. 

This  proposition  was  first  demonstrated  by  Maclau- 
RiK.    FluxioTiSf  torn.  ii.  §  636  to  641. 


300.  Hence 
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300.  Hence  the  fraction  which  expresses  the  el- 
lipticity  of  the  meridian,  or  the  excess  of  the  equa- 
torial above  the  polar  radius^  is  to  that  which  ex- 
presses the  ratio  of  the  centrifugal  force  at  the 
equator,  to  gravity  at  the  same  place,  as  5  to  4. 

This  is  also  demonstrated  by  Maclaurin,  and  follows 
readily,  from  comparing  the  last  theorem  with 
those  already  stated  concerning  the  attraction  of 
spheroids. 

301.  The  centrifugal  force  is  to  the  gravity  at 
the  equator,  nearly  as  1  to  289. 

A  body  under  the  equator  falls  in  a  second  through 
15.0515  French  feet,  as  is  concluded  from  the 
length  of  the  pendulum  vibrating  seconds. 

Now  the  centrifugal  force  is  measured  by  the 
deflection  of  a  body  from  the  tangent  produ- 
ced by  the  Earth's  rotation  in  1  second.  But 
a  point  of  the  equator  in  a  second  of  mean  solar 
time,  describes  an  arch  of  15".U4<17  of  a  degree; 
the  versed  sine  of  which,  multiplied  into  the  radius 
of  the  equator,  in  French  feet,  gives  the  deflec- 
tion, which  is  found  to  be  t^stt  of  the  direct  de- 
scent. 


29s.  A 
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302.  A  homogeneous  fluid,  therefore,  of  the 
same  mean  density  with  the  Earth,  and  revolving 
on  an  axis  in  the  space  of  23^56^4*®'=  of  solar 
time,  would  be  in  eqidlibrio  if  it  had  the  figure  of 
an  oblate  spheroid,  of  which  the  axis  was  to  the 
equatorial  diameter  as  230  to  229. 

This  is  accordingly  the  figure  which  Newton  ascribes 
to  the  Earth.    Princip.  lib.  3.  prop.  19. 

In  the  spheroid  thus  constituted,  the  gravitatioflf  at 
the  equator  will  be  to  that  at  the  pole  as  229  tor 
230 ;  and  if  g  be  the  gravitation  at  the  equator, 
and  g  that  at  any  other  point,  of  which  the  lati- 
tude is  A,  g  =g      ■\-  ^"1^)  ^  ^^50     ^  be  the 

length  of  the  pendulum  that  vibrates  seconds  at  the 
equator,  and  I'  the  length  of  a  pendulum  that  does 

the  same  in  Lat.  a,  l'z=:l  (\  +  . 

Newton's  investigation  of  the  figure  of  the  Earth, 
though  very  ingenious,  involved  some  assumptions 
which  prevented  it  from  being  quite  satisfactory. 
A  very  accurate  and  elegant  demonstration  was  af- 
terwards given  byMACLAuitm;  and  the  investiga- 
tion was  improved  and  rendered  more  analytical 
hy  Clairaut,  Fig,  de  la  Ttrrt. 


But 
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But  though  it  was  thus  demonstrated  that  the  parts 
of  a  homogeneous  fluid,  on  which  the  figure  of  the 
oblate  spheroid  just  described  was  any  how  indu- 
ced, would  be  in  eqiiUibrio,  yet  it  was  not  shewn 
conversely,  that,  whenever  an  equilibrium  takes 
place  in  such  a  fluid  mass,  the  figure  of  the  mass 
must  be  the  oblate  spheroid  in  question.  D'Alem- 
BERT  indeed  shewed,  that  there  are  more  sphe- 
roids than  one  in  which  the  state  of  equilibrium 
may  be  maintained  ;  and  this  result,  though  it  was 
not  observed  by  Maclaurin,  might  have  been  in- 
ferred from  his  solution.  Le  Gendre  afterwards 
proved,  that  the  solids  of  equilibrium  must  always 
be  elliptic  spheroids,  and  that  in  general  there  are 
two  spheroids  which  satisfy  the  conditions. 

In  the  case  of  a  homogeneous  mass  of  the  mean  den- 
sity of  the  Earth,  revolving  in  the  space  of  23^  5G' 
4''^,  one  of  the  spheroids  is  that  which  has  been 
mentioned  ;  the  other,  is  one  in  which  the  equato- 
rial diameter  is  to  the  polar,  as  681  to  1.  Mem. 
Acad,  des  Sciences,  1784.  La  Place  has  added 
the  limitation  which  follows. 

303.  A  fluid  and  homogeneous  mass,  of  the 
mean  density  of  the  Earth,  cannot  be  in  equili- 
brium with  an  elliptic  figure,  if  the  time  of  its  ro- 
tation be  less  than  2^  25™  1?*^  ;  if  the  time  of  re- 
volution is  greater  than  this,  there  will  always  be 

two 
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two  elliptic  spheroids,  and  not  more,  in  which  an 
equilibrium  may  be  maintained. 

If  the  density  of  the  fluid  is  greater  than  the  mean 
density  of  the  Earth,  the  time  of  rotation  with 
which  the  equilibrium  ceases  to  be  possible,  is  had, 
by  dividing  2^  25™  IT^ec  by  the  square  root  of  the 
density  of  the  fluid,  that  of  the  Earth  being  unity. 
La  Place,  Theorie  du  Mouvement  et  de  la  Figure 
^es  Planetes,  Paris,  1784,  p.  126. 


S04.  If  the  fluid,  mass,  supposed  to  revolve  on  its 
ajis,  be  not  homogeneous,  but  be  composed  of 
strata  that  increase  in  density  tow^ard  the  centre  ; 
the  solid  of  equilibrium  will  still  be  an  elliptic 
spheroid,  but  of  less  oblateness  than  if  it  were  ho- 
mogeneous. 

This  was  demonstrated  by  Glairaut,  Theorie,  &c. 
Newton  fell  into  the  mistake  of  supposing  the 
contrary  to  be  the  case,  or  that  the  greater  densi- 
ty toward  the  centre,  would  be  accompanied  with 
greater  oblateness.  If  the  density  increase,  so  as 
at  the  centre  to  be  infinite,   the   ellipticity  is 

— ^j;^  =       ,  which  is  the  case  of  the  least  el- 
«  X  AOS  o7o 

Jipticity.  is  the  case  of  the  greatest. 


256.  Henee 
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305.  Hence,  as  the  ellipticity  of  the  Earth  has 
been  shewn  to  be  less  than  (viz.  —  near- 

ly),  it  is  evident,  that  if  the  Earfh  is  a  spheroid  of 
equilibrium,  it  is  denser  toward  the  interior. 

The  greater  density  of  the  Earth  toward  the  centre, 
is  in  itself  probable,  and  has  been  put  beyond  all 
doubt  by  very  accurate  experiments,  made  on  the 
sides  of  the  mountain  Schehallien  in  Perthshire,  by 
\he  late  Dr  Maskelyne. 

I3y  observations  of  the  zenith  distances  of  stars, 
made  on  the  south  and  north  sides  of  that  moun- 
tain, the  difference  of  the  latitude  of  two  stations 
was  determined.  A  trisonometrical  survey  of  the 
mountain,  ascertained  the  distance  between  the 
same  two  points,  and  thence,  from  the  known 
length  of  a  degree  of  tlie  meridian,  under  that  pa- 
rallel, the  difference  of  the  latitude  of  the  stations 
was  again  inferred,  and  was  found  less  by  IT'.G 
than  by  the  astronomical  observations. 

The  zeniths  of  the  stations  had  therefore  been  sepa- 
rated from  one  another  more  than  in  the  usual  pro- 
portion of  the  meridian  distance;  and  this  could 
only  arise  from  the  plummet  on  each  side,  be- 
ing attracted  toward  the  body  of  the  mountain. 


From 
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From  the  quantity  of  this  change  of  direction,  the  ra- 
tio of  the  attraction  of  the  mountain  to  the  attrac- 
tion of  the  whole  Earth,  or  to  the  force  of  gravity, 
was  found  to  be  that  of  1  to  17804. 

The  bulk  and  figure  of  the  mountain  being  also  given 
from  the  survey,  the  mean  density  of  the  moun- 
tain was  found  to  be  to  the  mean  density  of  the 
Earth  nearly  as  5  to  9.  Phil.  Trans,  vol.  lxviii. 
p.  7S1.    Also  Hutton's  Tracts,  vol.  iii.  p.  62. 

The  mean  density  of  the  Earth,  is  therefore  nearly 
double  the  density  of  the  rocks  which  compose  Sche- 
hallien,  which  seem  again  to  be  considerably  more 
dense  than  the  mean  of  those  which  form  the  exte- 
rior crust  of  the  Earth.  Phil.  .Trans.  1811, 
p.  374. 

306.  If  the  density  of  tHe  Earth  increase  toward 
the  centre,  the  eliipticity  of  the  spheroid,  and  the 
diminution  of  gravity  from  the  pole  to  the  equa- 
tor will  not  b(3th  be  expressed  by  the  same  fraction 
as  in  the  case  of  the  homogeneous  spheroid,  but  the 
sum  of  the  two  fractions  will  always  be  equal  to 

the  same  quantity,  viz.  -jy^  or  .008695  . 

This  theorem  was  first  given  by  Clairaut,  and  is  of 
great  use,  as  serving  to  explain  the  connexion  be- 
tween the  eliipticity,  as  ascertained  from  the  mea- 
surement 
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surement  of  degrees,  and  from  experiments  with 
the  pendulum. 

As,  in  the  actual  figure  of  the  Earth,  the  compression, 
or  the  ellipticity,  is  nearly  .0032,  §  60.  if  we  take 
tliis  from  .008095,  the  remainder,  .0054-95,  or 

'      ^^^^  diminution  of  gravity  from  the  pole  to 

the  equator.  And  the  gravitation  at  any  other 
point  of  the  spheroid,  is  g  (1  +  .005495  sin^  a), 
g-  being  the  gravity  at  the  equator.  The  length  of 
an  isocronous  pendulum  is  expressed  by  the  same 
formula.  This  agrees  nearly  with  the  observations 
on  the  length  of  the  pendulqm  in  different  latitudes. 
See  a  Table  of  them,  Vince,  Ast.  vol.  n.  p.  105. 
XjA  Lande,  Ast.  §  2712.  Biot,  Ast.  torn.  iii. 
p.  148. 

The  lengths  of  the  pendulum  in  different  latitudes,  are 
less  subject  to  irregularities  than  the  lengths  of  de- 
grees ;  the  intensity  of  gravity  being,  as  might  be 
expected,  less  affected  by  local  variations  than  its 
direction. 

SO7.  The  inequalities  on  the  surface  of  the 
Earth,  and  the  unequal  distribution  of  the  rocks 
which  compose  it,  with  respect  to  density,  must ' 
produce  great  local  irregularities  in  the  direction 
of  the  plumb-line,  and  are  probably  the  causes  of 
^he  inequalities  observed  in  the  measurement  of 

contiguous 
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contiguous  arches  of  the  meridian,  even  where  the 
T\'ork  has  been  conducted  with  the  greatest  skill 
and  accuracy. 

This  is  exemplified  in  the  great  arcli  of  the  meridian 
measured  across  France  and  in  those  measured  iri 
England  and  Mihdostan.  The  cause  may  be  some- 
thing concealed  under  the  surface,  which  fcan  at 
present  only  be  a  subject  of  hypothetical,  or,  at 
best,  of  analogical  reasoning. 

These  irregularities  are  so  considerable,  that  the 
spheroid  which  agrees  best  with  the  degrees'  in 

France,  is  one  having  an  ellipticity  of  — . ,  near- 

152 

ly  double  of  what  may  be  accounted  the  mean  el- 
lipticity. 


308.  The  approximation  which,  notwithstand- 
ing these  irregularities,  the  figure  of  the  Earth  has 
made  to  the  spheroid  of  efjuilibrium,  cannot,  iri 
a  consistency  with  other  appearances,  be  ascri- 
bed to  its  having  been  once  in  a  fluid  state. 

Though  the  action  of  water  may  be  evidently  traced 
in.  the  formation  of  those  stratified  rocks  which 
Voi.  II.  U  compose? 
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compose  so  large  a  proportion  of  the  Earth's  sur- 
face ;  it  is  of  water,  transporting  or  depositing  the 
fragments  and  detritus  of  solid  bodies.  With  re- 
gard to  those  rocks  that  contain  no  such  detritus, 
but  have  the  character  of  crystallization  in  a  great- 
er or  less  degree,  it  is  not  evident  that  they  are  of 
aqueous  formation.  The  only  action  of  water^ 
then,  of  vehich  we  have  any  distinct  evidence  in  the 
natural  history  of  the  globe,  is  partial  and  local, 
and  therefore  insufficient  to  account  for  the  sphe- 
roidal figure  of  the  Earth. 

309.  If  in  a  terraqueous  body,  however  irregu- 
lar in  its  primitive  form,  the  prominent  parts 
are  subject  to  be  worn  down,  and  the  deti'itus  to 
be  carried  to  the  lower  parts,  occupied  by  water, 
where  they  acquire  a  horizontal  stratification,  and 
are,  by  certain  mineral  operations,  afterwards  con- 
solidated into  stone  ;  such  a  body,  in  the  course 
of  ages,  must  acquire  a  surface  every  where  at 
right  angles  to  the  direction  of  gravity,  and  con- 
sequently more  or  less  approximating  to  a  sphe- 
roid of  equilibrium. 

The  natural  history  of  the  Earth  gives  great  coun- 
tenance to  the  suppositions  here  introduced ;  vyhich 
therefore  seem  to  furnish  the  most  rational  expla- 
nation of  the  ellij)ticity  belonging  to  the  Earth,  and 
to  the  planets  that  are  known  to  revolve  on  their 
axes. 

The 
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The  distribution  of  the  solid  materials  in  the  interior 
of  the  Earth,  will  very  much  affect  the  nature  of 
this  solid,  and  the  manner  in  which  the  figure  is 
acquired,  must  probably  prevent  the  approxima- 
tion from  ever  being  complete. 

The  distribution  of  tht  materials  at  any  distance  un- 
der the  siirface  is  unknown,  and  we  have  no  means 
of  examining  into  it,  but  by  the  measurement  of 
degrees,  or  by  experiments  on  the  pendulum,  and 
on  the  plumb-Iirie,  like  those  at  Schehallien. 

310.  On  the  whole,  the  facts  kriown,  from  ob- 
servation, about  the  figure  of  the  Earth,  agree  in 
-general  with  theory  ;  but  there  are  in  the  expres- 
sions of  that  theory,  so  many  quantities  which  are 
yet  indeterminate,  that  the  perfect  coincidence  of 
the  two  cannot  be  affirmed. 


U2 


Sect,' 


308        OUTLINES  OF  NATURAL  PHILOSOPHY. 


Sect.  Vll. 

OF  THE  PRECESSION  OF  EQUINOXES. 

311.  The  precession  of  the  equinoxes,  is  the  slow 
angular  motion  by  which  the  intersection  of  the 
equator  and  ecliptic  goes  backward,  at  the  rate  of 
50*^^  annually;  while  the  inclination  of  these 
planes  continues  nearly  the  same  ;  so  that  the 
pole  of  the  equator  describes  a  circle  about  the 
pole  of  the 'ecliptic  in  the  space  of  25748  years 
nearly. 

In  seeking  for  the  cause  of  this  phenomenon,  it  is  na- 
tural to  inquire  liow  the  gravitation  toward  distant 
bodies,  such  as  the  Sun  and  Moon,  may  affect  the 
Earth's  rotation  on  its  axis. 

312.  From  what  has  been  proved  of  the  force 
with  which  the  Sun  disturbs  the  motion  of  the 
Moon,  it  is  evident,  that  every  particle  in  that  he- 
misphere of  the  Earth  which  is  turned  toward  the 
Sun,  is  drawn  toward  that  body,  while  every  par- 
ticle in  the  other  hemisphere,  is  drawn  in  the  op- 
posite direction,  the  force  that  acts  on  any  particle 

being. 
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bemg  as  its  distance  from  the  plane  that  separates 
these  hemispheres. 

From  this  it  follows,  tliat  if  the  Earth  were  a  perfect 
sphere,  the  solar  forces  acting  on  the  opposite  he- 
joaispheres,  would  jexactly  balance  one  another, 
and  could  produce  no  motion  in  the  Earth  or  its 
axis. 

313.  The  Earth  may  be  considered  as  a  sphere 
circumscribed  by  a  spheroidal  shell  or  meniscuSy 
thickest  at  the  equator.  The  tendency  of  the  Sun's 
action  on  this  meniscus,  except  at  the  time  of  the 
equinoxes,  is  always  to  make  it  turn  round  the 
intersection  of  the  equator  with  the  ecliptic,  to- 
wards the  plane  of  this  latter  circle. 

For  the  matter  of  the  meniscus  may  be  regarded  as 
forming  a  ring  round  the  Earth,  in  the  plane  of  the 
equator.  Now,  the  solar  force  acting  on  the  part  of 
this  ring  that  is  aboy.e  the  ecliptic,  may  at  every 
point  be  resolved  into  two  ;  one  of  which  is  in  the 
plane  of  the  equator,  and  the  other  perpendicular 
to  it.  The  result  of  all  the  latter,  must  be  a  force 
tending  to  impress  on  the  ring  a  motion  round  its 
intersection  with  the  ecliptic.  The  same  holds  of 
the  half  of  the  ring  that  is  under  the  ecliptic. 


314.  Hence,  if  the  equator  had  no  other  motion, 
jt  would  turn  round  its  intersection  with  the  eclip- 

U  3  tic, 
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tic,  till  it  coincided  with  that  plane  ;  the  line  of 
their  intersection  remaining  all  the  while  at  rest. 

TJie  mean  quantity  of  the  solar  force  which  is  thus 
decomposed,  is  ^  rcosS,  where  m  is  the  mass 

of  the  Sun,  a  the  mean  distance  of  the  Sun  from 
the  Earth,  r  the  radius  of  the  equator,  and  J  the 
declination  of  the  Sun. 

The  part  of  this  force  which  is  perpendicular  to  the 
plane  of  the  equator,  and  which  tends  to  make  it 
move  round  the  line  of  its  nodes,  is 

3 »«         V     .  « 
— —  r  cos  S  X  smS  . 
a' 

315.  As  the  ring  which  surrounds  the  equator, 
at  the  same  tiiiie  that  it  has  the  tendency  just  de- 
scribed, revolves  on  an  axis  perpendicular  to  its 
plane  in  twenty-four  hours,  it  will  not  revolve  on 
'either  of  these  axes,  but  On  t)ne  in  the  same  plane 
which  divides  the  angle  between  them,  so  that 
the  sine  of  its  angular  distance  from  each  axis,  is 
in  the  inverse  ratio  of  the  angular  velocity  round 
that  axis. 

^  the  arch,  round  the  intersection  of  the  equator 
and  ecliptic,  which  the  solar  force  acting  upon  the 
ring  or  the  meniscus,  would  make  the  Earth  de- 

^cribie 
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scribe  in  t  an  indefinitely  small  portion  of  time,  be 
p ;  and  if  the  angle  described  in  the  same  time  by 
the  diurnal  revolution  be  v,  the  axis  of  that  revo- 
lution will  be  changed  by  an  angle  of  which  the  tan- 

gent  is  -. 

The  substitution  of  the  tangent  for  the  ratio  of  the 
two  sines  mentioned  in  the  proposition,  is  made, 
because  the  angle  which  the  axis  of  the  diurnal  re- 
volution makes  with  the  intersection  of  the  equa- 
tor and  ecliptic,  is  a  right  angle. 

316.  If  the  force  which  produces  the  motion 
were,  like  that  which  produces  the  motion  v,  a 
force  that  acts  only  once,  and  leaves  its  effect  to 
continue  without  diminution  or  increase,  the 
change  thus  made  in  the  position  of  the  Earth's 
axis  would  be  permajient,  and  no  farther  variation 
would  take  place  ;  but  the  force  that  produces  tp 
being  one  that  acts  continually,  with  more  or  less 
intensity,  the  quantity  (p  is  continually  renewed, 
and  the  position  of  the  Earth's  axis  is  subject  to 
continual  change. 

The  relation  between  the  momentary  precession  and 
(p,  the  momentary  change  in  the  position  of  the 
axis,  will  be  made  plain  by  a  diagram. 


U  4  -  Let 
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.Let  ABC  (fig.  27.)  be  the  ecliptic  ;  the  order  of  the 
letters  A,  B,  C,  marking  the  order  of  the  signs  ;  so 
that  if  A  be  the  vernEjl,  B  is  the  autumnal  equi- 
nox ;  AGB  a  circle  perpendicular  to  the  ecliptic ; 
G  the  pole  of  the  ecliptic  ;  P  the  pole  of  the  equa- 
tor ;  and  APB  the  equinoxial  colure.  HG=QK— 
the  obliquity  of  the  ecliptic  ;  HPG  a  parallel  to 
the  ecliptic  passing  through  the  pole  of  the  equa- 
tor. 

The  equator  Is  not  represented  in  this  figure ;  but 
the  half  of  it,  on  the  side  turned  toward  the  eye, 
is  supposed  to  be  under  the  ecliptic ;  its  plane  being 
at  right  angles  to  PP. 

The  change  which  the  motion  <p  makes  on  the  pole 
P,  tends  to  bring  it  nearer  to  A.  For  the  diurnal 
revolution  about  the  axis  PD,  being  in  the  direc- 
tion ABC,  and  the  motion  about  the  axis  AB  be- 
ing in  the  direction  PG,  it  will  be  in  tlie  quadranj; 
PA  that  these  motions  will  be  opposed,  so  as  at  a 
certain  point  P'  (and  in  all  the  points  of  the  line 
P'D)  to  destroy  one  another.  PP'  is  the  arch,  of 
which  the  tangent  lias  already  been   shewn  to 

be  -  . 

V 

If  now  a  great  circle  be  described  from  the  pole  P', 
it  will  be  the  new  equator,  and  the  point  in  which 
it  will  intersect  the  ecliptic,  will  be  the  new  equi- 
nox.   The  relation  of  these  small  variations  to  one 

another. 
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another,  will  be  best  seen  by  projecting  a  part  of 
the  circles  on  a  plane  touching  the  Earth  in  A. 

If  AC  (fig.  27.  N°  2.)  be  a  small  part  of  the  ecliptic 
represented  by  a  straight  line  ;  AP'  a  like  portion 
of  the  solstitial  cglure  ;  and  AQ  of  the  equator. 
Then  if  AA'  be  taken  equal  to  PP',  in  the  former 
figure ;  and  if  A'C  ^e  drawn  perpenjlicular  to  A'P', 
it  will  represent  the  new  equator;  and  AC,  which  is 
evidently  in  antecedentia,  will  represent  the  preceS' 

sion,  and  will  be  =:  PP'  X    r  ^  , ,  =  — r^—rr  • 

sin  obi.      V  sm  obi. 

The  Earth,  however,  cannot  permanently  revolve 
about  any  diameter  that  is  oblique  to  the  plane  of 
the  ring,  because  the  qerjtrifugal  forces  on  opposite 
sides  of  such  a  diameter  would  not  balance  one 
another,  and  must  therefore  tend  to  bring  the 
plane  of  the  ring  to  be  perpendicular  to  the  new 
axis  of  rotation,  or  to  make  the  primitive  axis  of 
the  diurnal  rotation  coincide  with  the  latter. 

The  whole  system  of  change,  therefore,  will  begin 
anew,  as  in  the  former  case,  and  the  pole  of  the 
equator  will  constantly  move  in  antecedentia  round 
G.  But  the  curve  in  which  it  will  move  is  the 
circle  HPK  ;  for  as  the  great  circle  APB  touches 
this  last  in  P,  and  as  the  arch  PP'  is  very  small,  P' 
will  deviate  from  the  circumference  of  the  latter 
pircle,  only  by  a  quantity  that  is  evanescent  in  re- 
ppect  of  PP'.    P'  will  therefore  describe  a  circle 

round 
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round  G,  moving  in  anlccedeniiay  at  the  same  rate 
with  the  line  of  the  equinoxes. 


317.  If,  therefore,  the  equator  had  received  no 
motion  but  from  the  solar  force,  its  inclination  to 
the  ecliptic  would  have  changed  continually  ;  but 
the  line  of  its  intersection  with  that  circle  would 
have  remained  at  rest.  In  consequence  of  the  diur- 
nal revolution,  this  effect  is  entirely  reversed  ;  the 
inclination  of  the  two  planes  remains  constant,  and 
jheir  intersection  continually  revolves. 

This  paradox  is  remarked  by  La  Place,  Sysiemc  du 
Monde,  p.  270.  His  solution  of  it  is  not  so  ele- 
mentary that  it  could  be  adopted  here. 

318.  In  order  to  calculate  the  precise  measures 
of  the  different  actions  that  have  now  been  traced, 
the  momentum  with  which  the  solar  force  would 
make  the  spheroidal  meniscus  already  referred  to, 
begin  to  revolve  about  the  line  of  the  equinoxes, 
supposing  it  to  have  no  other  motion,  must  be  de- 
|:ermined ;  the  whole  of  the  terrestrial  spheroid 
must  tend  to  revolve  about  the  said  axis  with  a 
piomentum  just  equal  to  this  quantity. 


Newton,  who  first  resolved  the  problem  of  the  pre- 
cession, was  in  an  error  with  respect  to  this  part 

of 
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of  the  investigation,  supposing  that  it  was  the 
quantity  of  motion  (not  of  momentuvi)  that  must  be 
equal  in  the  meniscus  and  in  the  entire  spheroid, 
D'Alembert  was  the  first  who  corrected  this  mis- 
take. 

When  the  angular  motion  is  computed,  t  being  the 
time  of  the  diurnal,  t  of  the  annual  revolution  of 
the  Earth,  c  the  compression  at  the  poles,  and  a  the 
radius  of  the  equator,  5  the  declination  of  the 

Sun  ;  it  is  found  that  -  =:  ^4-  x  -  sin  J  cos  ^ . 

V  a 

This  is  the  same  with  Simpson''s  Theorem,  Miscella^ 
neous  Tracts,  London,  1757,  Prob.  2.  p.  14. 

Next,  supposing  t  and  J  to  vary,  so  as  to  get  the 
fluxion  of  the  precession,  and  afterwards  integra- 
ting, the  precession  for  an  entire  year  is  found 

Sic 

—  360  X        X  -  cos  Obi.    Simpson,  ibii.  p.  17. 
2x0 

From  this,  Simpson  computes  the  precession  arising 
from  the  Sun's  action,  supposing  the  Earth  to  be  a 

homogeneous  spheroid,  and  its  compression  -—  to 

be  2i'M  .  Professor  RonERTsoN  of  Oxford  makes 
the  precession  21  ".03.  Phil.  Trans.  1807,  p.  82. 
Frisius  makes  it  21".^;  on  the  same  liypothesis. 
Theoria  Diurni  Motus :  Opera,  torn.  iii.  p.  288. 

In 
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In  these  computations,  the  compression  is        .  Wc 

have  seen  that  its  true  value  is        .  The  quan- 

tity  of  the  precession  diminished  in  this  r^tio  is 
15".3 . 

319.  The  Moon  produces  a  similar  retrograda- 
tion  in  the  intersection  of  the  equator  with  the 
plane  of  the  lunar  orbit,  which,  being  proportional 
to  the  cosine  of  the  inclination  of  these  planes,  is 
subject  to  continual  varii^tion ;  but  the  mean 
quantity  of  the  precession  which  is  thus  produced, 
relatively  to  thq  ecliptic,  is  the  same  as  if  the 
Moon,  moved  in  the  plane  of  that  circle. 

La  Place,  Sj/steme  du  Monde,  liy.  4«me,  chap.  13. 
p.  271.  2de  edit. 

If  the  precession  due  to  the  Sun's  force  be  15''.3,  that 
which  is  produced  by  the  Moon  is  35";  which  is 
to  the  former  nearly  as  7  to  3.  If  the  effect  of 
the  Sun  were  reduced  to  12.5,  that  of  the  Moon 
would  be  triple  of  it,  which  is  agreeable  to  the  la- 
test results  deduced  from  the  theory  of  the  tides, 
818  yvill  be  seen  in  the  next  section. 


320.  Th? 


PHYSICAL  ASTRONOMY- 


317 


320.  The  action  of  the  Moon  produces  also  an 
inequality  which  diminishes  the  precession  by  a 
quantity  proportional  to  the  sign  of  the  distance 
of  the  Moon's  ascending  node  from  the  vernal 
equinox  ;  and,  besides  this,  a  diminution  in  the 
obliquity  of  the  ecliptic,  proportional  to  the  co- 
sine of  the  said  distance. 

These  two  inequalities  constitute  the  Nutation ;  and 
the  result  here  stated  from  the  theory  of  gravita- 
tion, is  conformable  to  that  which  was  before  gi- 
ven from  observation,  §  218.  Conformably  to  what 
is  said  there,  these  two  inequalities  may  be  ex- 
pressed by  the  revolution  of  the  extremity  of  the 
Earth's  axis  produced  to  the  Heavens,  and  descri- 
bing an  ellipse,  as  there  represented ;  of  which  the 
greater  axis  is  to  the  less,  as  the  cosine  of  the  obli- 
quity of  the  ecliptic  to  the  cosifte  of  twice  that 
obliquity. 

321.  The  precession,  on  account  of  variations' 
in  the  solar  action,  as  well  as  in  the  lunar  force,  is 
subject  to  some  inequalities,  not  included  in  the 
preceding  theorems. 

The  amount  of  the  precession,  including  all  these  ine- 
qualities, may  be  calculated  for  any  period  of  time, 
by  a  formula  given  in  the  Mecanique  Celeste,  which, 
reduced  to  the  sexagesimal  notation,  is 

50".412  X  I  —  4626"  sin.  1".394  x  t 
12954 "sin r'.4298  x  f. 
t  is  the  number  of  years  reckoned  from  1750. 

As 
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As  the  annual  precession  is  not  always  the  same,  the 
length  of  the  tropical  year,  in  remote  ages,  has  been 
somewhat  different  from  what  it  is  at  present.  In 
the  age  of  Hipparchus,  it  was  about  10^^  longer. 
The  syderial  year,  as  already  observed,  remains  in- 
variable. 

Diurnal  Rotation. 

322.  The  velocity  of  the  Earth's  rotation  on  its 
axis,  or  the  length  of  the  day,  is  not  aft'ectecl  by 
the  action  of  the  Sun  or  Moon,  in  such  a  de- 
gree as  can  ever  become  sensible,  even  to  the  ni- 
cest observation. 

Sj/steme  du  Monde^  p.  271.  The  small  inequalities  so 
produced,  do  not  accumulate  by  time,  but  quickly 
compensate  one  another. 

323.  The  motions  of  bodies  near  the  surface  of 
the  Earth,  tend,  in  some  cases,  to  alter  the  veloci- 
ty of  the  diurnal  rotation ;  but  if  these  motions 
are  only  such  as  we  at  present  perceive,  their  ef- 
fects, like  the  preceding,  must  for  ever  remain  in- 
sensible. 

A  body  which,  by  descending  from  a  height,  or  by 
moving  from  the  equator  toward  the  poles,  comes 
nearer  to  the  Earth's  axis,  tends  to  accelerate  the 

motioit 
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motion  about  that  axis,  because  it  brings  with  it^ 
into  its  new  situation,  more  velocity  than  it  can  re- 
tain, and  must  therefore  communicate  a  part  of  it 
to  the  general  mass.  The  contrary  happens  when 
a  body  recedes  from  the  axis,  and  the  quantity  of 
the  acceleration  or  retardation  thus  produced,  may 
be  calculated,  on  the  principle,  that  the  total  momen- 
tum of  the  Earth  must  remain  the  same,  notwith- 
standing of  any  change  that  can  arise  from  the  ac- 
tion of  its  parts  on  one  another. 

From  this  it  follows,  that  if  any  body  change  its  dis- 
tance from  the  axis,  the  momentum  of  rotation  of 
the  whole  Earth,  is  to  the  change  in  the  momen- 
tum of  rotation  of  the  body,  as  the  velocity  of  the 
diurnal  rotation  to  the  variation  in  that  velocity, 
arising  from  the  motion  of  the  body, 

-As  the  first  of  these  terms  is  incomparably  greater 
than  the  second,  so  must  the  third  be  than  the 
fourth. 

Hence,  in  the  degradation  of  mountains,  and  in  the 
carrying  of  matter  by  the  rains  from  a  higher  to  a 
lower  level,  though  these  are  effects  that  go  on 
continually,  the  amount  can  never  be  so  great  as  to 
be  sensible. 

In  some  cases,  even  these  small  changes  are  im- 
mediately compensated.  The  constant  current 
in  the  atmosphere,  from  the  poles  to  the  equa- 
tor, is  counteracted,  in  the  retardation  it  tends 
to  produce,  by  the  contrary  current,  which,  in  the 

superioi? 
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superior  regions  of  the  air,  sets  from  tlife  equator 
tovvax'd  the  poles. 

324.  Ift  former  ages,  however,  if  the  changes 
that  have  happened  on  the  surface,  or  in  the  inte- 
rior of  the.  Earth,  have  been  as  great  as  some  Geo- 
logists suppose,  the  change  in  the  diurnal  rotation 
may  have  been  considerable. 

If  the  ocean  once  stood  at  the  height  of  15,000  feet 
above  its  present  level,  a  quantity  equal  in  bulR  to 
a  440tli  part  of  the  whole  Earth,  must  have  passed 
from  being  above  the  level  of  the  present  sea  to  be 
under  it. 

If  the  mean  density  of  water  were  the  same  with 
that  of  the  Earth,  it  may  be  calculated  easily,  that 
the  time  of  the  diurnal  revolution  must,  on  this 
account  be  shortened  by  5^.682.  As  the  Earth's 
mean  density  is  to  that  of  water  nearly  as  4.71  to 
1,  this  acceleration  is  reduced  to  1™  l^sec. 

325.  The  changes  on  the  surface,  or  in  the  in- 
terior of  the  Earth,  may  have  produced  great 
changes  in  the  position  of  the  Earth's  axis,  rela- 
tively to  the  Earth  itself,  as  well  as  in  the  time  of 
the  diurnal  rotation. 

If  the  Earth  had  originally  a  very  irregular  figure ; 
and  if,  a«  above  suggested,  it  has  acquired  its  pre- 
sent 
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sent  form,  by  the  wearing  down  of  the  more  pro- 
minent parts,  and  their  subsequent  consolidation  in 
the  form  of  horizontal  strata,  the  axis  of  the 
Earth's  rotation  may  have  been  very  different  from 
what  it  now  is ;  it  may  have  gone  through  a  long 
series  of  changes,  and  may  have  carried  the  equa- 
tor, and  the  accumulation  of  waters  which  accom- 
panied it,  over  regions  from  which  they  are  now  far 
distant. 

Many  facts  in  the  natural  history  of  the  Earth,  and 
of  the  mineral  kingdom,  give  countenance  to  these 
suppositions ;  and  if  it  be  true  that  the  more  an- 
cient strata  have  been  set  on  edge,  and  that  conti- 
nents have  been  raised  up  by  the  action  of  an  ex- 
pansive force  in  the  interior  of  the  Earth,  such  ac- 
tion may  have  materially  assisted  in  changing  the 
position  of  the  Earth's  axis. 


Obliquity  of  the  Ecliptic. 

32.5.  The  position  of  the  ecliptic  is  subject  to 
change  by  the  action  of  the  planets ;  each  of  them 
producing  a  retrograde  motion  in  the  intersection 
of  the  plane  of  the  ecliptic  with  the  plane  of  its 
own  orbit.  This  does  not  affect  the  inclination  of 
these  two  planes,  nor  does  it  affect  the  plane  of  the 
equator,  but  it  nevertheless  changes  the  inclina- 
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tion  of  the  ecliptic  to  the  equator,  and  also  the 
line  of  their  intersection. 

This  change  in  the  inclination,  and  in  the  position 
of  the  line  of  the  equinoxes,  is  easily  deduced  by 
spherical  trigonometry  from  the  retrogradation  of 
the  intersection  of  the  two  planes,  and  from  the 
constancy  of  their  inclination.  See  La  Lande, 
Aslron.  §  2751,  he. 

826.  The  variations  in  the  obliquity  of  the 
ecliptic,  thus  produced,  are  among  the  number  of 
the  secular  inequalities  which  have  long  periods, 
and,  after  reaching  a  maximum,  return  in  a  con- 
trary direction. 

As  far  hack  as  observation  goes,  the  obliquity  of  the 
ecliptic  has  been  diminishing,  and  is  doing  so  at 
present,  by  52"  in  a  century  ;  it  will  not,  however, 
always  continue  to  diminish,  but  in  the  course  of 
ages  will  again  increase,  oscillating  backwards  and 
forwards  on  each  side  of  a  mean,  from  which  It  ne- 
ver can  depart  far. 

The  secular  variation  of  tlie  obliquity  was  less  in  an- 
cient times  than  it  is  at  present;  it  is  now  near  its 
maximum,  and  will  begin  to  decrease  in  the  22d 
century  of  our  era. 

X.A  Grange  has  shewn,  that  the  total  change  of  the 
obliquity,  reckoning  from  that  in  1700,  must  be 
less  than  5°  23';  Mem.  Acad,  de  Berlin,  1782. 

p.  284. 
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p.  284.  Also,  that  the  changes  in  the  inclinations 
of  the  planetary  orbits,  are  all  periodical,  and  can- 
not carry  the  planes  of  those  orbits  beyond  the  li- 
mits of  the  zodiac,  or  8°  on  either  side  of  the  eclip- 
tic. By  the  retrogradations  of  the  nodes  of  the 
ecliptic  and  the  planetary  orbits,  the  precession  of 
the  equinoxes  is  diminished  by  a  small  quantity, 
which  is  at  present  about  0'',261  annually.  li'id. 
p.  281.  All  this  is  quite  independent  of  the  figure 
of  the  Earth,  and  would  be  the  saaje  though  the 
Jlafth  were  truly  spherical. 


The  first  solution  of  the  problem  of  the  Precession  was 
given  by  Newton,  Prtncip.  lib.  iii,  prop.  39.  It  is 
not  free  from  error ;  but  it  displays,  in  a  strong  light, 
the  resources  of  genius  contending  with  the  imper- 
fections of  a  science  not  sufficiently  advanced  for  so 
arduous  an  investigation.  One  mistake  has  already 
been  pointed  out,  §  318  ;  another  consisted  in  suppo- 
sing, that  the  motion  of  the  nodes  of  the  Ring  sur- 
rounding the  equator,  must  be  the  same  with  those  of 
the  Moon,  allowing  for  the  different  time  of  rotation, 
and  the  different  inclination  to  the  ecliptic. 

D'Alembert  corrected  these  mistakes,  and  gave  an  ac- 
curate, though  prolix  solution,  which  also  compre- 
hended in  it  the  theory  of  the  Nutation.  Precession 

X?  des 
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■  des  Equinoxes,  Paris,  1749.  ;  A  solution  equally  cor- 
rect and  original,  was  given  about  the  same  time  by 
EuLER,  Man.  Acad,  dc  Berlin,  1749. 

Two  solutions,  in  tlie  Philosophical  Transactions  for 
1754  and  1756,  continued  to  follow  the  method  of 
Newton.  The  first  of  these  was  by  Svlvabei.le, 
the  second  by  Walmesley  ;  and  this  last,  though  it 
retained  both  the  defects  just  mentioned,  is  remark- 
able for  the  elegance  of  the  demonstrations.  It  ex- 
tended the  problem  to  the  nutation  of  the  Earth's 
axis,  and  it  treated  of  the  diminution  of  the  obli- 
quity  of  the  ecliptic  by  the  action  of  the  planets, 

A  memoir  by  La  Grange,  on  the  Lihralion  of  the 
Moon,  Avhich  was  crowned  by  the  Academy  of  Sci- 
ences at  Paris,  in  17 G9,  contained  an  excellent  solu- 
tion of  the  problem  of  the  Precession. 

Simpson,  in  his  Miscellaneous  Tracts,  has  given  the 
solution  already  referred  to,  which  is  one  of  great 
sinqilicity  and  correctness.  Its  only  defect  is,  that  it 
does  not  clearly  point  out  the  means  by  which  the 
luiiform  inclination  of  the  Earth's  axis  is  maintain- 
ed. 

Another  very  elegant  solution,  is  that  of  Frisi  above 
referred  to ;  Theoria  Diurni  Motus,  Opera,  torn.  ni. 
p.  292. 

La  Lanoe  has  followed  Simpson,  as  has  also  Vince,  in 
his  Aslronomi/.  The  latest  solution  is  that  of  Profes- 
sor Robertson  of  Oxford,  Phil.  Trans.  1807 ;  it  is 

also 
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also  after  the  method  of  Simpson,  and  the  investiga- 
tion is  accurate  and  concise. 

The  solution  of  La  Place,  in  the  Mecayiique  Celeste, 
must  be  considered  as  the  most  perfect,  and  that 
which  CAn  most  certainly  be  said  to  inclfide,  and  to 
estimate  with  accuracy,  all  the  causes  which  have  a 
share  in  this  phenomenon.  There  is,  however,  one 
defect  it  may  be  said  to  have,  that  as  it  proceeds  en- 
tirely by  the  calculus,  it  does  not  sufficiently  carry 
the  imagination  along  with  it. 


Sect, 
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Sect.  Vm. 

GF  THE  TIDES. 

327.  The  alternate  rise  and  fall  of  the  surface 
of  the  sea  twice  in  the  course  of  a  lunar  day,  or  of 
24'*  50""  48s««  of  mean  solar  time,  is  the  phenome- 
non known  by  the  name  of  the  Tides. 

The  time  from  one  high-water  to  the  next,  is,  at  ar 
mean,  12^  25m  24sec,  The  instant  of  low-water  is 
nearly,  but  not  exactly,  in  the  middle  of  this  inter- 
val ;  the  tide,  in  general,  taking  nine  or  ten  mi- 
nutes more  in  ebbing  than  in  flowing. 

At  the  time  of  new  and  full  Moon,  the  tide  is  the 
highest,  and  the  interval  between  the  consecutive 
tides  is  the  least,  viz.  12*^  19""  SS^ec.  At  the  qua- 
dratures, or  when  the  Sun  and  Moon  are  90°  di- 
stant, the  tides  are  the  least,  and  the  interval  be- 
tween them  is  the  greatest,  viz.  12h30ni 

328.  The  time  of  high-water  is  mostly  regula- 
ted by  the  Moon,  and  in  general,  in  the  open  sea, 
is  from  two  to  three  hours  after  that  planet  has 

been 
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been  on  the  meridian,  either  above  or  under  the 
horizon. 

On  the  shores  of  the  larger  continents,  and  where 
there  are  shallows  aiid  obstructions,  there  are  great 
irregularities  in  this  respect,  and  when  these  ex- 
ceed six  hours,  it  may  seem  as  if  the  high-water 
preceded  the  Moon's  transit  over  the  meridian. 

For  any  given  place,  the  hour  of  high-vvater  is  always 
nearly  at  the  same  distance  from  that  of  the  Moon''s 
passage  over  the  meridian. 

This  constant  dependence  6tt  the  Moon,  is  the  reason 
why  the  tides  are  considered  as  astronomical  phe- 
nomena. 


329.  Though  the  tides  seerri  to  be  chiefly  regu- 
lated by  the  Moon,  they  appear  also,  in  a  certain 
degree,  to  be  under  the  influence  of  the  Sun. 
Thus,  at  the  syzigies,  when  the  Sun  and  Moon 
come  to  the  meridian  together,  the  tides,  cceteris 
paribus,  are  the  highest;  at  the  quadratures,  or 
when  the  Sun  and  Moon  are  90°  distant,  the  tides 
are  least.  The  former  are  called  the  Spring,  the 
latter  the  Neap  Tiden. 

The  highest  of  the  Spring  Tides  is  not  the  tide  that 
immediately  follows  the  syzigy,  but  is  in  general 
the  third,  and,  in  some  cases,  the  fourth. 

X4  > 
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At  Brest,  the  tides  of  the  syzigies  rise  to  19.317 
feet;  and  those  of  the  quadratures  to  9.151,  not 
quite  the  half  of  the  former  quantity. 

In  the  Pacific  Ocean,  the  rise,  in  the  first  case,  is  5 
feet ;  in  the  second,  2  or  2.5. 

The  greater  the  rise  of  high-water  above  the  level  of 
a  fixed  point,  the  greater  the  depression  of  the  cor- 
responding low-water  relatively  to  the  same  point. 
To  estimate  the  height  of  the  tide,  it  seems  best  to 
take  the  excess  of  the  mean  of  the  two  consecutive 
high-water  marks,  above  the  intermediate  low-wa- 
ter.   This  is  tile  method  of  La  Place. 

330.  The  height  of  the  tide  is  affected  by  the 
vicinity  of  the  Moon  to  the  Earth,  and  increases, 
cceteris  paribus,  when  the  parallax  and  apparent 
diameter  of  the  Moon  increase,  but  in  a  higher 
fatio. 

The  greatest  variation  of  the  Moon's  scmidiameter 
above  or  below  the  mean  is  about  -^-^ih.  of  the 
whole,  and  the  corresponding  variation  of  flie  tide 
at  the  syzigies  is  ^'oth  of  its  mean  quantity.  Sys- 
teme  du  Monde,  p.  77. 

331.  The  rise  of  the  tide  is  affected  by  the  de- 
clination of  the  luminaries  ;  it  is  greatest,  cccieris 
paribus,  at  the  equinoxes,  and  least  at  the  solsti- 
ces. 


When 
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When  the  Moon  is  in  the  northern  signs,  the  tide  of 
the  day,  in  all  northern  latitudes,  is  somewhat 
greater  than  the  tide  of  the  night. 

The  contrary  happens  when  the  Moon  is  in  the  south- 
ern signs. 

332.  If  the  tides  be  considered  relatively  to  the 
whole  Earth,  and  to  the  open  Sea,  it  is  evident, 
that  there  is  a  meridian,  about  30»  eastward  of  the 
Moon,  where  it  is  always  high- water,  both  in  the 
hemisphere  where  the  Moon  is,  and  in  the  oppo- 
site ;  on  the  west  side  of  this  circle,  the  tide 
is  flowing ;  on  the  east,  it  is  ebbing ;  and  on 
the  meridian,  at  right  angles  to  the  same,  it  is 
everywhere  low  water. 

These  meridians  move  westward,  preserving  nearly 
the  same  distance  from  the  Moon,  only  approach- 
ing nearer  to  her  at  the  syzigies,  and  going  farther 
off  at  the  quadratures. 

In  high  latitudes,  whether  south  or  north,  the  rise 
and  fall  of  the  tide  are  inconsiderable.  It  is  pro- 
bable that  at  the  poles  there  are  no  tides. 

The  great  Wave  which,  in  this  manner,  constitutes 
the  tide,  is  to  be  considered  as  an  undulation,  or  re- 
ciprocation of  the  waters  of  the  ocean,  in  which 
there  is,  except  when  it  passes  over  shallows,  or  ap- 
proaches 
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proaclies  the  shores^  little  or  no  progressive  mo- 
tion. 

in  all  this,  no  regard  is  had  to  the  operation  of  local 
causes,  winds,  currents,  &c.  by  which  these  general 
laws  are  modified,  or  overruled. 


333.  The  dependence  of  the  phenomena  just 
enumerated  on  the  motion  of  the  Sun  and  Moon, 
naturally  suggests  an  inquiry  into  the  effects 
which  the  action  of  these  bodies  may  produce  on 
the  waters  which  cover  so  large  a  proportion  of 
the  Earth's  surface. 

334.  If  m  be  the  mass,  and  a  the  distance  of  the 
Sun,  r  the  mean  radius  of  the  Earth,  z  the  dis- 
tance of  the  Sun  froni  the  zenith  of  any  place  (or 
the  distance  of  that  place  from  the  point  to  which 
the  Sun  is  vertical)  a  particle  of  matter  at  that 
place  is  drawn  toward  the  Sun  by  a  force  equal 

3  Tfl  •      •  .  '  . 

to   cos  z  ;  besides  having  its  gravity  mcrea- 

sed  by  another  force  zz.  . 


This  is  derived  from  the  resolution  of  forces,  in  the 
same  way  as  when  the  Sun's  action  on  the  Moon 
was  investigated. 

When 
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When  the  point  is  in  the  hemisphere  opposite  to  the 
Sun,  cos  z  becomes  negative,  so  that  the  force 
draws  the  particle  from  the  Earth  in  a  direction 
opposite  to  that  which  it  has  in  the  other  hemi- 
sphere. 

If  m'  be  the  mass  of  the  Moon,  a  its  distance  from 
the  Earth,  the  distance  of  the  Moon  from  the 
zenith,  the  forces  by  which  the  Moon  affects  the 
gravity  of  bodies  on  the  Earth's  surface,  is  expres- 
sed by  the  same  formulas^ 

335.  The  preceding  force  may  again  be  resol- 
ved into  two,  one  of  which,  in  the  direction 
of  the  Earth's  radius,  and  opposite  to  gravity,  is 

— cos  2^  and,  with  that  already  mentioned, 

as  increasing  gravity,  viz.  — j-,  makes  the  whole 
force  by  which  the  Sun's  action  diminishes  gravi- 
ty,  to  be   -.  . 

The  other  force,  draws  the  particles  everywhere  ho- 
rizontally toward  the  point  that  has  the  Sun  in  its 

zenith,  and  is  equal  to  sin  2  ^ .    In  the  he- 

misphere 
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misphere  opposite  to  the  Sun,  this  attraction  is  to- 
ward the  point  which  has  the  Sun  in  its  nadir. 

336.  If  the  surface  of  the  Earth  be  covered  by 
a  fluid,  the  parts  will  move  in  obedience  to  these 
forces  f  those  columns,  where  the  Sun  is  vertical, 
will  be  rendered  lighter,  and  will  be  lengthened, 
in  order  to  be  in  equ'dibrio  with  those  at  the  dis- 
tance of  90°,  which  will  of  course  be  shorten- 
ed. 

The  same  thing  exactly  will  happen  in  the  opposite 
hemisphere  ;  and  if  the  waters  on  the  Earth's  sur- 
face were  at  rest,  the  Ocean  would  form  itself  into 
an  oblong  spheroid,  with  its  longer  axis  passing 
through  the  attracting  body.  When  there  are  two 
attracting  bodies,  their  effects  will  most  nearly  co- 
incide, when  they  are  nearest  to  one  another ;  and 
will  be  equal  to  the  sum  of  the  two  effects  taken 
separately.  Wlien  they  are  90°  distant,  the  effect 
produced  will  be  the  difference  of  the  separate  ef^ 
fects.  This  is  Newton's  explanation  of  the  tides. 
He  calculates  the  mean  force  by  which  the  Sun  di- 
minishes the  force  of  gravity  at  the  surface,  as 
equal  to  one  1286S200  part  of  gravity.  Hence  he 
deduces  the  longer  axis,  and  the  greatest  rise  of 
the  tide  produced  by  the  Sun  at  9.2  inches.  De 
Systemate  Mundi.  Opera,  tom.  iii.  p.  212.  A  dif- 
ferent determination  is  given  in  the  Pn'nci'pia, 
lib.  in.  prop.  36. 

The 
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The  force  drawing  the  water  horizontally  is  not 
included  here ;  its  tendency  is  to  increase  the  ef- 
fect just  calculated. 

The  force  ^i-T  ,  by  which  the  solar  force  everywhere 
a' 

increases  gravity,  need  not  be  taken  into  account, 
and  does  not  affect  the  equilibrium  of  the  wa- 
ter. 

The  height  to  which  the  sea  would  thus  rise  at  high- 
water,  above  the  level  which  it  would  stand  at  if 
acted  on  by  gravity  alone,  is  twice  as  great  as  its 
depression  under  that  level  at  low-water.  This  is 
easily  demonstrated  from  the  content  of  the  sphe- 
roid remaining  always  the  same. 

337'  The  preceding  is  sufficient  to  shew,  that 
the  phenomena  of  the  tides  are  effects  that  might 
be  expected  from  the  principle  of  gravitation.  This, 
however,  is  an  approximation  from  Mdiich  exact 
measures  cannot  be  obtained,  since  a  material 
element  has  been  left  out,  namely,  the  motion  of 
the  v/ater,  on  which  the  forces  of  the  Sun  and 
Moon  are  exerted. 

338.  The  rapid  motion  of  the  waters,  in  conse7 
quence  of  the  diurnal  rotation,  prevents  them  from 
assuming,  at  every  instant,  the  figure  which  the 

equilibriuin 
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equilibrium  of  the  forces  acting  on  them  would  re- 
quire ;  so  that  they  oscillate  continually,  alter- 
nately approaching  to  that  figure,  and  receding 
from  it. 

To  resolve  the  problem  of  the  tides,  including  the 
condition  of  the  diurnal  motion,  is  a  matter  of 
great  difficulty,  and  requires  all  the  latest  improve- 
ments of  the  Calculus.    La  Place  is  the  only  one 
who  has  ventured  to  undertake  it,  and  he  calls  it 
"  le  Prohhme  le  plus  epinmx  de  ioule  la  Mecanique 
"  Celeste.''''  Exposition  du  Syst.  du  Monde,  chap.  10. 
p.  248.  edit.  2de,     His  solution  agrees  with  the 
phenomena  more  nearly  than  could  be  ej^pected, 
considering  that  the  continuity  of  the  Ocean  is 
much  interrupted  by  the  land,  and  that  this,  toge- 
ther with  the  inequalities  in  the  depth  of  the  sea, 
the  friction  against  the  bottom  and  eides,  &c.  are 
all  causes  impossible  to  be  submitted  to  analysis. 

339.  The  oscillations  excited  in  the  Sea,  by  the 
force  of  the  Sun,  and  by  that  of  the  Moon,  are 
similar  to  one  another,  and  are  so  combined, 
that  each  effect  takes  place  in  its  full  amount,  in- 
dependent of  the  other. 

The  law  which  connects  the  rise  and  fall  of  the  tide 
with  the  time  at  any  place,  is  expressed  by  a  geo- 
ypetrical  construction. 


340.  Let 
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340.  Let  AB,  (fig.  28.)  be  the  total  rise  of  the 
tide  at  any  place  ;  and  let  the  circle  ADBF  be  de- 
scribed on  it.  If  we  suppose  this  circle  placed 
vertically,  with  the  point  B  at  the  level  of  low 
water,  the  tide  will  rise  or  fall  over  equal  arches,  in 
pqual  times  ;  that  is,  if  the  arches  BD,  DH,  HA, 
be  equal,  the  times  in  which  the  w^ater  will  rise 
from  B  to  D,  from  D  to  H,  &c.  will  be  equal; 
and  the  same  in  the  ebbing  of  the  tide. 

Mecanique  Celeste,  torn.  ii.  p.  221. 

If  the  arch  BD  be  proportional  to  the  interval  be- 
tween any  instant  and  the  time  of  low-water,  BE 
the  versed  sine  of  that  arch,  will  be  the  height  to 
which  the  water  Avill  have  risen. 

J^ear  the  high  and  low  water,  the  differences  of  the 
depths  from  those  of  the  high  or  low  water,  arp 
as  the  squares  of  the  times. 

341.  The  tot^l  rise  of  the  water  in  the  tides  of 
the  syzigies,  is  to  the  total  rise  at  the  quadratures 
nearly  as  $1  to  1  ;  and  hence  the  effect  of  the  Moon 
js  also  nearly  to  that  of  the  Sun  as  3  to  1. 

This  is  known  from  observation,  and  hence  the  mass 
of  the  Moon,  in  respect  of  that  of  the  Sun,  and  con- 
jequently  in  respect  of  the  mass  of  the  Earth,  may 
be  found. 

Foy 


S36        OUTLINES  OF  NATURAL  PHILOSOPHY. 


For  since  —  and  —  are  as  the  forces  of  the  Sun  and 
a»  a" 

Moon  on  the  waters  of  the  Sea,  — -  :  —  : :  1  :  3  ; 


3  m  a' ' 

and  therefore  m'  =.   .    m   is  thus  found 

a' 

^    ,  the  mass  of  the  Earth  being  1. 


68.5 


342.  The  two  tides  immediately  following  one 
another,  or  the  tides  of  the  day  and  of  the  night, 
should  be  very  unequal  when  the  Sun  and  Moon 
are  distant  from  the  equator,  if  the  theory  of  the 
spheroid,  §  336,  were  just.  They  are,  however, 
nearly  equal  \  and  this  has  been  shewn,  by  La 
Place,  to  be  what  must  necessarily  happen  in  the 
oscillations  of  a  sea  of  uniform  depth. 

The  depth  of  the  Sea  is  therefore  nearly  the  same 
throughout,  or,  though  not  exactly  the  same,  there 
is  a  certain  mean  depth,  from  which  the  deviations 
are  not  considerable,  if  we  take  in  a  large  extent  of 
••  ocean.  If  this  were  not  the  case,  the  consecutive 
tides  would  not  approach  so  near  to  equality  as 
^hey  actually  do. 


343.  Great 
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343.  Great  extent  is  necessary,  in  order  that  the 
Sea  should  be  sensibly  affected  by  the  action  of  the 
Sun  and  Moon ;  for  it  is  only  by  the  inequality  of 
that  action,  on  diifereht  parts  of  the  mass-  of  wa- 
ters, that  their  equilibrium  is  distiirbed  ;  and  such 
inequality  cannot  take  place,  unless  a  great  extent 
of  surface  be  included. 

The  value  of  cos  *  z,  in  the  preceding  formulas,  be- 
longing to  different  parts  of  the  same  sea,  must  be 
considerrtbly  different,  in  order  that  an  oscillation 
of  the  waters  may  be  produced.  Th^  same  is  true 
of  the  horizontal  force,  of  which  sinSsr  is  the 
multiplier.  This  last  is  at  its  maximum  at  the  dis- 
tance of  45°  from  the  point  where  th6  attf'acting- 
body  is  in  the  zenith. 

344.  The  tides  which  ar&  experienced  in  nar- 
row seas,  and  on  shores  far  from  the  main  body  of 
the  ocean,  are  not  produced  in  those  seas  by  the 
direct  action  of  the  luminaries,  but  are  waves  pro- 
pagated from  the  great  diurnal  ilndulation,  and 
moving  with  much  less  velocity. 

Of  this,  the  tides  in  the  German  Sea,  and  on  the 
coasts  of  Britain,  are  remarkable  examples. 

The  high-water  transmitted  from  the  tide  in  the  At- 
lantic, reaches  Ushant  between  three  and  four 
hours  after  the  Moon  has  passed  the  meridian,  nnd 
its  ridge  stretches  NW,  so  as  to  fall  a  little  south  of 

Voi.  II.  Y  the 
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the  coast  of  Ireland.  This  wave  soon  after  divides 
itself  into  three  ;  one  part  passing  up  the  British 
Channel,  another  ranging  along  the  west  side  of 
Ireland  and  Scotland,  and  the  third  entering  the 
Irish  Channel.  The  first  of  these  flows  through 
the  Channel  at  the  rate  of  about  50  miles  an  hour, 
so  as  to  pass  through  the  Straits  of  Dover,  and  to 
reach  the  Nore  about  twelve  at  night.  The  se- 
cond, being  in  a  more  open  sea,  moves  with  more 
rapidity  ;  by  six  it  has  reached  the  north  extremi- 
ty of  the  Irish  coast ;  about  nine  it  has  got  to  the 
Orkney  Islands,  and  forms  a  ridge  or  wave  extend- 
ing due  north ;  at  twelve,  the  summit  of  the  same 
wave  extends  from  the  coast  of  Buchan  eastward 
to  the  Naze  of  Norway  ;  and  in  twelve  hours  more, 
it  reaches  the  Nore,  where  it  meets  the  morning 
tide,  that  left  the  mouth  of  the  Channel  only  eight 
hours  before.  Thus  these  two  tides  travel  round 
Britain  in  about  twenty-eight  hours,  in  which  time 
the  primitive  tide  has  gone  round  the  whole  cir- 
cumference of  the  Earth,  and  nearly  45  degrees 
more-  Young''s  Lectures  on  Natural  Philosophy, 
vol.  I.  plate  xxxviii.  fig.  521. 


Thus 
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Thus  it  is  found,  that  the  laws  of  motion,  and  the  .gene- 
ral properties  of  matter,  ai'e  the  same  in  the  Heavens 
and  on  the  Earth  ;  that  the  elliptical  motions  of  the 
planets,  both  primary  and  secondar}"^ ;  the  small  de- 
viations from  those  motions,  whether  in  the  places  of 
the  planets,  or  in  the  form  and  position  of  their  or- 
bits ;  the  facts  which  concern  their  figures,  their  ro- 
tation, and  the  position  of  their  axes  ;  and,  lastly,  the 
oscillation  of  the  waters  which  surround  the  Earth, 
are  all  explained  hj  one  principle, — That  of  the  mutual 
Gravitation  of  all  Bodies,  with  forces  du'ectly  as  their 
quantities  of  matter,  and  inversely  as  the  squares  of 
their  distances.  The  existence  of  this  force,  it 
should  be  observed,  was  not  assumed  as  an  hypothe- 
sis, but  was  deduced  as  a  necessary  consequence  from 
the  general  facts  or  laws  discovered  by  Kepler. 

We  have  thus  arrived  at  the  knowledge  of  a  principle, 
which  pervades  all  Nature,  and  connects  together  the 
most  distant  regions  of  space,  as  well  as  the  most  re- 
mote periods  of  duration.  It  is  a  principle  also  of 
singular  simplicity.  Spherical  bodies,  made  up  of 
particles,  attracting  according  to  this  law,  attract  one 
another  according  to  the  same,  which  could  not  hap- 
pen, if  the  attractbn  of  the  particles  decreased  in  any 

other 
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other  than  the  inverse  ratio  of  the  squares  of  the  dis- 
tances. The  expression  for  the  force  which  this  law 
affords,  viz.  the  quantity  of  matter,  divided  by  the 
square  of  the  distance,  is  a  line,  or  a  magnitude  of 
one  dimension,  as  the  expression  of  a  force  must  al- 
>vays  be  when  reduced  to  the  utmost  simplicity. 
Lastly,  The  lines  described  by  two  bodies  attracting 
one  another  according  to  this  law,  are  always  of  the 
second  order.  No  other  law  could  give  the  same  sim- 
plicity to  the  celestial  motions,  nor  is  it  likely  that 
any  one  could  produce  the  same  stability. 

Gravitation,  nevertheless,  is  not  conceived  by  us  as  a 
property  essential  to  matter ;  there  may  be  many 
other  laws  equally  possible,  and  the  above  considera- 
tions point  out  the  law  actually  existing,  as  one  that 
has  been  wisely-  sdcded  out  of  an  infinite  number. 

Is  there,  then,  any  physical  cause,  yet  more  general, 
into  which  Gravitation  may  be  resolved  ;  or  is  it  an  ul- 
timate fact,  beyond  which  our  knowledge  cannot  ex- 
tend ?  If  we  look  at  the  ill  success  of  the  attempts 
hitherto  made  to  explain  gravitation,  we  shall  be  dis- 
posed to  embrace  the  latter  opinion,  and  to  apply  the 
maxim  of  Bacon  :  "  Est  autem  aque  imperiii  et  levi- 
ter  philosophanlis  in  maxime  universalibus  causam  requi- 
rere,  ac  in  siiboi'dinatis  et  subalternis  causam  non  deside- 
fare."    Nov.  Org.  lib.  i.  cap.  48. 

If,  on  the  other  hand,  we  consider  how  many  different 
*  ]|aws  seem  to  regulate  the  other  phenomena  of  the 
•  *  materia^ 
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material  world,  as  in  the  action  of  Impulse,  Cohesion, 
Elasticity,  Chemical  Affinity,  Crystallisation,  Heat, 
Light,  Magnetism,  Electricity,  Galvanism,  the  ex- 
istence of  a  principle  more  general  than  any  of  these, 
and  connecting  all  of  them  >Yith  that  of  Gravitation, 
appears  highly  probable. 

The  discovery  of  this  great  principle  may  be  an  honour 
reserved  for  a  future  age,  and  Science  may  again  have 
to  record  names  which  are  to  stand  on  the  same  le- 
vels with  those  of  Newton  and  La  Place.  About 
such  ultimate  attainments,  it  were  unwise  to  be  san- 
giiine,  and  unphilosophical  to  despair. 
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ERRATA  IN  VOL.  II. 

Page  26.  line  8  fir  Andromeda,  read  Andromedae, 

44b  6.  /or  H  read  n 

id.  7.  fir  S  reacZ  s 

79.  17' fir  cosy  rea<£  sinj^ 

id.  21.  for  hour  angle,  r»u2  sine  of  the  hour  angle  3  P?> 

217.  6  &  13. /or  BniNCLY  read  BniMcsLY 

248.  16.  fir  O  read  C 

312.  7.  fir  G  read  E 


DIRECTIONS  TO  THE  BINDEBI. 

Vol.  II.  has  four  plates,  to  be  placed  at  the  end,  in  the 
order  of  the  figures. 
Plate  I.  contains  from  fig.  1.  to  fig.  7. 
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